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PREFACE 

TO     THE     THIRD    EDITION. 

It  has  been  thought  desirable  to  bring  out  the  third  edition 
of  this  work  in  two  volumes,  because  experience  proved 
that  the  previous  edition  contained  more  than  was  suitable 
to  the  wants  of  the  great  majority  of  students  who  reach  the 
standard  of  Undergraduate  Honours  in  Mathematics. 

The  reception  of  the  work  in  the  Universities  at  home  and 
abroad  has  made  me  desirous  of  rendering  it  more  deserving 
of  the  favour  accorded  to  it  by  high-class  students.  Accord- 
ingly, I  determined  to  reserve  for  the  second  volume  the  more 
advanced  portions  of  the  previous  work  (those  dealing  with 
Non-Coplanar  Forces,  Attractions,  and  the  Theory  of  Strain 
and  Stress),  and,  while  greatly  extending  these  portions,  to 
introduce  such  fresh  applications  of  the  subject  as  would 
make  the  work  really  useful  to  those^  for  example,  who  aim 
at  distinction  in  the  Mathematical  Tripos. 

With  regard  to  the  first  volume,  little  needs  to  be  said.  It 
is  meant  for  those  who  attain  the  standard  of  Undergraduate 
Honours  and  Scholarships,  but  do  not  desire  to  compete  for 
higher  distinctions.  Within  this  range  it  will,  I  think,  be 
found  tolerably  complete.  A  re-arrangement  of  the  order  of 
treatment  in  the  previous  edition  has  been  made.  At  an  early 
stage  in  the  student's  reading  I  endeavour  to  make  him 
familiar  with  graphic  methods  both  in  practice  and  in  theory. 
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To  this  end,  attention  has  been  directed  to  the  solution,  by 
graphic  construction,  of  several  classes  of  equations  to  which 
we  are  led  in  seeking  for  positions  of  equilibrium — equations, 
the  accurate  solution  of  which  would  be  impossible,  and  the 
approximate  solution  of  which  by  the  ordinary  analytical 
methods  would  be  attended  with  great  trouble.  Experience 
has  proved  to  me  that  this  is  a  most  valuable  aid  in  producing 
in  the  mind  of  the  student  a  knowledge  of  the  nature  of 
dynamical  problems,  and  an  interest  which  cannot  be  evoked 
by  symbols  and  equations  alone. 

Indeed,  it  will  be  observed  that  graphic  methods  figure 
more  largely  in  this  edition,  all  through,  than  in  the  previous 
one — notably  in  the  general  discussion  of  Funicular  Polygons 
in  Chapter  Y.  This  is  a  branch  of  elementary  Statics  to 
which  too  little  attention  is  paid ;  but  it  is  both  valuable  and 
full  of  elegance. 

The  second  volume  opens  with  a  long  chapter  on  Non- 
Coplanar  Forces,  in  which  I  have  given  an  exposition  of 
Sir  Robert  Ball's  Theory  of  Screws,  so  far  as  it  relates  more 
particularly  to  the  Statical  branch  of  Dynamics.  It  will  be 
observed  that,  while  following  Sir  R.  Ball's  method  of  treat- 
ment very  closely,  I  have  departed  from  it  in  some  instances. 
To  prevent  misconceptions,  I  may  say  that  my  reason  for 
doing  so  is  simply  the  fact  that  students  of  any  branch  of 
science  derive  great  benefit  by  looking  at  it  from  several 
different  points  of  view. 

In  this  chapter  the  general  conditions  of  equilibrium  are 
illustrated  by  examples  of  the  same  character  as  those  em- 
ployed so  largely  in  the  chapters  dealing  with  Coplanar 
Forces — my  object  being  to  avoid  mere  generalities  in 
symbols. 


PREFACE.  VU 

The  chapter  on  Astatic  Equilibrium  is  founded  on  a  paper 
which  I  published  on  the  subject  a  few  years  ago.  Now  that 
students  of  the  works  of  Hamilton,  Tait,  and  Clerk  Maxwell 
are  so  numerous  in  the  Universities,  no  apology  is  necessary 
for  the  treatment  of  this  subject  by  elementary  Quaternions. 

The  part  of  this  volume  dealing  with  Attractions  and 
the  general  theory  of  Potential  in  Electricity  and  Magnetism 
has  been  much  enlarged ;  and  it  will  be  in  its  present  con- 
dition, I  hope,  a  valuable  assistance  to  the  student  of  the 
great  and  enduring  works  of  Thomson  and  Tait,  and  Clerk 
Maxwell. 

Many  correspondents  have  been  good  enough  to  send  me 
corrections  of  errors  in  the  second  edition.  My  obligations 
on  this  account  are  great  to  Professor  Everett  and  Professor 
Schuster,  whose  corrections  must  have  required  care  and 
trouble.  Some  American  correspondents,  also,  have  kindly 
sent  corrections  and  suggestions;  and  among  them  I  must 
chiefly  thank  Mr.  F.  Franklin  of  the  Johns  Hopkins  Uni- 
versity. 

The  proof  sheets  have  all  been  revised  by  my  friend  and 
colleague  Mr.  W.  G.  Gregory,  B.A.,  whose  attainments  in 
Physics,  both  practical  and  theoretical,  rendered  lus  criticisms 
of  the  utmost  value.  * 

GEORGE   M.   MINCHIN. 


B.  I.  E.  College,  Cooper's  Hill, 
November^  1884. 


PREFACE 

TO  THE   FOURTH   EDITION. 

Th£  alterations  and  additions  which  chiefly  characterise 
this  edition  may  be  briefly  summarised.  Chapter  Y,  on  the 
reduction  of  Coplanar  Forces,  has  been  rearranged  and,  to 
a  considerable  extent,  rewritten,  in  such  a  way  that  the  illus- 
trations of  particular  principles  follow  more  closely  the 
expositions  of  these  principles  than  in  the  previous  edition ; 
and  an  Article  has  been  specially  devoted  to  the  Application 
of  Statics  to  Geometry. 

The  deduction  of  certain  well-known  results  in  Geometry 
by  means  of  the  methods  of  another  branch  of  Science  cannot 
fail  to  be  instinctive  to  the  student ;  and  it  must  be  interesting 
to  see  how  Ptolemy's  Theorem  follows  from  the  Parallelogram 
of  Forces,  and  how  the  famous  Theorem  of  Pascal  is  a  simple 
result  of  a  fundamental  property  of  Funicular  Polygons. 
This  statical  deduction  of  Pascal's  Theorem  is  here,  I  believe, 
published  for  the  first  time ;  and  a  somewhat  similar  method 
should,  apparently,  be  capable  of  deducing  the  allied  Theorem 
of  Brianchon ;  but,  so  far,  I  have  not  been  able  to  find  a 
statical  proof  of  this  latter. 

The  method  of  calculating  the  reactions  at  the  joints  in 
systems  of  bars  has  been  more  fully  explained,  and  has  been 
more  largely  exemplified  by  problems  most  of  which  are 
taken  from,  or  suggested  by,  the  papers  set  in  the  Mathe- 
matical Tripos. 
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The  Chapter  on  the  equilibrium  of  Strings  has  been  re- 
arranged in  such  a  way  that  the  discussion  of  Catenaries 
(under  the  action  of  gravity)  precedes  the  general  treatment 
of  the  subject.  No  doubt  the  student  will  find  this  a  simpli- 
fication. 

In  the  revision  of  most  of  the  proof  sheets  I  have  had  the 
benefit  of  the  care  and  criticism  of  my  colleague  Professor 
Stocker ;  while  Mr.  C.  F.  Findlay,  late  Fellow  of  Trinity  Hall, 
assisted  all  through  and  not  only  freely  and  effectively  criti- 
cised, but  actually  took  the  trouble  of  testing  the  results  of 
nearly  all  the  questions  left  for  solution. 

To  both  of  these  gentlemen  I  beg  to  express  my  obligations. 


GEORGE  M.  MINCHIN. 


JunCy  1890. 


PREFACE 

TO    THE    FIFTH    EDITION. 

In  this  edition  I  have  added,  in  an  Appendix^  a  statical 
proof  of  Brianchon's  Theorem,  for  which  I  am  indebted  to 
Mr.  E.  M.  Langley,  and  also  a  collection  of  examples,  largely 
numerical,  on  the  general  theory  of  the  reduction  of  a 
system  of  co-planar  forces.  A  special  section  of  these 
examples  is  devoted  to  problems  on  Catenaries  under  various 
conditions. 

Such  numerical  examples  I  have  always  found  of  the 
utmost  use  in  all  branches  of  Mathematical  Physics :  indeed, 
without  them,  I  hold  that  teaching  must  always  be  in- 
effective. It  will  also  be  observed  that  I  have  emphasised 
my  belief  in  the  practical  value  of  graphic  solutions. 

GEORGE  M.  MINCHIN. 
September^  1896. 
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CHAPTER  I. 

THE  COMPOSITION   AND   RESOLUTION   OP   FORCES   ACTING   IN   ONE 

PLANE   AT  A   POINT. 

1.  Definition  of  Force.  Force  is  an  action  exerted  ujjon  a 
hody  in  order  to  change  its  stat-e  either  of  rest  or  of  moving 
uniformly  forward  in  a  right  line. 

This  is  the  definition  of  Force  given  by  Newton  (Principia, 
Book  I,  Def.  IV). 

2.  Divisions  of  the  Science.  The  Science  which  treats  of 
the  action  of  Force  on  bodies  is  called  Dynamics,  Of  this 
science  there  are  two  branches:  the  first  treats  of  the  laws  to 
which  forces  are  subject  when  they  keep  bodies  at  rest,  and 
this  branch  is  called  Statics ;  the  second  treats  of  the  laws  to 
which  the  motions  of  bodies  are  subject  when  these  motions  are 
produced  by  given  forces,  and  this  branch  is  called  Kinetics. 

3.  Matter.  Matter  is  something  which  exists  in  space,  and 
attests  its  presence  by  such  observed  qualities  as  extension, 
resistance,  and  impenetrability. 

A  limited  portion  of  matter  is  called  a  JBody^  and  the  quantity 
of  matter  contained  in  a  body  is  called  its  Mass,  A  very  small 
portion  of  matter  is  called  a  Particle. 

4.  Velocity.  Suppose  a  point  to  move  along  a  right  line  in 
such  a  way  that  it  always  takes  the  same  time,  t,  to  travel  over 
the  same  length,  s,  of  the  line,  at  whatever  points  of  the  line  the 
extremities  of  this  length  are  situated.  Then  we  readily  say 
that  the  point's  '  rate  of  moving '  is  the  same  all  through,  and 

this  rate  we  measure  by  the  quotient  -  •     The  rate  of  moving  we 

call  the  velocity  of  the  moving  point.     But  if  the  time  of  moving 
over  the  length  s  is  not  the  same  all  through — i.e.,  if  it  depends 
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on  the  points  of  the  line  between  which  it  is  measured — the 
velocity,  or  rate  of  moving,  is  clearly  not  uniform.  Nevertheless 
we  recognise  the  fact  that  at  each  of  its  positions  the  moving 
point  has  a  particular  rate  of  going.  How  is  this  rate  to  be 
estimated  ?  Like  all  rates,  it  must  be  measured  by  a  differential 
coefficient.  Thus,  if  P  and  Q  are  two  extremely  close  positions, 
and  if  0  is  any  fixed  point  on  the  line  of  motion,  the  distance 
between  0  and  P  being  called  s  and  the  distance  OQ  being 
called  s  +  A«,  and  if  the  point  has  taken  the  infinitesimal  time 
A^  to  get  &om  P  to  Q,  we  shall  be  very  near  the  truth  in 
assuming  that  its  rate  of  moving  has  remained  uniform  in  the 
passage  &om  P  to  Q,  and  the  velocity  in  this  interval  will,  as 

above,  be  the  quotient  —  •      The  smaller  the  interval  PQ  (and 

therefore  the  smaller  A«  and  A^)  the  more  nearly  true  is  the 

assumption  of  uniformity  of  the  rate  of  moving  from  P  to  Q. 

A^ 
Hence  if  we  could  find  the  value  of  the  ratio  --:  when  both  A* 

dkt 

and  M  are  indefinitely  diminished,  we  should  have  the  exact 

rate   of  moving  at  P.     But   the   limit  of  this  ratio   is   the 

ds         .       .         . 
differential  coefficient  j-  >  which  is  easily  found  by  the  rules  of 

the  Differential  Calculus. 

We  have  thus  not  only  a  conception  of  different  rates  of 
moving,  but  also  a  method  of  estimating  these  rates  numerically 
at  different  points  of  the  path. 

5.  Criterion  of  the  action  of  Force.  Instead  of  the  motion 
of  a  mere  mathematical  point,  let  us  consider  the  motion  of  a 
material  particle.  How  can  we  tell  whether  this  moving 
particle  is  acted  on  by  force  or  not  ?  The  answer  is — unless 
the  particle  is  completely  at  rest,  or,  failing  this,  moving  with  a 
uniform  velocity  in  a  right  line,  it  is  acted  on  by  some  force. 
Observe  the  two  distinct  characteristics  which  must  be  possessed 
by  the  motion  of  a  particle  which  is  not  acted  on  by  force — the 
velocity  must  be  constant  in  magnitude  and  the  path  must  be  a 
right  line. 

6.  Measure  of  Force.  Suppose  a  particle  to  move  along  a 
right  line  in  such  a  way  that  in  any  interval  of  time,  t,  there 
is  the  same  addition  made  to  its  velocity,  between  whatever 
epochs  of  time  the  interval  I  is  reckoned.     Then  the  velocity  is 
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obvionsly  increased  at  the  same  rate  at  every  point  of  the  path, 
and  the  particle  is  said  to  be  continuously  acted  on  by  a  uniform 
force  in  the  line  of  motion.  The  time-rate  at  which  this  increase 
of  velocity  takes  place  is  taken  as  the  measure  of  the  force  acting 
on  the  particle ;  that  is,  if  the  same  particle  moves  along  a  right 
line  in  such  a  way  that  its  velocity  is  increased  at  a  constant 
rate  which  is  double  the  previous  rate,  it  will  be  continuously 
acted  upon  in  the  second  motion  by  a  force  which  is  double  the 
previous  force. 

If  the  time-rate  of  increase  (or  in  other  words,  the  acceleration) 
of  the  particle's  motion  is  not  uniform,  the  force  acting  on  it  is 
not  uniform^  and  its  magnitude  at  any  point  of  the  particle's  path 
is  estimated  by  the  rate  of  increase  of  the  velocity  of  the  particle 
at  this  point. 

Since  the  velocity  of  one  and  the  same  particle  is  capable  of 
having  all  possible  rates  of  increase,  all  forces  may  be  compared 
with  each  other  by  means  of  their  effects  on  a  single  particle. 

7.  Ways  in  which  Force  is  produced.  One  of  the  simplest 
ways  in  which  a  force  can  be  made  to  act  on  a  particle  consists 
in  attaching  a  string  to  the  particle  and  pulling  this  string  so  as 
to  cause  the  particle  to  move.  If  no  other  force  acts  on  the 
particle,  and  if  the  string  is  always  pulled  in  the  same  right 
line^  the  particle  will  continue  to  move  in  this  right  line ;  and 
the  rate^  per  unit  of  time,  at  which  its  velocity  is  being  increased 
at  any  point  of  its  path  is  a  measure  of  the  magnitude  of  the 
force  with  which  the  string  pulls  it ;  so  that  if  for  any  finite 
time  we  observed  its  velocity  to  remain  constant,  we  should 
know  that  during  this  time  the  string  ceased  to  be  pulled,  and 
that  no  force  acted  on  the  particle  in  this  particular  interval. 

There  are  other  ways  in  which  forces  act  on  particles,  but 
the  manner  in  which  they  act  is  not  in  every  case  known  to  us. 
For  example,  if  the  particle  consists  of  a  small  piece  of  sioit  iron 
and  we  hold  it  near  the  pole  of  a  magnet  we  shall  see  it  rushing 
with  continually  increased  velocity  towards  the  magnet,  and  it 
is  therefore,  by  definition,  acted  on  by  some  force  towards  the 
magnet.  This  force  can  be  measured,  as  before,  at  every  point 
of  the  particle's  path  by  the  rate,  per  unit  of  time,  at  which  it 
produces  an  increase  of  velocity  in  the  particle ;  nevertheless  it 
is  quite  uncertain  how  this  force  is  produced — whether  it  is  an 
action  at  a  distance  or  a  stress  in  some  intervening  medium. 

B  2 
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But  whatever  its  canee  may  be,  we  can  measure  it  numerically 
by  its  effect— viz.,  time-rate  of  increase  of  velocity  produced  in  a 
material  particle. 

Again,  since  the  velocities  of  planets  towards  the  sun  and  of 
meteoric  stones  towards  the  earth  are  perpetually  accelerated, 
the  planets  are  acted  upon  by  forces  towards  the  sun,  and  the 
meteors  by  forces  towards  the  earth.  These  forces  are  called 
forces  of  attraction ;  but  the  nature  or  precise  mode  of  operation 
of  this  attraction  is  a  matter  on  which  no  certainty  exists. 

8.  Linear  representation  of  Forces.  Consider  a  single 
material  particle.  Every  velocity  which  it  can  have  possesses 
three  characteristics — it  must  have  a  certain  numerical  magni- 
tude, it  must  take  place  in  a  certain  right  line,  and  it  must 
take  place  in  a  certain  sense  (from  right  to  left  or  from  left  to 
right)  along  this  line  ;  or,  in  other  words,  it  must  have  magni- 
tude^ line  of  occurrence^  and  sense. 

Now  every  velocity  can  be  regarded  as  produced  in  the 
particle  by  the  uniform  action  of  a  force  for  a  definite  time. 
Hence  forces  are  also  characterised  by  magnitv^de,  line  of  action, 
and  sense. 

Two  forces  acting  on  a  particle  are  therefore  compared  by 
specifying  the  two  lines  and  senses  in  which  they  would  cause 
it  to  move  if  each  acted  separately,  and  also  the  magnitudes  of 
the  velocities  which  they  would  thus  generate  in  it  if  they  both 
acted  for  the  same  time  on  it. 

Hence  any  force  may  be  completely  represented  by  a  right 
line  drawn  in  the  direction  and  sense  in  which  it  would  cause 
a  material  particle  to  move,  the  length  of  this  line  representing, 
on  any  scale,  the  rate  per  unit  of  time  at  which  the  force  would 
generate  velocity  in  the  particle.  And  all  other  forces  may  be 
compared  with  this  force  as  to  magnitude,  direction,  and  sense 
by  drawing  right  lines  in  the  several  directions  in  which  they 
would  produce  motion,  and  taking  the  lengths  of  these  lines  to 
represent,  on  the  same  scale  as  before,  the  rates  at  which  they 
would  severally  generate  velocity  in  one  and  the  same  particle. 

Forces  may  also  be  compared  with  each  other  by  means  of  their 
effects  on  different  particles.  For,  let  n  perfectly  equal  particles  of 
the  same  material  be  placed  side  by  side  in  a  row  (Fig.  i),  and 
let  each  of  them  be  acted  upon  uniformly  for  the  same  time  by  a 
force  which  at  the  end  of  this  time  generates  the  same  velocity, 
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y,  in  each  of  them.  Now  if  instead  of  being  n  separate 
particles  they  were  all  glued  together  so  as  to  form  a  body 
of  n  times  the  mass  of  each  particle,  and  if  each 

of  them  is  still  acted  on  by  the  same  force  aa      ^ ^  . 

before,  this  body  will,  at  the  end   of  the   time      q ►/ 

considered,  have  the  same  velocity  as  each  se})arato      O ►/ 

particle  had,  and  will  be  acted  upon  by  w  times      O — ; >-^ 

the   force   which   generated  this  velocity  in  the  '^'  '' 

particle.  Comparing  a  single  particle,  then,  with  the  body 
whose  mass  is  fi  times  the  mass  of  this  particle,  we  see  that  to 
generate  the  same  velocity  in  two  bodies  by  forces  acting  on 
them  for  the  same  time,  the  magnitudes  of  the  forces  must  be 
proportional  to  the  masses  to  which  they  are  applied. 

And  hence,  generally^  if  we  define  momentum  as  the  product  of 
mass  and  velocity — 
Tie  magnitude  of  a  force  is  proportiofial  to  the  rate  per  unit  of  time 

at  which  it  generates  momentum. 
The  greater  the  mass  on  which  the  force  acts,  the  less  the  rate 
at  which  it  increases  the  velocity  of  this  mass ;  and  the  less  the 
mass,  the  greater  the  rate  of  increase  of  velocity ;  the  product  of 
the  two  being  always  the  same  for  the  same  force,  wJiatever  be 
the  masses  to  which  it  is  applied. 

So  that  if  P  is  a  force  which  generates  velocity  at  the  rate 

//« 

--  in  a  body  of  mass  w,  and  if  P'  is  a  force  which  generates 

'  //// 

velocity  at   the   rate  -tt-  (per  unit  of  time)  in  a  body  of  mass 

m ,  we  have  jy  =  -z • 

9.  The  C.  G.  S.  system.  Since  the  magnitude  of  a  force  is 
estimated  by  the  time-rate  at  which  it  generates  momentum,  and 
since  velocity  involves  length  and  time,  we  see  that  three 
distinct  things  are  involved  in  the  measure  of  force — viz.,  length, 
mass,  and  time.  The  questions  then  arise,  what  shall  we  take 
for  the  unit  of  length,  what  for  the  unit  of  mass,  and  what  for 
the  unit  of  time?  For  the  purposes  of  calculation  chiefly  in 
Electricity  and  Magnetism,  the  system  now  adopted  everywhere 
is  one  in  which  the  centimetre  is  the  unit  of  length ;  the  mass  of 
water  at  its  temperature  of  maximum  density  which  would  just 
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(ill  a  cubic  centimetre  is  taken  as  the  unit  mass  and  is  called  a 
gramme ;  and  one  mean  solar  second  is  taken  as  the  unit  of  time. 
This  system  of  units  is  called  the  "  centimetre-gramme-second  *' 
system,  or,  more  briefly,  the  C.  G.  S.  system. 

Hence  a  unit  velocity  is  a  velocity  of  one  centimetre  per 
second,  and  a  force  which,  continuously  acting  on  a  gramme 
mass,  increases  its  velocity  by  a  velocity  of  one  centimetre  per 
second  at  the  end  of  every  second  is  the  unit  force.  This  unit 
force  is  called  a  dyne.  Roughly,  its  magnitude  is  the  ^\x^  part 
of  the  weight  of  the  gramme  mass  in  London. 

For  the  ordinary  purposes  of  commerce,  force  magnitude  is 
often  expressed  in  kilogrammes  weight—a  kilogramme  being 
1000  grammes.  In  England,  where,  unfortunately,  a  complicated 
and  most  absurd  system  of  weights  still  prevails,  force  magnitude 
would  in  similar  circumstances  be  expressed  in  pounds  weight. 

It  must  be  carefully  observed  that  the  weight  of  a  gramme 
mass  is  not  a  definite  thing,  because  it  is  different  at  different 
places  on  the  earth,  being  greater  in  high  latitudes  than  in  low ; 
but  the  gramme  mass  itself — i.e.,  the  quantity  of  matter  called 
a  gramme — ^is  the  same  everywhere,  whether  on  the  earth  or  in 
any  part  of  the  universe. 

10.  Equality  of  Two  Masses.  We  know  by  experience  that 
an  elastic  string  or  a  metallic  spring  exerts  force  when  it  is 
stretched  beyond  its  natural  length ;  and  we  can  easily  suppose 
that  whenever  the  string  or  spring  is  stretched  to  a  certain 
extent  it  will  exert  the  same  force.  Moreover,  the  magnitude  of 
this  force  could  be  expressed  in  dynes,  by  measuring  the  number 
of  centimetres  per  second  added  every  second  to  the  velocity  of 
our  gramme  mass  of  water  (converted,  for  convenience,  into  ice) 
while  the  string  or  spring  is  attached  to  the  mass  and  pulled  at 
the  given  constant  stretch ;  or,  what  comes  to  the  same  thing, 
by  measuring  the  number  of  centimetres  described  by  this  mass 
at  the  end  of  any  number  of  seconds  under  the  influence  of  the 
constant  pull  exerted  in  a  right  line  by  the  string  or  spring. 
The  student  will  subsequently  learn  that,  if  we  double  this 
number  of  centimetres  and  divide  by  the  square  of  the  number 
of  seconds  during  which  the  force  has  been  applied,  we  shall 
obtain  the  number  of  dynes  contained  in  the  force.  And  we 
can  imagine  the  stretch  so  graduated  as  to  enable  us  to  measure 
any  number  of  dynes.     Thus  a  force  of  any  magnitude  may  con- 
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ceivably  be  measared  bj  means  of  its  effect  on  our  standard 
g^mme  mass  of  water ;  and  this  very  measurement  will  enable 
ns  to  work  with  a  body  other  than  water — say  platinmn — by 
enabling  us  to  define  what  we  mean  by  a  gramme  mass  of  the 
new  body.  How  do  we  know  when  we  have  two  equal  masses, 
one  of  water  and  the  other  of  platinum?  Indeed,  before  we 
answer  this  question,  we  must  observe  that  there  may  be  no  real 
equality  between  such  substances  possible  at  all ;  any  equality 
between  them  may  be  only  a  conventional  equality.  If  all 
apparently  different  kinds  of  matter  could  be  ultimately  resolved 
into  one  simple  substance — be  it  hydrogen  or  anything  else — 
then  a  real  equality  of  quantity  of  matter  is  possible  between 
water  and  platinum,  and  conceivably  either  of  these  substances 
could  be  actually  converted  into  the  other.  But  if  there  is  no 
one  substratum  at  the  basis  of  all  bodies,  it  is  impossible  that 
any  other  than  a  conventional  equality  can  exist  between  them. 

The  convention  which  is  adopted  for  defining  equal  masses  of 
two  different  kinds  of  bodies  is  this — 

Two  masses^  one  of  a  substance  A  and  the  other  of  a  substance  jS, 
are  defined  to  be  eqvul  when  the  same  force  produces  exactly  the 
same  effect  on  both — for  example,  makes  them  both  move  over  the 
same  length  in  the  same  time,  or  generates  velocity  at  the  same 
rate  in  both. 

11.  Compoeition  of  Velocities.     We  propose  to  show  how  a 
particle  may  be  moving  with  two  velocities  in  two  different 
directions  at  the  same  time.     Let  a  board  be  placed  on  a  hori- 
zontal table ;  let  a  rectilinear  groove, 
OA  (Fig.  2),  be  cut  in  this  board,  and 
let  a  particle  be  placed  at  0  in  the 
groove.      Suppose,  for  definiteness, 
that  the  unit  of  time  is  one  second.  _  ^ 

Let  the  particle  be  moved  along 

the  groove  with  a  uniform  velocity  represented  by  OA^  and  at 
the  same  time  let  the  board  (i.  e.  every  point  in  the  board)  be 
moved  along  a  groove  cut  in  the  table  with  a  uniform  velocity 
represented  in  magnitude  and  direction  by  OB,  Over  what 
point  in  the  table  will  the  particle  be  found  at  the  end  of  one 
second?  Before  the  motions  begin,  complete  the  parallelogram 
OACB. 

At  the  end  of  a  second  the  particle  must  be  found  in  the 
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groove  at  the  point  A^  and  also  at  the  end  of  the  same  time 
the  point  A  of  the  groove  most  be  foand  at  the  point  of  the  table 
vertically  under  C.  Hence  this  latter  point  is  the  position  of 
the  particle  referred  to  the  table  at  the  end  of  a  second. 

Let  the  foot  of  a  perpendicular  dropped  from  the  particle  on 
the  table  be  called  the  positmi  of  the  particle  referred  to  the  table. 
How  do  we  know  that  the  position  of  the  particle  referred  to  the 
table  has  described  the  right  line  OC  (or  rather  a  line  in  the 
table  vertically  under  OC)  ?  In  this  way — if  we  demanded  the 
position  of  the  particle  referred  to  the  table  at  the  end  of  any 
fraction  or  multiple  of  a  second,  we  should  find  that  the  distance 
which  it  has  travelled  along  OA  is  to  the  distance  which  the 
groove  has  travelled  in  the  direction  OB  aa  OA  is  to  ^C7,  and 
therefore  the  positions  of  the  particle  referred  to  the  table  trace 
out  a  right  line  vertically  under  OC.  ' 

Consequently  the  two  simultaneous  velocities  OA  and  OB 
which  were  impressed  on  the  particle  have  combined  to  give  it 
a  single  velocity  represented  in  magnitude  and  direction  by  OC 

The  velocity  OC  is  called  the  resultant  of  the  velocities  OA 
and  OB,  and  these  latter  are  called  componente  of  the  velocity 
OC.  Hence  we  arrive  at  the  proposition  which  is  the  foundation 
of  Dynamics : — 

If  a  point,  0,  move  with  two  coexistent  velocities  represented  in 
magnitudes^  directions,  and  senses  hy  two  right  lines,  OA  and  OB, 
it  will  have  a  resultant  velocity  represented  in  magnitude,  direction, 
and  sense  by  the  diagonal^  drawn  through  0,  of  the  parallelogram 
determined  by  the  lines  OA  and  OB, 

This  proposition  is  called  by  the  name  of  The  Parallelogram 
Velocities. 

12.  Composition  of  Forces.  fVom  the  Parallelogram  of 
Velocities,  the  Parallelogram  of  Forces  follows  at  once.  Since 
two  simultaneous  velocities,  OA  and  OB,  of  a  particle  result  in  a 
single  velocity,  OC,  and  since  these  three  velocities  may  be 
supposed  to  be  produced  by  the  separate  action  of  three  forces  all 
acting  for  the  same  time^  it  follows  that  the  effect  produced  on  a 
particle  by  the  combined  action,  for  the  same  time,  of  two  forces 
may  be  produced  by  the  action,  for  the  same  time,  of  a  single  force 
which  is  therefore  called  the  resultant  of  the  other  two  forces. 

And  these  forces  will  be  represented  in  magnitudes,  lines  of 
action  and  senses  by  the  lines  OA,  OB,  and  OC{k.ti.  8);  hence — 
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If  two  forces  be  represented  in  fnagniiudes^  lines  cf  action^  and 
senses  by  two  right  lines  OA  and  OB,  their  resultant  is  represented 
in  magnitude^  line  of  action,  and  sense  by  the  diagonal,  OC,  of  the 
parallelogram  OACB  determined  by  these  lines. 

This  is  the  proposition  of  the  Parallelogram  of  Forces. 

Cor,  1 .  The  resultant  of  two  forces  acting  along  the  same  right 
line  and  in  the  same  sense  is  equal  to  their  sum  ;  and  if  they  act 
in  different  senses,  the  resultant  is  equal  to  their  difference. 

Cor.  2.  The  resultant  of  two  forces  acting  at  a  point  divides 
the  angle  between  their  lines  of  action  into  two  parts  whose 
sines  are  inversely  proportional  to  the  magnitudes  of  the  forces. 

13.  Equilibrium  of  three  Forces.  In  I'ig.  7,  produce  CO 
through  0  to  C''  so  that  C0-=.  0C\  Now  imagine  that,  when 
the  particle  is  started  along  the  groove  and  the  board  along  the 
table,  the  table  itself  is  moved  in  a  groove  cut  in  the  floor  in  the 
direction  OC  with  a  velocity  represented  by  OC  In  this  case 
it  is  evident  that  the  position  of  the  particle  with  reference  t'O 
the  floor  is  fixed  ;  that  is,  the  particle  is  at  rest  with  regard  to 
fixed  space  (the  floor  being  supposed  fixed). 

Consequently  if  three  forces  represented  by  the  lines  OA,  OB, 
and  OC  act  together  on  the  particle,  no  motion  will  ensue.  In 
this  case  each  force  is  equal  and  opposite  to  the  resultant  of  the 
other  two ;  for  it  is  obvious  that  OA  is  equal  and  opposite  to  the 
diagonal,  through  0,  of  the  parallelogram  determined  by  OB 
and  OC ;  and  that  OB  is  equal  and  opposite  to  the  diagonal  of 
the  parallelogram  determined  by  OA  and  OC 

14.  Statical  point  of  view.  The  primary  conception  of 
force  is  that  of  a  cause  of  motion  in  a  body  or  in  a  material 
particle,  and  the  magnitude  of  any  force  is  estimated  by  the  time- 
rate  at  which  it  generates  momentum  (Art.  8).  Nevertheless  in 
Statics  it  is  only  the  tendency  which  forces  have  to  produce 
motion  that  is  considered.  Forces  in  this  branch  of  Dynamics 
are  considered  as  acting  in  such  ways  as  to  counteract  each 
other  s  tendency  to  produce  motion,  or  as  producing  a  state  of 
equilibrium  in  the  bodies  to  which  they  are  applied  ;  but  the 
magnitude  of  each  force  is  estimated  none  the  less  with  refer- 
ence to  the  amount  of  momentum  which  it  would  actually 
generate  if  it  were  completely  unfettered  by  the  action  of  other 
forces. 

In  common  usage  Forces  are  often  expressed  as  multiples  of  the 
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weight  of  some  standard  body  arbitrarily  chosen.  Thus,  a  force 
is  said  to  be  a  force  of  10  kilogrammes'  weig^ht  if  it  is  just 
capable  of  lifting  vertically  a  body  whose  weight  is  equal  to  that 
of  the  mass  of  water  which  at  a  temperature  of  about  4''C.  fills  a 
volume  of  1 0  cubic  decimetres.  But  even  here  the  Newtonian 
definition  of  force,  as  a  cause  of  change  of  motion,  is  not  discarded 
but  merely  kept  in  the  background.  For  the  weight  which  is 
called  a  kilogramme  weight  is  merely  a  force  which  generates 
velocity  at  a  certain  rate  in  a  body  of  certain  mass ;  and  the 
vertical  force  lyhich  is  jnst  able  to  raise  a  body  from  the  ground 
is  a  force  which  could  generate  velocity  in  the  body  at  the  same 
rate  as  its  weight  and  in  the  opposite  sense.  For  practical 
purposes  this  measurement  of  forces  as  multiples  of  a  weight  is 
used  by  engineers  and  others ;  but,  as  has  been  already  said  in 
the  branch  of  Dynamics  which  treats  of  Electricity  and  Mag- 
netism, a  difierent  measure  of  force  is  resorted  to — viz.,  a  measure 
which  is  one  and  the  same  all  over  the  earth,  and  indeed  all 
through  the  universe.  The  mass  of  a  body  is  something  which 
cannot  conceivably  change,  whether  the  body  is  taken  to  dif- 
ferent parts  of  the  earth  or  to  diflferent  parts  of  the  universe  ; 
and  the  force  which,  acting  uniformly  on  this  mass  for  a 
certain  time,  will  at  the  end  of  this  time  have  caused  it  to  move 
with  a  certain  velocity,  must  be  one  and  the  same  wherever 
the  experiment  is  tried.  Hence  the  C.  O.  S.  units  are  called 
absolute  units. 

15.  Absolute  Measure  and  Gravitation  Measure.  Were 
it  not  that  the  Earth  is  so  nearly  a  spherical  body  whose  strata 
of  constant  density  are  also  nearly  spheres  having  a  common 
centre,  it  would  probably  not  occur  to  men  to  measure  forces  as 
multiples  of  the  weight  of  some  definite  standard  quantity  of 
matter — as,  for  example,  a  pound  or  a  kilogramme  of  water — for 
the  simple  reason  that  the  weight  of  this  pound  or  kilogramme 
might  be  very  greatly  different  at  one  place  on  the  surface  from 
its  value  at  another  place  ;  for  the  weight,  at  any  given  place,  of 
a  given  mass  (pound  or  kilogramme  of  water)  is  simply  the  force 
with  which  the  Earth  attracts  it  at  the  place.  Now  if  the 
Earth  were  an  extremely  flat  ellipsoid  of  ununiform  density, 
instead  of  being  nearly  the  spherical  body  above  described,  we 
might  imagine  two  steel  bars  of  identical  constitution^  length, 
and  cross  section  sent  for  examination  of  strength  to  two  ob- 
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servers,  one  at  the  equator  and  the  other  near  the  pole  ;  and 
the  reports  of  these  two  observers  (if  both  nsed  gravitation 
measure)  would  be  very  difierent  indeed.  The  observer  at  the 
equator  might  say  that  the  bar  broke  under  a  pull  equal  to  the 
weight  of  1 0,000  kilogrammes,  while  the  other  observer  might 
report  the  breaking  force  as  the  weight  of  5,000  kilogrammes — 
the  reason  being  that  a  mass  of  a  kilogramme  is  twice  as  heavy 
near  the  pole  as  it  is  near  the  equator.  Indeed,  under  such 
circumstances,  the  comparison  of  forces  at  different  places  on  the 
£arth*s  surface  would  require  such  troublesome  corrections  for 
latitude,  longitude,  and  other  things,  that  the  measuring  of  forces 
as  multiples  of  the  weight  of  some  standard  quantity  of  matter 
would  be  practically  impossible,  and  the  great  distinction  between 
the  masi  of  a  body  and  its  weight  would  be  clearly  emphasised 
in  the  minds  of  men,  instead  of  being  (as  it  is  at  present) 
almost  wholly  lost  in  the  case  of  the  great  majority  of  thenu 

With  this  gravitation  method  of  measuring  force  let  us 
contrast  the  absolute  method  of  measurement.  At  all  places 
the  quantity  of  matter  contained  in  a  cubic  centimetre  filled 
with  distilled  water  at  its  maximum  density  is  the  same,  and 
the  force  which  will  produce  a  definite  velocity  in  this  mass  by 
constantly  acting  on  it  for  a  definite  time  (suppose  1  cm.  per 
second  every  second)  is  the  same  ;  so  that  if  the  two  observers 
supposed  above  reported  the  breaking  force  of  the  bars  in  di/nes^ 
or  in  megadynes  (a  megadyne=  10^  dynes),  their  numbers  would 
be  absolutely  the  same. 

Of  course,  as  the  Earth  is  not  strictly  the  spherical  body  before 
described,  the  weight  of  a  pound  or  a  kilogramme  of  matter  is 
not  exactly  the  same  at  all  places,  but  is  less  near  the  equator 
than  it  is  near  the  poles.  The  amount  of  variation,  however, 
is  so  small  as  to  be  practically  negligible  for  most  purposes.  Never- 
theless the  distinction  between  weight  and  mas9  is  one  which  the 
student  should  learn  to  make  even  thus  early.  It  happens  that 
the  various  Planets  of  our  Solar  System  are  all  nearly  spherical 
bodies,  so  that  at  all  points  on  the  surface  of  any  one  of  them  the 
weight  of  a  given  mass  is  nearly  the  same — though  the  mag- 
nitude of  this  force  varies  from  Planet  to  Planet — and  it  in 
found  from  Astronomical  calculations  that  the  following  numbers* 

*  Arago's  /Vpufor  Afirfmam^y  vol.  ii.  p.  4T5. 
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represent,  approximately,  the  weights  of  the  same  mass  (suppose 
1  gramme)  on  the  surfaces  of  the  following  bodies  : 


On  the  surfeee  of  the  Sun 

28.30 

•>         »» 

» 

Mercury 

.51 

},         ^) 

1> 

Venus 

.91 

5J                     >5 

J> 

the  Earth 

1-00 

,,                    ?9 

5> 

the  Moon 

•16 

•  •                    •• 

?> 

Mars    . 

.50 

9)                         •• 

» 

Jupiter 

2-45 

5»                    5» 

;> 

Saturn 

1.09 

5>                    «> 

?> 

Uranus 

1-05 

1 1 

Neptune 

1  11* 

MO 
•    1         • 

Hence  if  we  imagine  the  same  metallic  spiral  spring  with  a 
pointer  and  a  dial  plate  so  graduated  into  equal  parts  that  when 
a  mass  of,  say,  1  kilogramme  is  suspended  from  the  end  of  the 
spring  the  pointer  stands  at  the  number  1  on  the  surface  of  the 
Earth,  it  would  stand  at  these  various  numbers  on  the  surfaces 
of  the  corresponding  bodies  of  the  System. 

It  is  usual  with  engineers  to  speak  of  a  force  of  so  many  jHmnds, 
or  so  many  kilogrammes^  or  so  many  tons,  instead  of  so  many  pounds' 
weighty  or  so  many  kilogrammes  toeigfU,  or  so  many  tons*  weight. 
This  mode  of  speaking,  however,  is  not  one  that  will  be  adopted  in 
this  treatise,  because  it  is  considered  desirable  to  restrict  the  terms 
found^  ton,  kilogramme,  gramme,  &c.  to  quantities  of  matter,  and  not 
to  employ  them  to  denote  the  weigJUs  of  such  quantities  of  matter — 
the  weights  and  the  quantities  of  matter  being  obviously  not  the  same 
things,  as  just  explained.  Practically,  however,  no  harm  can  arise 
from  the  stereotyped  mode  of  speaking. 

16.  Force  must  aot  upon  matter.  Although  the  Newtonian 
definition  and  measure  of  force  render  it  clear  that  whenever 
force  acts  it  must  act  on  something  material,  it  is  not  impossible 
that  beginners  may  lose  sight  of  this  fact  and  suppose  that  a 
force  could,  for  example,  act  on  a  mathematical  point.  We  may 
without  error  speak  of  forces  as  acting  at  a  point,  but  not  on  it, 
if  their  lines  of  action  pass  through  the  point.  Thus  in  Fig.  2 
two  forces  acting  along  the  lines  OA  and  OB  may  be  spoken  of 
as  two  forces  acting  at  the  point  0 ;  but  their  action  would  be 
physically  impossible  unless  it  took  place  on  some  material  body, 
such  as  a  particle  placed  at  0.  Whenever  force  is  exerted  there 
must  be  matter,  both  acting  and  acted  upon. 

17.  Proper  Bepresentation  of  Forces.     In  representing  the 
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resultant  of  two  forces  which  act  together  at  a  point,  0,  the 
stndent  should  draw  two  lines  marked  with  arrow-heads  repre- 
senting the  two  forces  acting  from  the  point.  Thus,  if  of  the 
two  forces  P  and  Q,  one,  P,  is  represented  as  acting  from  0,  and 
the  other  ioKard%  0,  we  must  produce  the  line  QO  to  Q^  so 
that  0(^^=.0(i\  completing,  then,  the 

paralleli^^m  OPRQ^^  its  diagonal,  OR,      ^  *:- —— ^ ., 

will  represent  in  magnitude  and  direc- 
tion the  resultant  of  P  and  Q.  The 
marking  of  lines  representing  forces 
with  arrow-heads  will  serve  to  exhibit 
the  9€Hses  of  the  forces  in  every  case.  ^' 

Again,  since  force  magnitude  and  linear  magnitude  are  two 
things  of  essentially  difierent  kinds,  the  magnitude  of  a  force 
can  never  be  equal  to  the  length  of  a  line,  but  it  can  be  repre- 
senied  by  such  a  length  on  a  conventional  *cale  of  repre^enfafioH, 
Thus,  if  we  are  dealing  with  forces  of  6  pounds'  weight,  9 
])ounds'  weight,  and  21  pounds'  weight,  we  may  agree  to 
represent  1  pound  weight  by  a  line  1  inch  long,  in  which  case 
the  above  forces  would  require  lines  6,  9,  and  21  inches  in 
length  to  represent  them  respectively.  The  paper  on  which 
we  draw  may,  bowever,  be  of  insufficient  size  to  allow  con- 
veniently of  our  drawing  such  a  line  as  the  last-,  in  which  case  we 
might  adopt  a  different  and  more  convenient  scale  of  represen- 
tation— say  a  scale  on  which  1  inch  of  length  represents  a  force 
of  3  pounds'  weight,  and  then  the  lines  required  for  the  above 
forces  would  be  only  2,  3,  and  7  inches  long,  respectively. 
Thus  the  scale  of  representation  is  entirely  dependent  on 
convenience.  If  the  forces  are  very  large,  1  inch  must  be 
taken  to  represent  a  force  of  a  great  many  pounds'  weight ; 
while  if  the  forces  are  of  very  small  magnitudes,  a  force  of  1 
pound  weight  may  be  represented  by  a  line  several  inches 
long— all  errors  of  calculation  founded  on  the  drawing  being 
evidently  much  less  with  a  scale  of  the  latter  kind  than  with 
one  of  the  former. 

18.  Resolution  of  Forces.  Having  proved  the  principle  of 
the  Composition  of  Forces,  the  principle  of  the  Resolution 
of  Forces  at  once  follows.  If  two  forces,  P  and  Q,  are  equiva- 
lent to  a  single  force  0(/  =  li  (Fig.  4),  it  is  evident  that  the 
single  force  J?  acting  along    OCX  can    be  replaced  by  the  two 
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forces  P  and  Q,  represented  in  magnitudes  and  directions  by  two 
adjacent  sides  of  a  parallelogram  of  which  00'  is  the  diagonal. 
Since  an  injBnite  number  of  parallelograms  of  each  of  which  Off 
is  the  diagonal  can  be  constructed,  the  force  R  can  be  resolved 
in  an  inlBnite  number  of  ways  into  two  other  forces.  These 
forces  are  called  components  of  R. 

19.  Theorem.  It  being  given  that  the  direction  of  the 
resultant  of  every  two  forces  is  that  of  the  diagonal  of  their 
parallelogram,  its  magnitude  must  be  represented  by  this  dia- 
gonal ;  and  conversely. 

Let  it  be  granted  that  the  resultant  of  P  and  Q  acts  in 
the  diagonal,  Off  (Fig.  4),  of  the  parallelogram  determined 
by  P  and  Q.  Measure  backwards  through  0  a  line,  OR,  the 
length  of  which  represents  the  magnitude,  R^  of  the  resultant. 
A  system  of  forces  acting  at  0,  represented  in  magnitudes  and 

directions  by  P,  Q,  and  ff, 
will  evidently  be  in  equi- 
librium. Each  force  is, 
therefore,  equal  and  opposite 
to  the  resultant  of  the  other 
two.  If,  then,  we  consider 
P  as  equal  and  opposite  to 
the  resultant  of  Q  and  22,  OP',  the  production  of  OP,  must  be 
the  diagonal  of  the  parallelogram  determined  by  Q  and  R.  Now, 
since  OQP'R  is  a  parallelogram,  OR  =  P'Q  ;  and  since  OP'Qff 
is  a  parallelogram,  P'Q  =  Off ;  therefore  OR  =  Off.—CLE.B. 

Again,  for  the  converse  proposition,  let  it  be  granted  that 
0R=  Off,  while  Off  and  OR  are  not  necessarily  in  one  right 
line;  and  let  OP'  be  diagonal  of  the  parallelogram,  OQP'R, 
determined  by  OQ  and  OR ;  then  OP  is  equal  in  magnitude  to 
Oy,  since  the  resultant  of  Q  and  JS  has  a  magnitude  equal  to  OP', 

Comparing  the  triangles  OQO' and  OQP',  we  have  Off  =  QP', 
Qff  =  OP',  and  OQ  common  to  both  ;  therefore  the  angle 
qOff^  the  angle,  OQP',  therefore  QP'  is  parallel  to  Off-,  but 
QP'  is  also  parallel  to  022,  therefore  022  and  Off  are  in  one  right 
line.     Therefore,  &c. — QJE.D. 

20.  Relations  between  three  Forces  in  Equilibrinm.  When 
three  forces  maintain  a  particle  in  equilibrium,  each  force  is 
equal  in  magnitude  to  the  resultant  of  the  other  two,  and  acts  in 
the  sense  exactly  opposite  to  this  resultant.     Thus,  in  Fig.  4, 
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each  of  the  lines,  OP,  OQ,  and  0^,  which  represent  in  magni- 
tude and  direction  the  forces  P,  Q,  J?,  is  equal  and  opposite  to 
the  diagonal  of  the  parallelogram  determined  by  the  two  re- 
maining lines. 

This  enables  us  to  express  the  relative  magnitudes  of  three 
forces  in  equilibrium  by  means  of  the  three  angles  between 
them.  For  (Fig.  4)  the  forces  P,  Q,  R  are  equal  in  magnitude  to 
the  lines  OP^  PCX,  C/O^  respectively.  Now,  since  the  sides  of  a 
plane  triangle  are  to  each  other  as  the  sines  of  the  opposite 
angles,  we  have 

OP -.pa MO  ^  sin  PCO  : sin  ffOP : sin  OPa. 

AAA 

Denote  by  PQ,  QPy  HP,  the  angles  between  the  directions 
of  the  forces  P  and  Q,  Q  and  R,  R  and  P,  respectively.  Then, 
evidently, 

sin  PffO  =  sin  QOO"  =  sin  QOR  =  sin  QR  ; 

sin  a  OP  =  sin  iZOP  =  siniZP;  sin  OPO"  =  sin  POQ  =  sin  PQ, 
Hence  we  have  the  fundamental  relations 

P :  Q: R  =  sia  QR  lein RP  : sinP^, 
It  may,  perhaps,  assist  the 
beginner  to  mark  the  angle 
opposite  to  each  force  by  the 
corresponding  small  letter  (Fig. 
5) ;  and  then  the  ratios  of  the 
forces  may  easily  be  remembered       ^*^  Pi    c 

in  the  form 

P  :  Q:R  -=  sinj» :  sin  q  :  sin  r.  (a) 

Since  the  sides  of  the  triangle  OPO^  (Fig.  4)  are  connected  by 
the  equation 

00^=  0P«- 2  OP.  PCX  cos  OP(y  +  PO'^ 
we  have  evidently 

7P  =  P»  +  2P(2cosPQ+Q«, 
an  equation  which  gives  the  magnitude  of  the  resultant  of  two 
forces  in  terms  of  the  magnitudes  of  the  two  forces  and  the 
angle  between  their  directions,  the  forces  being  represented  by 
two  lines,  both  drawn  from  the  point  at  which  they  act,  as  in 

A 

Art.  17.  If  PQ  =  0,  the  above  equation  gives  i2  =  P+$i 
or  the  resultant  of  two  coincident  forces  is  equal  to  the  sum 
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A 

of  the  forces.  If  PQ  =  it,  E  =  P—Q;  or,  the  resultant  of  two 
forces  which  act  at  a  point  in  exactly  opposite  senses  is  equal  to 
the  difference  of  the  forces. 

21.  Theorem.  J^  any  one  sel  of  forces  (P,  Q,  R)  acting 
in  three  given  directions  is  in  equi/ibrium,  all  other  sets  acting 
in  equilibrium  in  the  same  directions  are  merely  multiples  of  the 
set  (P,  Q,  7?). 

For,  let  the  given  directions  make  angles  p,  q,  r,  with  each 

other  in  pairs,  and  let  the  sets  (P,  Q,  R)  and  (jP,  Q',  If)  acting 

in  these  directions  be  separate  systems  in  equilibrium.     Then 

we  have 

P  :  Q  :li  =  »inp  :  sin  ^ :  sin  r 

and  P^ :  Q^ :  R^  =  sinp  :  sin  q :  sin  r. 

Therefore,     P:  Q:R  =  P':  Q' :R\  or  ^  =  %  =:  ^ .        Hence 

I         (^       It 

the  forces  P',  Q\  Rf  are  separately  proportional  to  P,  Q,  -B, 

and  therefore  the  former  set  is  not  essentially  distinct  from 

the   latter.      This   theorem  is   equivalent   to   the   statement — 

when  we  have  determined  any  one  set  of  forces  in  equilibrium  in 

three  given  directions^  we  have  determined  all  such  sets. 

Thus,  if  we  know  (see  Example  1,  Art.  24)  that  three  forces 

acting  along  the  bisectors  of  the  sides  of  a  triangle  drawn  from 

the  opposite  angles,  and  proportional  to  the  lengths  of  these 

bisectors,  are  in  equilibrium,  we  know  that  this  is  the  only  set  in 

equilibrium  in  these  directions. 

Again,  we  may  state  the  result  in  the  following  form,  which 

is  known  as  the  Principle  of  the  Triangle  of  Forces.     If  three 

forces  are  in  equilibrium,  and  any  triangle  be  drawn  with  its  sides 

parallel  to  the  lines  of  action  of  the  forces,  the  lengths  of  these  sides 

will  represent  the  magnitudes  of  the  corresponding  forces,  on  some 

scale. 

22.  Principle  of  the  Transmissi- 

bility  of  Force.     When  a  force  acts 

on  a  particle,  the  force  will  produce 

the    same    effect    if   it    be  supposed 

applied  at  any   point  along  a  string 

connected  with  the  particle,  the  string 

Kg.  6.  lying  in  the  line  of  action  of  the  force. 

Thus,  if  a  force  equal  to  the   weight 

of  P  grammes  (Fig.  6)  act  on  a  particle,  0,  in  the  direction  OA, 
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P  may  be  supposed  to  act  at  ^  or  ^  at  the  end  of  a  string 
attached  to  0.  Imagine  the  particle  0  to  be  connected  with 
an  indefinitely  thin  rigid  membrane,  abc ;  then  any  force  P  acting 
on  0  may  be  supposed  to  be  directly  applied  at  any  point  of  the 
membrane  in  the  line  of  action  of  P. 

This  axiom  is  known  ae  the  principle  of  the  tranimUsibUUy  of 
force  \  it  is  one  of  the  fundamental  principles  of  Rational  Statics, 
and  in  most  treatises  on  the  subject,  it  constitutes  the  basis  of 
the  investigation  of  the  conditions  of  equilibrium.  It  is  essen- 
tially necessary  to  observe  that  it  holds  good  only  for  a  rigid 
body— that  is,  a  body  whose  parts,  under  all  circumstances,  must 
maintain  constant  distances  from  each  other.  Thus,  if  we  sup- 
pose such  a  body  about  to  be  acted  on  by  any  set  of  forces  given 
in  magnitudes  and  directions,  we  can  say,  btfore  the  forces  are 
aetnally  applied  at  certain  points  in  the  body,  that  the  effect  will 
be  the  same  if  these  forces  are  applied  at  any  other  points  in 
their  respective  lines  of  action.  On  the  contrary,  if  the  body  is 
deformable,  we  can  make  no  such  assertion.  Take,  for  example, 
a  set  of  parallel  rulers,  ABCL  (Fig.  7),  of  which  the  ruler  CD  is 
fixed,  and  suppose  a  force  Fto  act  on  the  ruler  AB,  at  the  point  a, 
15,  previous  to  the  action  of  the  force ,  it  were  allowable  to  transfer  its 
point  of  application  to  i,  on  the  fixed 
ruler  CD,  it  is  clear  that  the  system 
would  remain  at  rest.  But  we  know 
that  the  force  F,  applied  at  a,  will 
cause  the  ruler  AB  to  move  until 
the   braces  AD  and   CB  are  parallel  ,,. 

to  the  direction  of  F,     However,  after 

the  defomiable  body  has  taken  up  a  position  of  equilibrium  under  the 
action  of  the  forces,  we  can  imagine  the  whole  body  to  be  rigidi- 
fied  and  each  force  may  then  be  transferred  to  any  point  in  its 
line  of  action,  this  point  being  supposed  to  be  rigidly  connected 
with  the  system,  just  as  in  the  case  of  an  indeformable  body. 

Several  other  very  obvious  instances  of  the  inapplicability  of 
this  principle  will  doubtless  present  themselves  to  the  student. 

It  is  essential  to  observe  at  the  outset  that  in  nature  there  are 
no  such  things  as  rigid  bodies.  For  a  great  many  practical 
matters  there  arc  bodies  which  may  be  treated  as  if  they  were 
rigid  or  indeformable ;  but  the  fact  that  the  particles  of  solid 
bodies  like  iron  can  be  thrown  into  vibration  by  the  application 

VOL.  I.  c 
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of  even  small  impulses — as  is  evidenced  by  the  production  of 
sound  from  bells  and  gongs — proves  that  these  bodies  are  not 
absolutely  rigid. 

Bodies  which  most  nearly  approximate  to  the  notion  of 
rigidity  are  called  Natural  Solids. 

Examples. 

1.  Find  the  magnitude  of  the  resultant  of  two  forces  of  10 
kilogrammes'  weight  and  8  kilogrammes'  weight,  which  act  at  an 
angle  of  1 06°.         

Ana.  R  =  2^41-10  (\/6-  V2)  =  ll-OG  kilogrammes'  weight. 

2.  Two  forces  acting  at  0  are  represented  by  the  lines  OA  and  OB) 
if  &  is  the  middle  point  of  AB^  the  resultant  is  represented  com- 
pletely by  2.0G. 

3.  Two  forces,  P  and  Q^  of  which  P  is  given,  act  at  an  angle  of  60°; 
given  the  magnitude  of  their  resultant,  R^  find  the  magnitude  of  Q, 

^      V^R'-^P^-P 
Ans.  Q  = • 

From  this  it  appears  that  R  cannot  be  less  than  — -  •  P  ;  exj)lain 
this  result  by  a  figure. 

4.  Two  forces,  P  and  Q,  inclined  at  an  angle  of  120°,  have  a 
resultant,  R ;  when  they  are  inclined  at  an  angle  of  60°  the  resultant 
becomes  n  times  as  great  as  before ;  show  that 

E  

^=  ^^(-/3n^-l  + -/3-n«) 

B  ^ 

and  e  =  —^  {^3n*- 1  -  ^/3^^^)' 

5.  If  two  forces,  acting  at  a  given  angle,  be  each  multiplied  by  the 
same  number,  show  that  their  resultant  is  also  multiplied  by  this 
number  and  unchanged  in  direction. 

6.  Two  forces  act  at  an  angle  a> ;  each  force  becomes  n  times  as 

great  as  before,  and  the  angle  between  the  forces  is  reduced  to  —  ; 

each  of  these  latter  forces  again  becomes  n  times  as  great  as  before,  and 

the  angle  between  them  reduced  to  --•     It  is  observed,  that  in  all 

4 

these  cases  the  magnitude  of  the  resultant  is  unaltered.     Show  that 


O) 


=  4oo,-(-^^-l). 


7.  Two  chords,  OA  and  OB,  of  a  circle,  represent  in  magnitude  and 
direction  two  forces  acting  at  the  point  0 ;  show  that  if  their  resultant 
passes  through  the  centre  of  the  circle,  either  the  chords  are  equal  or 
they  contain  a  right  angle. 
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8.  Find  the  components  of  a  force,  P,  along  two  directions  making 
angles  of  30°  and  45°  with  P  on  opposite  sides. 

.            2P              ,   PV^ 
Ans,  Tz^j    and —• 

1  +  ^3  1+V^ 

9.  Show  that  a  force  represented  in  magnitude  and  direction  by  the 
diameter  of  a  circle  may  be  resolved  into  two  rectangular  components 
represented  by  any  two  rectangular  chords  of  the  circle  drawn  from 
the  extremity  of  the  diameter. 

10.  Two  rectangular  forces,  P  and  PVZy  act  on  a  particle  lying  on 
the  ground.  If  P  makes  an  angle  of  30°  with  the  horizon,  show  that 
the  particle  will  have  no  horizontal  motion. 

11.  Three  forces  equal  to  P,  P+Qj  and  P—^,  act  on  a  particle  in 

27r 
directions  mutually  including  an  angle  — ;   find  the  magnitude  and 

direction  of  their  resultant.  ^ 

12.  0  is  a  point  on  a  circle,  and  two  forces  inversely  proportional 
to  any  two  chords,  OA  and  BO,  act  at  0  in  the  senses  OA  and  BO ; 
prove  that  their  resultant  acts  along  the  tangent  to  the  circle  at  0. 

(Invert  the  circle  from  0 ;  or  otherwise.) 

1 3.  ABCD  is  a  quadrilateral  inscribed  in  a  circle.  Along  AB  and 
AD,  and  in  these  senses,  act  two  forces  respectively  proportional  to  the 
opposite  sides,  DC,  BC ;  prove  that  their  resultant  acts  in  the  diagonal 
A  C  and  is  proportional,  on  the  same  scale,  to  the  diagonal  BD. 

(See  Cor.  2,  Art.  12.)    Hence  Ptolemy's  Theorem  in  Geometry. 

14.  ABCD  is  a  quadrilateral  inscribed  in  a  circle.  Along  AD  and 
BC,  and  in  these  senses,  act  two  forces  inversely  proportional  to  these 
chords ;  prove  that  ii  AD  and  BC  intersect  in  E,  and  the  diagonals  AC, 
BD  intersect  in  0,  the  resultant  of  the  two  forces  acts  in  the  line  OE, 

(See  Art.  22,  and  Cor.  2,  Art.  12.) 

15.  From  any  point,  0,  is  drawn  a  right  line  meeting  a  circle  in 
A,  A\  and  also  another  right  line  meeting  the  circle  in  B,  B^,  If  M 
and  N  are  the  middle  points  of  AA'  and  BB',  respectively,  and  two 
forces  act  at  0  in  the  senses  OM  and  NO,  inversely  proportional  to 
these  lengths,  show  that  their  resultant  is  perpendicular  to  the 
diameter  drawn  through  0, 

(Deduce  from  ex.  12 ;  or  otherwise.) 

28.  Theorem.  The  following  theorem  is  of  wide  application 
in  the  composition  of  forces : — 

If  two  forces  acting  at  a  point,  0,  are  represented  in  mag- 
nitudes and  directions  by  OB 
and  n  .  OA,  their  resultant  is 
represented  in  magnitude  and 
direction  by  («+l)  OG,  the 
point  G  being  taken  on  AB  so 
iiiAt  BG  ^  n .  AG. 


Fig.  8. 


For,  produce  0^4  to  C  so  that  00=  n.  OA.     Then  the  two 

c  a 
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forces  acting  at  0  are  represented  by  OC  and  OB,  Complete 
the  parallelogram  OCRB.  Then  the  diagonal  OR  is  the  re- 
sultant force. 

From  C  draw  CIT  parallel  to  AB.  Then  the  triangles  CHR 
and  BGO  are  equal  in  all  respects,  .'.  HR  =  00.  Now  since 
OC-n.  OA,  it  follows  that  OH  =  n  .  OG, .-.  OR  =  (»+  1)  Off, 
which  proves  the  proposition  for  the  magnitude  of  the  resultant. 

Again,  -j^  =  ^--^  =  71,  .*.  Cff=  n  .  Jff,  and  since  OH  =  -Bff, 

we  have  BG  =  n  ,  AG. 

As  a  particular  case,  the  resultant  of  two  forces  represented 
by  OA  and  OB  passes  through  the  middle  point  of  AB,  and  is 
represented  by  twice  the  line  joining  0  to  this  point. 

If  the  two  forces  are  equal  to  n .  OA  and  m .  OB^  the  resultant 

BG       n 
passes  through  the  point  ff  determined  so  that  -~  =  - ,  and  is 

represented  on  the  same  scale  by  (m  +  ») .  Off. 

For,  diminishing  the  scale  to  which  the  forces  are  drawn  in 
the  ratio  of  mil,  the  two  forces  will  be  represented  by  OB  and 

—  •  OA.     It  then  follows,  by  what  precedes,  that  the  resultant 
fit 

ft 
acts  through  a  point  ff,  such  that  BG  =  —  •  ^ff,  and  is  equal  in 

magnitude  to  ( H  0  •  00.    If,  now,  we  revert  to  the  original 

scale,  this  must  be  multiplied  by  i»,  and  we  have  for  the  resultant 

(ii  +  f»).Off.— aE.D. 

24.  Graphic  Bepresentation  of  the  Resultant.     If  several 

forces.  Pi,  Pgj  •  •  •  ^^^  together  at  a  point,  their  resultant  is 

found  thus :  — ^Take  the  resultant  of  Pj 
and  P^;  compounding  this  resultant 
with  Pg,  we  get  a  new  force  which  is 
the  resultant  of  P^,  Pg,  and  P^\  com- 
pounding this  force  with  P^,  we  get 
the  resultant  of  Pj,  Pg,  P3,  and  P^; 
and  carrying  on  this  process  until  all 
the  forces  have  been  used,  we  obtain 
in  magnitude  and  direction  the  re- 
sultant of  the  whole  system. 

Let  g^  be  the  middle  point  of  the 

line  P-iP^i  which  joins  the  extremities  of  the  first  two  forces. 
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Then  the  resnltant  of  P^  and  P^  is  represented  in  magnitude  and 
direction  by  2.0^^.  Compounding  the  force  2.C^,  with  P3, 
we  get  a  resultant  represented  in  magnitude  and  direction  by 
3 .  0^2  (-Aj^-  23),  where  yg  is  a  point  on  y^  P3  such  that  ^3^2  = 
2.^1^2-  -A^T^^)  ^^^  resultant  of  3  .  0^^  and  P^  is  4 .  Off^,  where 
^3  is  the  point  on  P^^g  such  that  P4y8  =  3  .^2^3-  ^^  there  are  n 
forces  acting  on  0,  and  if  (?  is  the  last  point  determined  as  above, 
the  resultant  is  represented  in  magnitude  and  direction  by 
».  OG. 

Def.  The  point  (r,  thus  determined,  is  called  the  Cenlroid  of 
the  points  P^,  Pg,  .  . .  P«. 

Con.  1.  If  the  point  0,  at  which  the  given  forces  act,  is  the 
centroid  of  the  extremities  of  the  forces  P^,  P^,  .  .  .  P„,  the 
resultant  force  vanishes,  and  the  particle  at  0  is  in  equili- 
brium. 

Cor.  2.  The  student  will  also  perceive  that  if  at  the  points 
Pi9  -^2)  •  •  •  -^n  there  be  placed  equal  particles,  each  of  mass  m, 
and  if  each  of  these  particles  attracts  or  repels  the  particle  0 
with  a  force  proportional  to  7/1  and  to  the  distances  OP^,  OP^, 
.  .  .  0P«,  respectively,  the  resultant  attraction  or  repulsion  on  0 
will  be  nm .  OG^  or  M.  OG,  where  M  =  the  sum  of  the  masses  and 
G  is  their  centre  of  mass. 

Coo.  3.  If  the  attracting  or  repelling  particles  form  a  con- 
tinuous body,  of  mass  Jf,  and  the  law  of  attraction  or  repulsion 
is  that  of  the  direct  distance,  the  resultant  attraction  or  repulsion 
¥rill  be  proportional  to  M .  OG,  acting  in  the  line  OG,  where  G 
is  the  centre  of  mass  of  the  body. 

This  result  is,  therefore,  seen  to  be  a  simple  consequence  of 
the  theorem  in  this  Article  concerning  the  resultant  of  a  number 
of  forces  acting  on  a  particle — a  theorem  which  was  first  given 
by  Leibnitz. 

Examples. 

1.  Find  a  point  inside  a  triangle  such  that  if  a  particle  placed  at 
it  be  acted  on  by  forces  represented  by  the  lines  joining  it  to  the 
vertices,  it  will  be  in  equilibrium. 

Ans,  The  intersection  of  the  bisectors  of  the  sides  drawn  from 
the  opposite  angles. 

2.  P^y  P^t  •  >  >  Pn  ^^^  points  which  divide  the  circumference  of  a 
circle  into  n  equal  parts.  If  a  particle,  Q,  lying  on  the  circumference, 
be  acted  upon  by  forces  represented  by  QPj,  QPft .  .  •  QPn,  show  that 
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the  magnitude  of  the  resultant  is  constant  wherever  Q  is  taken  on  the 
circumference. 

It  is  71 .  QOi  0  being  the  centre  of  the  circle. 

3.  A  particle  placed  at  0  is  acted  on  by  forces  represented  in 
magnitudes  and  directions  by  the  lines,  OA^,  OA^,  .  .  .  OA^,  which 
join  0  to  any  fixed  points,  A^,  A^,  ,  ,  ,  A^;  where  must  0  he 
placed  so  that  the  magnitude  of  the  resultant  force  may  be  con- 
stant) 

Ans,  If  the  resultant  is  represented  by  a  line  of  length  R,  0  may 

be  placed  anywhere  on  a  sphere  of  radius  —  described  round  the 
centroid  of  the  fixed  points  as  centre.  ^ 

4.  Two  forces  are  represented  by  two  semi-conjugate  diameters  of 
an  ellipse;  prove  that  their  resultant  is  a  maximum  when  the 
diameters  are  equal  and  so  taken  as  to  include  an  acute  angle ;  and 
that  their  resultant  is  a  minimum  when  they  are  equal  and  include  an 
obtuse  angle. 

6.  A  BCD  is  a  quadrilateral  of  which  A  and  C  are  opposite  vertices. 
Two  forces  acting  at  A  are  represented  in  magnitudes  and  directions 
by  the  sides  AB  and  AD ;  and  two  forces  acting  at  C  are  represented 
in  magnitudes  and  directions  by  the  sides  CB  and  CD,  Prove  that 
the  resultant  force  is  represented  in  magnitude  and  direction  by  four 
times  the  line  joining  the  middle  points  of  the  diagonals  of  the  quadri- 
lateral. 

6.  0  is  any  point  in  the  plane  of  a  triangle,  ABC,  and  D,  E,  F  are 
the  middle  points  of  the  sides.  Show  that  the  system  of  forces  OA , 
OB,  DC  is  equivalent  to  the  system  OD,  OE,  OF,  (Wolstenholme, 
Book  of  Mathematical  Problems,) 

7.  If  0  be  the  centre  of  the  circumscribed  circle  of  a  triangle,  ABC, 
and  L  the  intersection  of  perpendiculars  from  the  vertices  on  the  sides^ 
prove  that  the  resultant  of  forces  represented  by  LA,  LB,  and  LC 
will  be  represented  in  magnitude  and  direction  by  2  LO,  (Wolsten- 
holme, t6tc^.) 

If  G  is  the  centroid  of  the  triangle,  the  resultant  is  3  .  LG  (Art.  24) ; 
but  this,  by  a  well-known  theorem  in  Geometry,  is  2  .  LO, 

8.  Show  that  the  resultant  of  any  number  of  concurrent  forces,  P^, 

P„  Pg,  .  .  .  may  be  found  thus :  measure  off  any  lengths  2],  ?,,  2,i  .  .  . 

from  their  point,  0,  of  meeting  along  their  respective  lines  of  action  ; 

place  at  the  ends  of  tliese  lines  particles  whose  masses  are  propor- 

P     P     P 
tional  to  -y^  >  -y^  5  -~ ,  .  . . ;  let  G^  be  the  centre  of  gravity  of  these 

particles ;  then  OG  is  the  line  of  action  of  the  resultant  of  the  given 

p 
forces,  and  its  magnitude  is  OG  x  2  y     (Mr.  Swift  P.  Johnston.) 

25.  Graphic  Bepresentation  of  the  Resultant.  There  is 
another  mode  of  exhibiting  the  resultant  of  a  number  of  forces 
acting  on  a  particle. 


25.] 
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Fig.  lo. 


When  two  forces,  OA  and  OB  (Fig.  2,  p.  7)  act  at  0,  their 
resultant  is  the  diagonal  of  the  parallelogram  OACB ;  or,  again, 
it  may  be  considered  as  the  third  side 
of  the  triangle  determined  \>j  OA  and 
ACy  the  latter  line  being  drawn  from 
the  extremity  of  the  force  OA  parallel 
to  the  other  force,  OB, 

Let  any  number  of  forces,  OA,  OB, 
OC,  OD  (Fig.  lo),  act  at  0.  Then 
drawing  oa  (Fig.  1 1)  parallel  and  equal 
(or  proportional)  to  OA,  and  from  the  extremity  a  drawing  ab 
parallel  and  equal  (or  proportional,  on  the  same  scale)  to  OB, 
the  resultant  of  the  forces  OA  and  OB  is  represented  by  ob,  the 
third  side  of  the  triangle  oab,  (Of  course  the  resultant  acts  at 
0,  and  is  parallel  to  ob,)  Again,  drawing  be  parallel  and  equal 
(or  proportional)  to  OC,  the  resultant  of  ob  and  be  is  oc.  Com- 
pounding this  with  cdy  which  represents  OB  in  the  above  manner, 
we  get  the  resultant  of  the  whole  system 
represented  in  magnitude  and  direction  by 
od,  the  last  side  of  the  polygon  oabcd. 

Hence  to  represent  the  resultant  of  any 
number  of  forces  acting  at  a  point,  0 — 

Take  any  point,  o,  and  draw  the  side*  of 
a  polygon  successively  parallel  and  propor- 
tional to  tie  forces  acting  at  0  ;  then  the  last 
side,  or  that  which  is  required  to  close  up 
the  polygon,  represents  in  magnitude  and  direction  the  restiltant 
of  the  system. 

Cor.  1 .  If  the  last  vertex,  d,  of  the  polygon  of  forces  closed  up 
into  0,  the  side  od  would  vanish,  and  the  resultant  force  would 
vanish ;  that  is,  the  system  of  forces  would  be  in  equilibrium. 
Hence — 

If  the  sides  of  a  closed  polygon  marked  with  arrows,  which  all 
go  round  the  polygon  in  the  samb  sense,  represent  in  magnitudes 
and  directions  the  forces  which  act  together  on  a  particle,  these  forces 
form  a  system  in  equilibrium. 

Cor.  2.  When  only  three  forces  act,  the  preceding  Cor.  shows 
that  they  will  be  in  equilibrium  if  they  are  parallel  and  pro- 
portional to  the  sides  of  a  triangle  which  are  marked  with 
arrows  all  going  round  the  triangle  in  the  same  sense. 


Fig.  II. 
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[26. 


This  proposition  has  been  already  enunciated  as  the  Triangle  cf 
Forces. 

26.]  Laplace's  Proof  of  the  Paballelogsak  of  Fobces. 
Among  purely  statical  proofii  of  this  fundamental  proposition,  i.e. 
proofs  which  do  not  depend  on  the  consideration  of  velocity^  Laplace's 
appears  to  be  the  most  elegant,  and  as,  moreover,  it  does  not  involve 
the  principle  of  transmissibility,  it  is  thought  desirable  to  include  it 
in  the  present  treatise. 

Let  two  rectangular  forces,  P  and 

b'\       ®  ^r      Q,  represented  by  the  lines  OA  and 

OB  (Fig.  12),  act  at  0,  and  let  R  be 

the  unknown  magnitude,  and  OC  the 

unknown  direction,  of  their  resultant. 

It  is  evident  that  if  P  and  Q  give  a 

resultant  equal  to  R  acting  in  0(7,  nP 

and  hQ  will  give  a  resultant  equal  to 

nR  acting  also  in  0C7,  because  taking 

multiples  of  the  forces  is  the  same  thing  as  merely  altering  the 

scale  of  magnitude  to  which   they  are  referred.     Conversely, 

whatever  n  may  be,  nR  may  be  replaced  by  nP,  making  an 

angle  d{=  COA),  and  «Q,  making  an  angle  -  —  ^  (=  COR)  with 

P 

the  direction  of  R.     Let  n  be  taken  =  -^   and  draw  A' Off  per- 
pendicular to  OC.     Then  since 

R  may  be  replaced  by  P  in  OA  and  Q    in  OBy 


••A 
Fig.  I  a. 


» 


)» 


n 


PQ. 


)i 


R 


in  0^. 


PO  O^ 

Similarly  Q  may  be  replaced  by  -^  in  Off  and  -^  in  OC. 

Hence    the  forces    P    and    Q    are    equivalent    to    a   force 

=  ^  +  ^  in  067,  a  force  -^  in  OA',  and  a  force  ^  in  Off. 

But  these  last  are  equal  and  opposite,  and  therefore  they  destroy 
each  other.     Hence  P  and  Q  are  equivalent  to  a  single  force 

=  — P —  acting  in  the  direction  of  their  resultant ;  therefore 

P*+(2* 


R  = 


R 


or 


5=  ^/P^+Q^ 


(1) 


c 

3 

F 

/ 

/ 

0 

/^ 

/ 

B       y 
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Thus  we  have  found  the  magnitude  of  the  resultant  of  any  two 
rectangolar  forces.     We  now  proceed  to  find  its  direction. 

If  f  and  Q  are  equal,  their  resultant  bisects  the  angle  between 
them,  and  (1)  therefore  shows  that  it  is  represented  in  magnitude 
and  direction  by  the  diagonal  of  their  parallelogram. 

Let  three  forces,  at  right  angles  to  each  other,  OA^  OB,  and 
OC  (Fig.  13)  each  equal  to  P,  act  on  a  particle  0 ;  complete  the 
cube  as  in  the  figure.     By  what  precedes,  the  resultant  of  OB 
and  OC  is  OF;  combining  this  with 
OAf  we  see  that  the  direction  of  the 
resultant  lies  in  the  plane  FOA,    Simi- 
larly, it  can  be  proved  to  lie  in  the 
plane  COJD;  hence  its  direction  is  00^,  H 

the  intersection  of  these  planes,  or  the 
diagonal  of  the  cube.  Now  from  (l) 
0F=i  Pv^,  and  the  resultant  of  the 
three  forces  is  the  same  as  the  resultant  pj    ,, 

of  P  -/ 2  along  OF  and  P  along  OA. 

By  (1)  the  magnitude  of  the  resultant  is  P\/3,  and  since 
00^  =  PVs,  we  have  proved  that  the  diagonal,  00^,  of  the 
parallelogram  FOA  represents  in  magnitude  and  direction  the 
resultant  of  two  forces  P  and  P  \/2. 

Suppose  now  that  OA  =  P,  OB  =  PV2,  and  OC  =  P,  and 
complete  the  parallelepiped.  We  have  just  proved  that  the 
resultant  of  05(=P^2)  and  0C{=  P)  is  the  diagonal  OF 
[=P^3);  and  since  the  resultant  of  the  three  forces  must 
lie  in  the  planes  COD  and  FOA,  it  must  act  in  the  diagonal 
00^.  But  this  resultant  is  the  resultant  of  P^/3  along  OF 
and  P  along  OA,  and  by  (1)  its  magnitude  is  PV^4,  which 
is  the  magnitude  of  00^,  the  diagonal  of  the  parallelogram 
FOA. 

By  keeping  OA  and  OC  each  equal  to  P,  and  giving  OB  the 
values  P,  P '/2,  P-Zs,  ...  P'/m,  successively,  we  prove  in  this 
way  that  the  parallelogram  law  holds  for  P  and  P  ^m,  where 
Mis  any  integer.  Again,  keeping  OB  =  P^m,  OC=P,  and 
making  Oi<  =  P,  Py2,  P-Zs, ...  P '•w  —  1 ,  in  succession, — where 
»  is  an  integer, — we  prove  that  the  law  holds  for  P  ^/M  and  P  -Zw, 
Le.,  for  any  two  rectangular  forces  the  squares  of  whose  magni- 
tudes are  proportional  to  two  integers ;  hence  it  holds  for  any 
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two  lectangalar  foroes,  because  even  if  their  ratio  involves  an 
endless  decimal,  this  (and  its  square)  can  be  expressed,  to  any 
desired  degree  of  accuracy,  as  the  ratio  of  an  integer  number  to 
some  power  of  10.  The  parallelogram  law,  then,  holds  for  two 
rectangular  forces  which  bear  to  each  other  any  given  ratio. 

From  this  the  proposition 
follows  easily  for  oblique 
forces. 

Let  OA  and  OB  (Fig.  14) 
represent  two  oblique  forces, 
P  and  Q ;  complete  the  par- 
allelogram, draw  the  line  mn 
through  0  perpendicular  to 
the  diagonal  0C7,  and  let  &11 
the  perpendiculars  Ap,  Am,  Bq,  and  Bn,  on  OC  and  mn.  By 
what  we  have  proved,  the  force  OB  (=  Q)  can  be  replaced  by 
Oq  and  On,  and  OA  {=  P)  can  be  replaced  by  Ojo  and  Om, 
But  Om  is  evidently  equal  and  opposite  to  On,  therefore  00  is 
the  line  of  action  of  the  resultant,  and  its  magnitude  =  0/?  +  Oq^ 
which  =  00. 


Fig.  14. 


CHAPTER  II. 

GENBRAL   CONDITIONS  OF  THE  EQUILIBRIUM   OF   A   PARTICLE 
UNDER  THE   ACTION   OF   FORCES   IN   ONE   PLANE. 

27.]  AbBolute  Condition  of  Equilibrium.  One  coDdition  is 
necessaiy  and  snfficient  for  the  equilibrium  of  a  particle — and 
that  condition  is,  that  the  niagnittide  of  the  resultant  force  actlntj 
upon  it  shall  be  zero.  In  the  case  of  a  body  of  finite  extension  (as 
distinguished  from  a  mere  particle)  the  student  will  afterwards 
see  that  this  single  condition  is  not  sufficient.  The  vanishing  of 
the  Resultant  may  be  called  the  absolute  condition  of  the  equi- 
librium of  a  particle. 

28.]  Several  Forces.  When  several  forces  act  upon  a  particle, 
the  condition  of  its  equilibrium  may  be  expressed  as  in  Cor.  1, 
p.  21  ;  or  as  in  Cor.  1,  p.  23.  But  in  practice,  these  repre- 
sentations would  frequently  be  found  clumsy,  and  we  obtain 
simpler  results  by  using  the  principle  of  the  Resolution  of 
Forces  than  those  given  by  the  principle  of  Composition.  It  is  to 
be  observed  that  forces  acting  on  a  particle  are  to  be  considered 
as  forces  whose  lines  of  action  all  pass  through  one  common  point, 

29.]  Besolution  of  Forces  in  given  Direotions.     It  has  been 
proved  that  a  force  can  be  resolved  into  two  others  along  an}- 
two  directions  in  the  same  plane,  if  this  piano  contains  the  line 
of  action  of  the  force.     Simplicity  is 
gained  by  taking  these  two  directions 
at  right  angles  to  each  other.     Thus, 
let  Ox  and  Oy  be  any  two  lines  at  right 
angles  to  each  other,  and  P  any  force 
acting  at  0  in  the  plane  Oay.     Then,      "  Fiir  is 

completing  the  parallelogram  OXPi\ 
we  find  the  components,  OX  and  07,  of  the  force  P  along  the 
axes  Ox  and  Oy,  Let  OX  and  07  be  denoted  simply  by  X  and 
T.     It  is,  then,  evident  that 

X=Pcosd, 
r=Psin6>, 
where  0  is  the  angle  which  the  direction  of  P  makes  with  Ox, 
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In  Btrictness,  when  we  speak  of  the  component  of  a  given 
force  along  a  certain  line,  it  is  necessary  to  mention  the  other 
line  along  which  the  other  component  acts.     For  example,  the 

force  P  may  have  an  infinite 
number  of  components  along 
the  same  right  line  Ox.  If 
the  line  associated  with  Ox  be 
Om^  and  if  the  parallelogram 
OMPM^  be  completed,  the 
component  of  P  along  Ox  will 
be  OJf,  the  other  component 
being  0M\  If,  again,  the  resolution  of  P  be  effected  along  Ox 
and  On^  and  the  parallelogram  ONPW  be  drawn,  the  com- 
ponent of  P  along  Ox  will  be  0N\  and  it  is  evident  that  if  a>  be 
l^e  angle  between  the  axes  along  which  P  is  resolved,  the  com- 
ponent along:  Ox  will  be    P  • \ • 

^  ^  am  ft) 

In  what  follows^  unless  the  contrary  is  expressed,  by  the 
component  of  a  force  along  any  line  we  shall  understand  the 
rectangular  component  \  that  is,  the  resolution  is  supposed  to  be 
made  along  this  line  and  the  line  perpendicular  to  it.  It  must 
be  remembered,  then,  that — 

The  component  of  a  force^  P,  along  a  right  line  is  Pxcos  (angle 
between  right  line  and  direction  of  P), 

30.]  Equations  of  Equilibrium,  or  Analytioal  Conditions. 

If  several  forces,  P^ ,  Pg  >  ^31 
•  .  .  act  at  0,  each  of  them 
may  be  replaced  by  its  two 
components,  one  along  Ox, 
and  the  other  along  Oy, 
which  is  perpendiculax  to 
Ox  (Kg.  1 7).  Thus,  the  com- 
ponents of  Pi  are  Pj  cos  ^i, 
and  Pj  sin  0^ ;  those  of  Pg 

are  Pg  cos  ^2»  *"^^  ^2  ^^^  ^2> 
and  these  latter  are  mea- 
sured in  exactly  the  same  senses  as  the  components  of  P^ ;  that 
is  to  say,  Pg  cos  6^  is  the  component  of  Pg  along  Ox  in  the 
sense  Ox,  The  component  of  Pj  in  the  figure  is  actually  in 
the  sense   opposite  to  Ox,  that  is,  in   the   sense  0,^x;  still, 
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the  component  in  the  sense  Ox  is  P^  cos  0^^  for  cos  0^  is 
negative.  If  the  senses  Ox  and  Oy  are  regarded  as  the 
positive  senses,  any  components  which  act  in  the  opposite 
senses,  0,— a?  and  0,— y,  would  sabtract  from  the  positive 
components,  and  must  be  considered  negative.  It  will  be  seen 
that  the  negative  sign  of  every  component  will  be  perfectly 
represented  and  accounted  for  by  the  general  expressions,  P  cos  0 
and  P  sin  0,  for  the  two  components.  Thus,  the  figure  shows 
that  both  components  of  P^  are  negative,  and  accordingly  both 
of  the  expressions  P^  cos  ^3  and  ^3  sin  0^  are  negative,  since  0^ 
is  >180^ 

In  order  that  the  expresnan^  P  co9  0  and  P  sin  0  may  always 
represent  component's  in  the  positive  senses  Ox  and  Oy,  the  angle 
6  mii^t  he  measured  from  Ox  towards  the  line  of  action  of  the  force 
in  a  fixed  sense — ^that  opposite  to  watch-hand  rotation  being 
generally  chosen. 

With  this  understanding,  then,  we  may  say  that  the  com- 
ponents of  Pj,  Pj,  P3  in  the  direction  Ox  are  Pj  cos  ^j, 
P2  cos  ^21  A^^  -^3  <^B  ^3)  ^^^  those  in  the  direction  Oy  are 
Pj  sin  ^1,  Pg  sin  Q^ ,  and  P3  sin  ^3. 

Replacing  each  of  the  forces,  Pj,  Pg,  P3,  ...  by  its  com- 
ponents, we  have 

Pj  cos  ^i  +  P2  cos  ^2+^8  cos  ^3+ ...,  or  2  P  cos  ^,  along  0.p, 
and 

Pj  sin  ^i  +  Pj  sin  ^2  +  ^3  ™^  ^8+  •••>  or  2  P  sin  ^,  along  Oy. 

If  the  component,  P  cos  ^,  of  a  force,  P,  along  Ox^  be  de- 
noted by  Z,  and  that  along  C^  by  1^  the  whole  system  of  forces 
is  equivalent  to  the  two  single  forces, 

Xi  +  -X2  +  -^3+ •••»  or  2JC,  along  Oa?, 

and  7i  +  Jg  +  "^3  +  •••»  ^'^  -^ ^>  along  Oy. 

Now,  since  (Art.  26,  p.  24)  the  resultant  of  two  forces,  P  and 

Q,  at  right  angles  is  VP*  +  Q^,  the  resultant,  i2,  of  the  system 
offerees  Pj,  Pg,  ...,  is  given  by  the  equation 

n  =  VTsJ^+CSTp.  (1) 

For  the  equilibrium  of  0  it  is  neceasaiy  and  sufficient  that 

i2  =  0.     Hence 

(2JC)2  +  (2  7)a  =  0.  (2) 
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Now,  this  equation  cannot  be  satisfied,  so  long  as  ^X  and  £  ¥ 
are  real  quantities,  unless 

SX=0and2r=:0.  (3) 

These,  then,  are  the  two  necessary  and  sufficient  conditions  for 
the  equilibrium  of  the  particle,  and  they  are  equivalent  to  the 
^ittffle  condition  R  =  0.     (See  Art.  27.) 

The  equations  (3)  are  equivalent  to  the  following  state- 
ment : — 

For  the  equilibrium  of  a  particle  acted  on  by  any  number  of 
forces  in  one  plane,  it  is  necessary  and  sufficient  that  lie  algebraic 
sum  of  the  rectangular  componetits  of  the  forces,  along  each  of  two 
right  lines  at  right  angles  to  each  other  in  the  plane  of  the  forces^ 
should  vanish.  Since  the  directions  Ox  and  Oy,  along  which  the 
forces  are  resolved,  may  be  any  whatever  in  their  plane,  we  may 
evidently  vary  the  above  statement  thus — the  algebraic  sum  of 
the  rectangular  comjxments  of  the  forces  along  every  right  line  in 
their  plane  is  zero. 

It  is  merely  for  uniformity  of  notation  that  we  have  measured 

Oi,e^,0^,...  (Fig.  17),  aU  in 
the  same  sense — that  opposite 
to  watch-hand  rotation.  In 
resolving  forces  along  a  line. 
Ox,  it  is  simpler  in  practice  to 
use  the  acute  angles  made  by 
the  forces  with  the  line,  and 
to  indicate  negative  compo- 
nents by  the  sign  minus. 
Thus,  if  (Fig.  18)  the  forces 
P,  P',  P"  make  acute  angles  0,  0\  0^\  with  Ox,  the  sum  of  the 
components  of  the  forces  along  Ox  is 

P  cos  ^-P'  cos  (f-P"  cos  0'\ 
and  that  along  Oy  is 

P  sin  d  +  P'  sin  ^-P"  sin  0". 

The  rectangular'  component  of  a  force  along  a  line  is  some- 
times called  the  effective  component  along  this  lina 

Cos.  A  force  has  no  effective  component  in  a  direction  at 
right  angles  to  itself. 

31.]  Direotion  of  the  Besoltant.     The  direction  of  the  re- 


Fig.  18. 
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32.] 

saltant  of  any  number  of  forces  acting  in  one  plane  on  a  particle^ 

0,  is  known  when  its  components,  2  X 

and  21^  along  any  two  directions,   Ox 

and   Cy,  are  known.     For,  if  Ox  and 

Oy  are  rectangular,  and  a  be  the  angle 

which  the  resultant,  i2,  makes  with  Ox^ 

we  have,  evidently  (Pig.  19), 


sy: 


Fig.  19. 


tan  a  = 


2X' 
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and  if  Ox  and  Oy  include  an  angle  a>. 


sin  a 
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sin  (a>  — a)       IX 

82.]  Tensioii  of  a  String.  When  a  string  is  employed  to 
connect  two  or  more  particles  which  are  acted  on  by  given 
forces,  the  fibres  of  the  string  become  subject  to  a  certain  pull, 
stress,  or  tension^  which,  if  increased  beyond  a  certain  limit,  will 
cause  the  string  to  break.  This  tension  is  a  force  wAicA  at  any 
point  of  the  ntring  may  he  conceived  as  acting  in  either  of  two 
opposite  senses,  or  in  both  of  thene  senses  at  once,  according  to 
the  nature  of  the  question  under  discussion.  Let  us  consider,  as 
a  simple  example,  the  case  of  a  string,  AB  (Fig.  20), 
whose  weight  we  may  neglect,  fixed  at  the  extremity 
A,  and  attached  at  ^  to  a  mass  of  weight  W.  If,  now, 
we  imagine  the  string  to  be  cut  at  any  point  /?,  and 
the  lower  portion,  pB,  to  be  removed,  it  is  clear  that 
the  remaining  portion,  pA,  will  not  be  in  the  same 
state  of  stress  as  before  unless  we  apply  at  the  section 
p  a  force  equal  to  W,  and  acting  downwards.  Again, 
let  the  string  be  cut  a  little  above  p,  at  q,  and  suppose 
the  portion  qA  removed.  Then  the  small  portion,  pq, 
will  not  remain  in  its  place  unless  an  upward  force 
equal  to  M^  is  applied  at  the  section  q.  The  small 
portion  of  the  string  included  between  p  and  q  is  then  kept  at 
rest  by  two  equal  and  opposite  forces,  each  equal  to  W,  Thus, 
then,  if  we  consider  any  portion,  pq,  as  isolated  from  the  rest  of 
the  string,  we  must  represent  it  as  subject  to' two  equal  tensions 
directly  opposed  to  each  other.  If  we  considered  the  action  of 
the  upper  portion,  pA,  on  the  lower,  pB,  we  should  represent  pB 
as  acted  on  by  an  upward  force  applied  at  p ;  and  if  we  consider 


Fig.  20. 
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ihe  action  of  the  lower  on  the  apper,  we  mnst  represent  pA  as 
acted  on  by  a  downward  force  applied  at  the  section  of  separa- 
tion of  pA  and  j)B,  Thus,  the  action  at  B  of  the  string  on 
the  body  JT  is  an  upward  force,  or  tension,  equal  to  W ;  while 
the  action  of  JT  on  the  string  consists  of  an  equal  force  in  the 
opposite  direction. 

83.]  String  passing  over  smooth  pegs  or  sorllu^es.  When 
a  string  whose  weight  we  neglect  passes  over  a  smooth  peg,  or 
over  any  number  of  smooth  sur&ces,  we  shall  assume  for  the 
present  that  the  stress  of  its  fibres,  or  its  tension,  is  the  same  at 
all  of  its  points.     Should  it,  however,  be  knotted  at  any  of  its 

points  to  other  strings,  we  must  regard 
its  continuity  as  broken,  and  the 
tension  will  not  be  the  same  in  the 
two  portions  which  start  from  a  knot. 
Thus,  if  the  string  at  rest  pass  over 
two  smooth  surfaces,  A  and  B  (Fig. 
21),  and  if  it  is  pulled  at  one  ex- 
tremity by  a  force  P,  it  must  be  pulled 
at  the  other  extremity  with  an  equal 
force ;  but  if,  after  leaving  the  suriace 
Ay  it  is  knotted  at  C7  to  another  string 
which  is  pulled  with  a  force  equal  to 
*  '''  B,  the  tensions  in  the  portions  be- 

tween C  and  A  and  between  C  and  B  are  no  longer  the  same, 
and  their  relative  magnitudes  must  be  determined  by  equation 
(a)  of  Chap.  I.,  Art.  20. 

34.]  Equilibrium  of  a  System  of  Particles.  When  several 
particles  are  connected  together  and  form  a  system,  each  par- 
ticle being  acted  upon  by  special  forces  in  addition  to  the  forces 
produced  upon  it  by  its  connection  (by  strings  or  rods)  with 
the  other  particles,  we  can  consider  the  equilibrium  of  any 
one  particle  apart  from  all  the  others,  provided  that  we  take 
account  of  all  the  forces  which  are  produced  on  it  hy  its  connection 
with  the  others,  in  additimi  to  th^  special  forces  acting  upon  it. 

This  may  be  called  the  principle  of  separate  equilibrium,  which 
is  continually  employed  in  all  branches  of  Dynamics. 

Thus,  in  No.  8  of  the  following  examples,  we  may  write  down 
equations  for  the  equilibrium  of  the  particle  iV  as  if  it  were 
entirely  disconnected  with  the  other  points,  A,  P,  M,  B,  if  we 
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represent  it  as  acted  on  by  the  force,  W,  and  by  the  tensions,  T^ 
and  jTg,  of  the  strings  by  which  it  is  connected  with  the  system, 
35.  Ntunerioal  Calculation.  When  in  any  instance  the 
numerical  values  of  forces  are  assigned,  the  student  will  derive 
mnch  benefit  from  the  practice  of  constructing  good  figures, 
which,  with  as  much  fidelity  as  is  practically  attainable,  truly 
represent  the  relative  magnitudes  and  directions  of  the  forces. 
For  this  purpose,  the  first  thing  to  be  done  is  to  fix  on  some 
convenient  scale  of  representation.  The  scale  to  be  adopted  will, 
as  already  pointed  out  in  Art.  17,  depend  on  the  magnitudes 
assigned  in  each  particular  case.  Thus^  if  the  student  works 
on  "section  paper,"  he  may  take  one,  two,  three,  or  more  of 
the  sides  of  its  little  squares  to  represent  the  unit  force.  If  the 
magnitudes  of  the  forces  given  range  from,  say,  5  to  20  kilo- 
grammes' weight,  it  will  be  convenient  enough  to  take  a  side 
of  one  square  to  represent  1  kilogramme  weight ;  but  if  the 
forces  range  only  from  5  to  10,  two,  or  even  three,  sides  may 
be  taken  to  represent  1  kilogramme  weight ;  for  the  greater 
the  length  which  represents  the  unit  force,  the  less  the  error 
which  is  likely  to  occur  in  the  drawing.  In  fact,  without 
trigonometrical  calculation,  the  magnitudes  of  certain  required 
forces  may  be  found  by  careftdly  drawing  the  forces  that  are 
given,  and  measuring  with  instruments  the  lines  which  represent 
the  required  forces,  the  results  being  reliable  to  the  first  place 
of  decimals.  Several  of  the  following  examples  are  suitable  to 
such  a  method,  and  the  student  is  recommended  to  verify  his 
calculated  results  by  subsequent  measurement. 

36.]  TJseftQ  Trigonometrioal  Theo- 
rem. The  following  theorem  will  be 
found  extremely  useful  in  the  solution 
of  a  large  number  of  statical  problems. 

If  a  right  line  CP  (Fig.  22)  drawn 
from  the  vertex  of  a  triangle  divide 
the  base  into  two  segments  m  and  ft, 
or  segments  which  are  to  each  other  in  the  ratio  m  :  n, 

(i«  +  «)  cot0  =  m  cot  a— «  cot  ^,  (l) 

where  a  and  ft  are  the  angles  which  CP  makes  with  CA  and  CB^ 
and  0  is  the  angle  which  CP  makes  with  the  base  AH, 

For,  if^P  =  »»,  5P  =  «, 

VOU  I.  D 
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w 

„^         sin -4  sin  ((?  — a)  /  .    >,     j_  ^\ 

OF  =  m  - —  =  m 7 =  m  (sin  0  cot  a— cos  0). 

Bin  a  sin  a  ^  ^ 

. ,      ^^  sin  5         sin  (^  +  fi)         /  .    ^    ^  ^  ^x 

Also  CP  =  n  - — -  =n — ^--^  =  ^(sin^cotiS  +  cos^). 

Bin  (i  sin  )3  ^  ^ 

Equating  these  two  values  of  CP,  we  obtain  (1)  at  once. 

The  following  equation  also  holds : 

(m  +  n)  cot  6  =z  n  cot  A  —  m  cot  J9. 

i^or,  C/jT  =  m  - —  =  m  - — j^ rr  =    .— — — -—z -z  • 

sin  a  8in(0  — -^}       sind  cot  J[— cos  0 


(2) 


Similarly  CP  =  -^ 


u 


Equating  these  values  of 


sin  6  cot  JS  +  cos  ^ 
CP,  (2)  follows  at  once. 

Cob.  I{  a  and  B  are  two  fixed  points  and  C  any  variable 
point,  and  if  the  angles  CAS  and  CBA  are  denoted  by  0  and  ^, 
respectively,  any  equation  of  the  form 

n  cot  0  —  m  cot  <f>  =  i,  (a) 

where  »,  t/iy  and  i  are  constants,  will  be  satisfied  if  C  has  any 
position  on  a  certain  fixed  right  line — viz.,  a  line  dividing  AB 
in  P  so  that  AP :  BP  =:  m  :  n^  and  making  with  AB  an  angle^ 
CPB  or  y,  such  that 

cot  y  = > 

'       m  -\-  n 

or  in  other  words,  any   equation  of  the   form   (a)   denotes  a 

rectilinear  locus — as  is  evident  also  from  the  elements  of  analytic 

geometry. 

Frequent  reference  will  be  made  to  this  result  in  the  sequel. 

Examples. 

1.  At  the  point,  0,  of  intersection  of  diagonals  of  a  square  (Fig.  23), 

let  two  forces  of  8  and  12  grammes' 
weight,  act  along  the  diagonals,  and 
two  forces  of  10  and  2  grammes' 
weight,  act  perpendicularly  to  two 
sides;  required  the  magnitude  and 
direction  of  their  resultant. 

Kesolving  the  forces  along  Ox,  the 
line  of  action  of  one  of  them,  the 
Pl^  3-  component  of  the  force   10  is    10, 

that  of  the  force  8  is  8  cos  45°,  that 
of  2  is  zero,  and  that  of  12  is  — 12  cos  45^     Hence 

2X=  10+-4= — ^=  10-2\/2. 
V2      V2 
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Similarly,     2  7= -4=  +  2+ -^=  2+ lO-v/2. 

>/2  V2 


Therefore  B  =  >/(10-2V'2)«+(2+10'/2)«=:  ^312. 
Again,  if  a  be  the  angle  made  by  B  with  Ox, 

2+10^/2       l-f.6y2        ..  ,        .  , 
tan  a  = —  = -=-  =  2+  (nearly). 

10-2^/2        5-'/2 

2.  Three  forces,  P,  Q,  ^,  act  on  a  particle  :  find  the  magnitude  of 
their  resultant. 

Let  the  angles  opposite  P,  Q,  and  R  be  denoted  by  ^>,  q,  r  (Fig.  5, 
p.  15).  Then  resolving  all  the  forces  along  the  direction  of  P,  we  get 
for  their  combined  component  in  this  direction  P  +  Q  cos  r+i^  cos  2- 
Resolving  them  perpendicularly  to  P,  their  total  component  = 
^  sin  r—R  ein  q.  Hence  the  square  of  the  resultant  =  (P  +  ©  cos  r  + 
R cos qY-j-{QBiar—R  sin q)\  Remembering  that p-^-q^r  =^  2tt^  this 
is  easily  seen  to  be 

F'+Q^  +  R'  +  2PQ,coBr-^2QR.coBp'\-2RP.co8q. 

3.  Verify  in  the  last  question  that  if  the  three  forces  are  in 
equilibrium,  the  expression  given  for  the  resultant  vanishes. 

When  the  forces  are  in  equilibrium, 

P:Q  :R  =:  Binp :  sin  5' :  sin  r. 
Hence  the  expression  for  the  square  of  the  resultant  is  proportional  to 

Bin'jj+  hin^q  -f-  sin'r  +  2sin^  sin  q  cos  r  +  2  sin  q  sin  r  cos p  +  2  sin  r 

i-mpcoRq. 
The  last  two  terms  = 

2sinr8in(p+9')  =  —  2siu'r,  '.' p-^q  =  27r  — r. 
Therefore  the  expression  is 

sin^jj  +  sin'^' — sin'  (j)-¥q)  +  2  cos  {p + q)  sin  ^  sin  ^  =  sin*jp  +  sin^q 

—  1 +cos(p+5')cos(p— ^),  •/  2sin^sin5' =  cos(p— <^)— cos(p  +  g'). 

Now, 

co8(p  +  g')cos(p— g)  =  1  — fcin'jj— 8in*7, 

/.  the  square  of  the  resultant  =  0. 

4.  A  heavy  particle  at  0  (Fig.  24),  whose  weight  is  W,  is  lield  iu 

equilibrium  l)y  three  forces  (in  addition  to  its  weight) — 

W 

—  acting  horizontally,  P  acting  in  a  direction  making  an  angle  i  with 

ft 

the  horizon,  and  R  at  right  angles  ^ 

to  P;  find  the  magnitudes  of  F  and  \ 

R  in  terms  of  the  given  force  W,  \  ^-^ 

Resolve  all  the  forces  along  the  A^' 

directions  of  Pand  R  successively.  ,  -y^^  ^~ 

These  directions  are  chosen  rather  | 

than  any  others,  because,  since  R  is     ^-j''  *  _ 

at  right  angles  to  P,  it  will  give  no  _ 

component  along  P,   and,   for  the 

same  reason,  P  will  give  no  component  along  R, 

D  a 
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The  component  along  OF  ib  f-i cos  t—  irsin  1. 


n 


For  equilibrium  it  is  necessary  (Art.  30,  equations  (3))   that   this 
component  shall  be  zero.     Hence 

W 
F  ^  — cost—  TTsint  =  0, 
n 


.*.  F=  irfsin  i cos  t  V 

V  7i  / 


Again,  the  sum  pf  the  components  along  OR  is 

W 

72—  IT  cos  i sin  i  ; 

n 


and  this  must  also  be  zero.     Hence 


^=  ]r( 


1 


cos  I  -I-  -  sm  % 


n 


0 


The  same  values  would,  of  course,  be  found  if  we  had  selected  any 

two  other  directions  for  the  resolution.     Thus,  if  we  resolve  all  the 

forces  vertically,  i.  e.,  in  the  direction  0  IT,  we  get 

ir— /'sin  t  —  i?  cost  =  0; 

W 
and  resolving  horizontally,  or  in  the  direction  of  — ,  we  get 


n 


W 

h  -^  cos  t — i?  sin  t  =  0. 

n 

Solving  these  last  two  equations  for  R  and  F^  we  get  the  same 
values  as  before. 

The  advantage  of  a  judicious  selection  of  directions  for  the  resolu- 
tion of  the  forces  is  now  apparent.  By  resolving  at  right  angles  to 
one  of  the  unknown  forces,  we  obtained  an  equation  free  from  that 
force ;  whereas,  when  the  directions  were  selected  at  random,  both  of 
the  unknown  forces  entered  into  each  of  our  equations,  and  to  find 
these  forces  it  was  then  necessary  to  solve  the  equations. 

Having  selected  one  direction  for  resolution,  it  is  not  necessary 
that  the  second  should  be  selected  at  right  angles  to  it;  for  the 
student  has  seen  (p.  30)  that  when  a  particle  is  in  equilibrium,  the 
sum  of  the  components  of  the  forces  along  any  direction  whatever 

must  be  zero.  Hence  we  might,  in  the 
present  case,  have  resolved  vertically 
and  along  the  direction  OF^  and  the 
equations  thus  obtained  would  have 
given  the  same  results  as  before. 

5.  One  end  of  a  string  is  attached  to 
a  fixed  point,  A  (Fig.  25) ;  the  string, 
after  passing  over  a  smooth  peg,  B^ 
sustains  a  given  mass,  P,  at  its  other 
extremity,  and  to  a  given  point,  (7,  in 
the  string  is  knotted  a  particle  of  given 
weight,  W,     Find  the  position  of  equilibrium  of  the  system. 
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Before  setting  about  the  solution  of  statical  problems  of  this  kind, 
the  student  will  clear  the  ground  before  him,  and  greatly  simplify  his 
labour  by  asking  himself  the  following  questions  : — 

(a)  What  lines  are  there  in  the  figure  whose  lengths  are  already 
given  1 

(b)  AVhat  forces  are  there  whose  magnitudes  are  already  given,  and 
what  are  the  forces  whose  magnitudes  are  as  yet  unknown  1 

(c)  What  variable  or  variables  in  the  figure  would,  if  it  or  they 
were  known,  determine  the  required  position  of  equilibrium  1 

Now,  in  the  present  case  (a),  the  linear  magnitudes  which  are  given 
are  the  lengtlis  AB  and  AC.  The  entire  length  of  the  string  is  of  no 
consequence,  since  it  is  clear  that,  once  equilibrium  is  established,  P 
might  be  suspended  from  a  point  at  any  distance  whatever  from  B, 
Again  (6),  the  forces  acting  at  the  point  C  are  the  weight,  W,  a  tension 
in  the  string  CA,  and  another  tension  in  the  string  CB,  Of  these,  W 
is  given,  and  bo  is  the  tension  in  CB,  which  must,  since  the  peg  is 
smooth,  be  equal  to  P  (see  Art.  33) ;  but  there  is,  as  yet,  nothing 
determined  about  the  magnitude  of  T,  the  tension  in  CA,  And  (c) 
the  angle,  0,  of  inclination  of  the  string  CA  to  the  horizon  would,  if 
known,  at  once  determine  the  position  of  equilibrium.  For,  if  d  is 
known,  we  draw  AC  of  the  given  length:  then,  joining  C  to  By 
the  position  of  the  system  is  completely  known.  The  angle,  <^,  of 
inclination  of  BC  to  the  horizon,  would  do  equally  well;  and  it 
is  evident  that,  since  either  angle  suffices,  each  must  be  capable  of 
being  expressed  in  terms  of  the  other,  and  the  given  magnitudes  in 
the  question. 

Let  AB  ^=  tty  AC  =  b.  Then,  for  the  equilibrium  of  the  point  C  we 
have,  by  equation  (a),  p,  15, 

P  _      cmO 

To  this  equation  must  be  joined  the  relation  between  0  and  <f>  given 
by  the  geometry  of  the  figure.     We  have,  evidently, 

AC.8inACB  =  AB,Bin4>y 

or  6  sin  (d  +  <^)  =  a  sin  if>,  (2) 

Equation  (1)  gives 

a  sin  4>  _  W 

6cosd"P'  ^^^ 

sin  <p  =  — "  cos  0, 
aP 


^a*P*-6Mr«cos«<9 
...cos<^= -J, 

Expanding  8in(d  +  <^)  in  (2),  and  substituting  these  values  of  sin  <^ 
and  cos  <^  and  reducing,  we  have  .the  equation 
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We  may  obtain  this  result  very  simply  by  employing  a  Triangle 
of  Forces.  Thus,  from  M  draw  a  line  MQ  parallel  to  BCy  meeting 
AC  in  Q.     Then  MCQ  is  a  triangle  of  forces  for  the  point  C7,  its  sides 

p       QM 

being  parallel  to  the  three  equilibrating  forces  at  (7.    Hence  —  =  -r^-^j ; 

AM  h 

but  ©if  =  4^.J?C=:-cos^(a«-2a6cosd  +  6»)4;  and  JfC  =  6sind; 
AB  a 

P  _  cas0(a*—2ab cos 6  +  b^^ 

which  is  the  same  as  the  previous  equation  for  6, 

When  the  numerical  values  of  the  constants  are  assigned,  (4)  becomes 
an  equation  with  numerical  coefficients,  the  required  root  of  which  can, 
be  obtained  (by  Homer's  method,  for  instance)  to  any  desired  degree 
of  accuracy. 

A  tolerably  accurate  solution  can  also  be  readily  obtained  by  a 
graphic  method  thus :  describe  round  A  the  circle  of  radius  &,  and 
on  ^^take  a  point  If  such  that  AM:  MB  =  JVb  :  Pa ;  describe  circles 
on  AM  and  MB  as  diameters.  Then  C  must  be  found  on  the  circle 
of  radius  b  eo  that  if  CA  meets  the  circle  on  ilJf  in  Z,  and  if  CB 
meets  the  circle  on  MB  in  i^,  the  lines 

AL  and  3fN  are  equal. 

This  will  give,  by  scale  measurement,  approximate  values  of  0  and  <^. 
If  these  are  o,  ^,  respectively,  we  can  put  0  =za  +  Xt  4^  =  fi  +  jft  where 
05,  y  are  two  very  small  circular  measures.  Substituting  these  values 
of  6,  <!>  in  (2)  and  (3),  and  retaining  only  the  first  powers  of  x  and  y, 
we  have  two  simple  equations  for  these  unknown  corrections. 

The  student  will  do  well  to  observe  that  the  coefficients  of  equation 
(4)  are  ratios  of  magnitudes  of  the  same  kind.  Force  and  linear 
magnitude  are  quantities  of  essentially  different  kinds.  It  is  true, 
indeed,  that  the  magnitude  of  a  force  may  be  conventionally  re- 
presented by  the  length  of  a  line,  but  it  is  only  in  comparison  with 
other  forces  that  any  one  force  can  be  so  represented,  and  the  scale  of 
representation  is  arbitrary.  Hence  cos  0,  which  is  a  mere  number,  if 
it  is  expressed  in  terms  of  force,  must  be  expressed  as  the  ra^'o  of  one 
force  to  another ;  and  if  it  is  expressed  in  terms  of  linear  magnitude, 
it  must  be  as  the  ratio  of  one  line  to  another.     If,  for  example,  the 

Pa* 

coefficient  of  cos  ^0  in  (4)  being  unity,  the  last  term  had  been  -r^^ , 

we  should  have  known  at  once  that  the  result  was  wrong.  For  the 
numerator  and  denominator  of  this  expression  are  not  of  the  same 
decree  in  force  ;  neither  are  they  of  the  same  degree  in  linear  magni- 

Pa^  -8 

tude.    Such  a  term  as  denotes  the  product  of  an  area,  -r- » by  the 

p 

reciprocal  of  a  force,  -=^-     If  for  some  unknown  quantity  of  any  kind 
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(force,  length,  trigonometrical  function,  etc.)  we  obtain  a  value  which 
violates  the  principle  of  homogeneity ^  then,  by  a  mere  alteration  of  the 
units  in  terms  of  which  the  given  constants  are  expressed,  we  obtain 
new  and  inconsistent  values  of  the  quantity  sought — as  the  student 
will  at  once  see  by  taking  some  special  example. 

Similar  remarks  as  to  the  homogeneity  of  our  results  will  be  of 
frequent  occurrence  in  the  sequel.  By  attention  to  considerations  of 
this  kind  the  student  will  often  be  able  to  detect  an  error  in  his 
work. 

6.  If,  in  the  last  example,  the  mass  TT,  instead  of  being  knotted 
to  the  string  at  (7,  is  suspended  from  a  smooth  ring  which  is  at 
liberty  to  slide  along  the  string  ACBy  find  the  position  of  equi- 
librium. 

In  this  case,  the  string  PBCA,  which  passes  over  a  smooth  surface 
at  Bf  and  through  the  smooth  ring,  will  have  its  tension  constant  at 
each  of  its  points  (Art.  33),  and  therefore  equal  to  P.  Hence, 
putting  T=  P,  and  resolving  forces  vertically  for  the  equilibrium  of 
Cy  we  have 

IK-2Psin^  =  0, 

or  •    /I       ^ 

Bin  e  =  — . 

7.  A  string,  whose  weight  is  neglected,  passes  over  three  smooth 
pegs,  Ay  By  Cy  which  are  in  the  same  horizontal  line.  From  the 
extremities  of  the  string  are  suspended  two  masses,  P  and  P^ ;  and 
to   two   given   points  in   it   are 

knotted  two  masses,  W  and  W^, 
the  first  suspended  between  A  and 
By  and  the  second  between  B  and 
C.  Find  the  position  of  equi- 
librium. 

In  this  problem  the  given  quan- 
tities are  the  weights  of  the  masses 
Py  Wy  P',  and  W\  the  distances  Pig,  25 

AB  and  BC,  and  the  length  of 
the  portion  mBm'  of  the  string  (Fig.  26). 

Evidently  the  quantities  which  we  wish  to  determine  are  the 
inclinations,  0,  <^, ...,  of  the  portions  of  tlie  string  to  the  horizon. 

Let  AB  =^ay  BC  =  afy  and  the  length  of  mBmf  =  k.  Consider  the 
equilibrium  of  the  point  m.  Since  the  string  PAm  passes  over  a 
smooth  peg  at  A,  the  tension  in  it  =  P  throughout.  If  ^  =  tension 
in  mBm  ,  we  have  for  the  equilibrium  of  m, 

T  cobO 


A 

B                     C 

X 

15/V'    jy^ 

Ap 

•w                       P'' 

W       sin{0-^4>) 
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Again,  for  the  equilibrium  of  wf, 

F  cos  4/ 


W       siii((/-f<^') 

W  8in(^+<^0' 
Equating  the  two  values  of  T^  we  have 

IT  cos  ^  TF'cosd' 


(2) 


sin(d  +  <^)"Bin(d'+<^0  ^^) 

These  are  all  the  equations  that  can  be  obtained  from  statical 
considerations.  One  more  equation  is  required  to  determine  the  four 
unknown  quantities,  B,  <^,  ^,  and  <^'.  This  is  obtained  by  expressing 
that  the  length  of  mBm'  =  k.     Evidently 

„             asin^  ^  ^    ,  a^sin^ 

Bra  =  -: — r-. rt- »  and  Bm  = 


asind 


8in(6'+<f»0' 


a'sin^' 


-k. 


' '  sin(d  +  </))  ^  8in(^  +  <^0  "  ""  ^^^ 

These   four  equations  determine  0^  <f>y  6^,  (f/,  and   therefore  the 
position  of  equilibrium. 

8.  A  string,  BMNP,,,A^  whose  weight  is  neglected,  is  suspended 

from  two  fixed  points,  A  and 
B  /  B\  and  from  given  points,  if, 
Ny  P,  ...,  in  the  string,  are 
suspended  a  series  of  equal 
particles,  the  weight  of  each 
being  W.  Find  the  inclina- 
tions, ^j,  ^j,  ^,,  ...,  of  the  suc- 
cessive portions  of  the  string 
to  the  horizon. 

Consider  the  equilibrium  of 
the  particle  at  M,  This  par- 
ticle is  kept  in  equilibrium  by 
three  forces,  viz.,  W  acting 
vertically,  T^,  the  tension  of 


Fig.  27. 


the  string  MB,  and  T^,  the  tension  of  MN. 
Resolving  these  forces  vertically, 

}r+  r,  sin  B^—T^  sin  ^j  =  0 ; 
and,  resolving  horizontally, 

1\cobB^  —  T^qo%B^  —  0. 
For  the  equilibrium  of  N,  resolving  horizontally, 

Tj  cos  ^2  —  7',  cos  ^,  =  0. 


0) 


Hence 


Tjcos^i  =  r,coB^5  =  r,cos^,  = 
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or  in  other  words,  Uhe  horizontal  comjionents  of  the  tensions  in  t/ie 
different  portions  of  the  string  are  constant.  Let  this  constant  be 
denoted  by  T;  then 

T  T 


cos  ^j 


COS  do 


Substituting  these  values  in  (1),  we  have 


Similarly, 


W 
tan  dj  =  tan  d2  +  "7r« 

W 
tandj  =  tand3  +  — , 

W 
tand,  =  tand^  +  — , 


Hence  the  tangents  of  the  successive  inclinations  form  a  series  in 
Arithmetical  Progression,     In  the  figure 


0^  =  0,  .*.  tan  Oj^  =  —i  tan  0^  = 


2W 
T 


,  tan  dj  = 


3ir 

T 


If  the  suspended  weights  are  not  equal,  it  is  still  true  that  the 
horizontal  components  of  the  tensions  are  aU  equal. 

The  figure  formed  by  the  string  BMNP.,.A  is  called  a  Funicular 
Polygon,  i.  e.,  a  rope  polygon ;  but  the  term  is  also  used  in  a  much 
more  extended  sense,  as  will  be  seen  later. 


R  0  Q 


Fig.  38. 

9.  To  construct  the  Funicular  Polygon,  when  the  horizontal  pro- 
jections, RQ,  Qj),  pn,  nm,  mb,  .  .  .  ,  of  the  successive  portions  of  the 
chain  are  all  of  the  same  length,  a,  and  one  portion  is  horizontal. 

Let  Pp  =  6 ;  then,  since  (last  example)  the  tangent  of  the  incli- 
nation of  PN  =  2  .  tangent  of  inclination  of  PQ,  it  follows  that,  Pn' 
being  horizontal,  Nn^  =  2  Pp  =  2  c.  Also  tan  of  inclination  of  MN 
=  3  tan  of  inclination  of  PQ ;  .*.  Mm'  ==  3  c. 

Hence,  taking  the  middle  point,  O,  of  the  horizontal  portion,  RQ, 
as  origin,  and  the  horizontal  and  vertical  lines  through  it  as  axes  of  x 
and  y,  the  co>ordinat€s  of  P  are  (}a,  c);  those  of  N  are  (f  a,  c  +  2c) ; 
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those  of  M  are  (^a,  6  +  2c+  3c)  ;  and  thoee  of  the  n^  vertex  from  Q 
are  evidently 


2n+l 
X  =  — - —  •  a, 


n(n+l) 
^  2 


The  value  of  the  ordinate,  y,  of  any  vertex  at  once  enables  us  to 
determine  this  vertex. 

If  we  eliminate  n  from  the  two  equations  for  x  and  y,  we  get  an 
equation  which  is  satisfied  by  all  the  vertices  indifferently.  This 
equation  denotes,  therefore,  a  curve  passing  through  all  the  vertices  of 
the  polygon.     Eliminating  n,  we  get 

,       2««         a« 
c  4 

This  denotes  a  parabola  whose  axis  is  the  vertical  line  Oy.     The 

vertex  of  the  parabola  is  vertically  below  0  at  a  distance  =  -• 

The  smaller  the  distances  RQ^  Qp,  pn, .  .  .  ,  the  more  nearly  does 
the  Funicular  Polygon  coincide  with  the  parabolic  curve. 

10.  To  represent  graphically  the  forces  in  the  general  case  of  the 
Funicular  Polygon. 

For  convenience,  let  the  vertices  of  the  string  or  chain  be  denoted 
by  the  numbers  1,  2,  3,  ...  ,  and  let  the  forces  P,,  P„  .  .  .  act  at  the 
vertices.  Let  also  the  tension  in  the  portion  of  the  string  (1,  2)  be 
denoted  by  ^„,  &c. 


Fig.  39. 


Fig.  30. 


Now,  take  any  point,  0,  and  from  it  draw  the  line  t^  parallel  to  the 
string  (5, 6),  and  proportional  to  the  tension  T^^,  From  the  extremity 
of  t^  draw  the  line,  p^,  parallel  and  proportional  to  the  force  F^.  It 
follows,  then,  that  since  the  forces  T^,  T^,  and  F^  form  a  system  in 
equilibrium  at  the  point  (5),  the  third  side,  t^^,  of  the  triangle  ^,  ft, 
t^  is  parallel  to  T^,  and  proportional  to  it  (Cor.  2,  p.  23).  In  the 
same  way,  drawing  ft  parallel  and  proportional  to  P^,  the  side  t^^  is 
parallel  and  proportional  to  T^ ;  and  continuing  this  construction,  the 
tensions  in  the  successive  portions  of  the  string  are  all  represented  by 
the  lines  ^,  <»»  ^,  •  •  •  in  the  new  figure  (Fig.  30). 
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The  figure  (Fig.  30)  which  represents  by  its  lines,  both  in  magnitudes 
and  in  directions,  all  the  forces  of  the  system  in  Fig.  29,  has  been 
called  by  Clerk  Maxwell  a  '  Force  Diagram '  of 
the  system.    (Transactions  of  the  Royal  Society 
of  Edinburgh,  voL  xxvi.) 

When,  as  in  example  8,  all  the  applied  forces, 
P,,  P,,  .  .  .  are  parallel,  the  Force  Diagram  of 
the  system  consists  of  a  triangle  with  lines  drawn 
from  the  vertex  to  different  points  in  the  base. 
Thus,  taking  any  point,  0  (Fig.  31),  and  drawing 
Oh  parallel  to  MB  (Fig.  28),  and  proportional  to 
the  tension  in  it ;  and  then  drawing  hm  vertical 
and  proportional  to  the  weight  of  the  mass  sus- 
pended at  M,  it  follows  that  Om  will  be  parallel 
to  MN,  and  propoi*tional  to  the  tension  in  it. 
Similarly  for  the  rest  of  the  figure.  If  all  the 
weights  are  equal,  the  lines  hm^  mn,  np,  pq,  .  .  . 
are  all  equal,  and  Fig.  31  at  once  shows  that 
the  tangents  of  the  successive  inclinations  of  the  ^*  ^^' 

parts  of  the  chain  are  in  Arithmetical  Progression.  This  figure  also 
exhibits  the  constancy  of  the  horizontal  components  of  the  tensions 
Ob,  Om,  On,  ....  these  components  being  all  represented  by  Oq. 

11.  Masses  of  20,  14,  20,  16,  10,  and  18  kilogrammes  are  to  be 
suspended  from  the  vertices  of  a  funicular  polygon ;  and  these  vertices 
are  to  be  on  vertical  lines  which  are,  respectively,  3,  2,  2^,  2^,  and  4 
decimetres  apart ;  find  the  figure  of  the  polygon,  and  also,  by  scale 
measurement,  the  tensions  in  the  different  portions  of  the  string  so 
that  each  one,  successively,  of  the  following  conditions  is  satisfied : — 

(a)  The  portion  of  the  string  between  the  third  and  fourth  lines  to 
be  horizontal,  and  the  portion  which  is  attached  to  the  20  kilogrammes 

and  to  a  fixed  point  to  make  an  angle  of  -  with  the  vertical. 

6 

(fi)  The  extreme  portions  of  the  string  (those  attached  to  fixed 
points)  to  make  each  an  angle  -  with  the  vertical. 

(y)  The  tensions  in  the  portions  between  the  second  and  third  lines 
and  between  the  fourth  and  fifth  lines  to  be  each  equal  to  twice  the 
tension  in  the  portion  between  the  third  and  fourth  lines. 

(d)  The  extreme  tensions  to  be  60  and  70  kilogrammes'  weight, 
respectively. 

(€)  The  vertices  on  the  first  and  sixth  lines  to  be  in  the  same 
horizontal  line,  and  the  vertex  on  the  fourth  line  to  be  5  decimetres 
below  tliat  on  the  first  line. 

Let  Fig.  27  represent  the  i)olygon,  the  given  vertical  lines  being 
those  marked  if  IT,  iVIT,  P1F,  .  .  .  .  and  the  fixed  ends  of  the  string 
being  B  and  A.     Draw  a  vertical  line ;  let  a^  be  the  upper  end  of  this 
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line;  measure  off  lengths  a^a^,  o^a,,  a^a^j  ^3^4>  ^4^5;  ^5<^9  respect- 
ively proportional  to  20,  14,  20,  16,  10,  18.  Then  the  solution 
consists,  in  each  case,  in  finding  a  proper  position  for  the  point  0, 
which  is  called  the  pole  of  the  funicular  polygon. 

Now  in  (a)  the  line  Oa,  is  to  be  horizontal,  so  that  0  must  he 
somewhere  on  the  horizontal  line  through  a,.     Also  since  the  line 

BM  makes  an  angle  -  with  the  veiiical,  the  line  Oa^  must  make  this 

6 

angle  with  the  line  a^  a,.     Hence  0  must  lie  on  another  given  line ; 

and  0  is  therefore  determined.     In  every  case  the  actual  position  of 

the  first  vertex,  Jf,  is,  of  course,  arbitrary,  so  that  we  may  assume  B 

but  not  A,  or  vice  versd. 

Case  (/3)  is  similarly  solved.  In  (y),  since  the  tensions  referred  to 
are  represented  on  the  scale  adopted  by  the  lengths  Oaj,  Oa^,  Ooj, 
we  must  have  Oa^  =  Oa^  =  2O03.  Now  since  Oa^  =  Oa^,  the  point 
0  must  lie  on  the  line  bisecting  a^a^  perpendicularly;  and  since 
Oa^  =  20a,,  the  pole  0  must  lie  on  a  circle  having  for  diameter  the 
line  joining  the  points  which  divide  the  line  a^  a,  internally  and 
externally  in  the  ratio  2:1.     Hence  0  is  determined. 

In  ih\  the  lengths  Oa^  and  Oa^  are  given ;  /.  0  is  determined.  To 
solve  (f),  let  doi}^i2>  '  *  *  *  ^67  ^  ^^^^  inclinations  (all  measured  in  the 
same  sense)  of  the  portions  BM,  MN,  ...  to  the  vertical ;  so  that 
Oa^a^  =  ^oj,  Oa^flj  =  ^1,,  .  .  .  Oa^a^  =  6^^.  Then,  taking  an  origin 
anywhere  on  the  vertical  line  if  IT,  if  ^1,  ^ai  ys>  .  .  .  are  the  vertical 
distances  in  decimetres  of  the  successive  vertices  below  this  origin,  we 

^*^®        y^-Vi  =  3  cot  ^„ ;  yj-y,  =  2  cot^^s ;  Va-Vz  =  2^ cot^„  ; 

Vt-VA  =  2i  cot^^ ;  y.-y^  =  4  cot^„.  (1) 

Add  these,  and  observe  that  y^  is  given  equal  to  y^     Hence 

3  cot  ^, J  +  2  cot  ^23  +  2  J  cot  ^,4  +  2  J^  cot  d«  +  4  cot  ^j^  =  0.  ( 2 ) 

Now  observing  that  a^  divides  the  line  a^a^  so  that  -^— *=  — ,    we 

a^a^      78 

have  (using  0  and  <^  instead  of  ^„  and  -tt—^^),  from  Art.  36, 

cot  ^,2  =  ^ff  (78  cot  ^— 20  cot  <^) ;  and  similarly  cot  0^z=  ^  (64  cot  0 

—  34  cot<^) ;  &c.     Substituting  these  in  (2)  we  have 

307  cot  ^—379  cot<^  =  0,  (3) 

which  shows  that  0  must  lie  on  a  horizontal  line  dividing  a^a^  in  the 
ratio  379 :  307. 

To  express  the  second  condition,  we  have  from  (1) 

y^-^i  =  3cotd,j  +  2cot^j3+2icot^54  =  5; 

which  becomes         472  cot  ^—263  cot  <t>  =  490,  (4) 

and  this  shows  (Art.  36)  that  0  must  lie  on  a  right  line  dividing  a^a^ 

in  the  ratio  263  :  472  and  making  with  it  the  angle  whose  cotangent 

98 
=  -— -'  i*  e.,  about  56**  19^. 
147 

The  two  loci  (3)  and  (4)  determine  0  completely. 
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12.  For  auy  given  system  of  vertical  lines  and  weights,  show  how 
to  construct  a  funicular  polygon  such  that  two  assigned  sides  of  it 
shall  pass  each  through  a  given  point. 

Ans,  Let  the  given  weights  at  the  vertices  1)e  ir^,  tr,,  ur,,  ...  and 
the  horizontal  distances  between  the  given  lines  c^^ ,  c^,  c^ ,  ...  Let  auy 
two  sides — say  that  between  lines  2  and  3,  and  that  between  linex 
5  and  6 — pass  through  two  points  whose  distances  from  any  hori- 
zontal line  are  fi  and  ^^,  and  whose  distances  from  the  lines  3  and  5, 
respectively,  are  p  and  p\  Then  with  the  notation  of  last  example, 
we  have 

y,-^  =  p  cot d„ ;  2/4— yj  =  c,^  cot  ^„ ;  yj-y^  =  c^^  cot  ^„  ; 

.'.     /3'— )3  =  |j  cot  6^  +  c^  cot  6^  +  c^g  cot  6^^  +;/  cot  6^.  (a) 

And  as  in  last  example,  we  have  (Art.  36) 

(tTj  +  tr,  +  tl7, -h  ...)  COt^^  =  (M7,  +  tr^+  ...)cot^— (trj  +  tl7j)cot<^, 

with  similar  values  of  cot^^^, ...  so  that  (a)  becomes  of  the  form 

I  cot  O^m  cot  <t>  =  ^— A 

where  I  and  m  are  given.  This  shows  that  the  locus  of  0  is  a  right 
line,  which  can  be  easily  drawn.  Any  funicular,  therefore,  constructed 
from  a  pole  on  this  line  satisfies  the  given  conditions. 

13.  For  any  given  system  of  vertical  lines  and  weights,  show  how 
to  construct  a  funicular  such  that  three  assigned  sides  of  it  shall  pass 
each  through  a  given  point. 

1 4.  Su8i>e]i8ion  Bridge.  The  number  of  vertices  of  the  polygon 
being  very  great,  and  the  suspended  masses  all  equal,  the  parabola 
which  passes  through  all 

thevertices  virtually  coin-  . 

cides  with  the  chain  form-  a^ H -As^ 

ing    the     polygon,    and        ^^^^sTlTrTYrt-.-,^  _^-.<rTttTT^ 

uives  the  ficrure   of  the     vr'^,  ^;/5^        I  nr^H^^ffl       P^M'i^mf^ 

Suspension    Bridge.      In  '<4$^^^^-^j^--^€-p^^^/'/-' 

this   bridge   the   masses,  '"^'^mmm^^' 

Wy  TT, . . . ,  suspended  from  Fig.  3,. 

the  successive  portions  of 

the  chain  are  those  of  equal  portions  of  the  flooring.     The  weight  of 

the  chain  itself  and  the  weights  of  the  sustaining  bars  are  negligible 

in  comparison  with  the  weight  of  the  flooring  and  the  load  which  it 

carries. 

Fig.  31  may  be  taken  to  represent  the  Force  Diagram  of  the 
Suspension  Bridcje,  the  vertical  line  a6,  representing  the  weight  of  the 
flooring,  being  divided  into  as  many  equal  parts  as  there  are  divisions 
of  the  chain.  If  these  parts  are  sufficiently  numerous,  the  lines  06, 
Om,  On,  &c.  are  parallel  to  tangents  to  successive  jK)ints  of  the  chain. 
Let  the  span,  AB,  of  the  bridge  =  2  a,  and  let  the  height  OII=^h. 
Then,  the  equation  of  the  parabola  referred  to  horizontal  and  vertical 
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axes  of  y  and  «,  reepectivelj,  through  0  (Fig.  32)  ia 

y*  =  4wia, 

m  being  a  constant ;  and  the  tangent  of  the  inclination  to  the  vertical 
of  any  portion 

^dy      2w  _   y 

~'  dx"   y   "^  2x 

Hence  the  tangent  at  the  point  of  support,  B^  makes  with  the  horizon 

2/* 
an  angle  whose  tangent  is  —  • 

Therefore,  Oq  (Fig.  31)  being  parallel  to  the  tangent  at  the  lowest 
point  of  the  bridge,  and  Ob  parallel  to  the  tangent  at  the  point  B, 

2h 
tan  hOq  =  —  • 
a 

Hence,  since  hq  represents  half  the  weight  of  the  bridge,  and  Oh  the 
terminal  tension  of  the  chain  at  B^ 

Terminal  tension  =  ~t7^  =  W  ^      ^        , 

2«mhOq  4  A 

W  being  the  weight  of  the  flooring. 
Also,  the  vertical  tension  at  ^  =  |  TT,  and  the  constant 

Horizontal  tension  =  TT  — =-• 

Ah 

15.  The  entire  load  of  a  suspension  bridge  is  160,000  kilogrammes, 
the  span  is  64  mHres,  and  the  height  is  5  m^res ;  find  the  tension  at 
the  points  of  support,  and  also  the  tension  at  the  lowest  point. 

An8,  Terminal  tension     =  268,208  kilogrammes'  weight. 
Horizontal  tension  =  256,000         „  „ 

1 6.  If  the  vertical  bars  which  support  the  roadway  of  a  suspension 
bridge  are  not  at  equal  horizontal  distances,  prove  that  the  vertices  of 
the  polygon  formed  by  the  chain  will  stDl  lie  on  a  parabola,  provided 
that  each  vertical  bar  supports  half  of  the  adjacent  portions  of  the 
roadway. 

This  follows  from  the  fact  that  the  cotangent  of  the  inclination  of 
any  chord  of  a  parabola  to  the  axis  is  proportional  to  the  sum  of  the 
ordinates  of  the  extremities  of  the  chord. 

17.  If  i?  is  the  resultant  of  any  number  of  forces,  P^,  P,,  P, , , 

acting  in  one  plane  on  a  particle,  prove  that 

^  i?»  =  SP'+22i',P,co8{P,rP,), 

where  P,,  P,  means  the  angle  between  P^  and  P,. 
(This  result  is  true  for  non-coplanar  forces.) 

18.  If  a  particle  is  in  equilibrium  under  the  action  of  any  forces, 
prove  that  the  sum  of  the  oblique  components  of  the  forces  along  any 
right  line  is  zero. 

If  SX  and  2  Y  denote  the  sums  of  the  components  along  two  lines 


-> 
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inclined  at  an  angle  =  o),  the  square  of  the  resultant  is  equal  to 

(2X)»  + 2  (2X)  (27)008  0)  + (27)*; 

and  this        =(2X+27)»co8»^  +  (2.T-27)«Bin«^. 

Hence  the  result  follows  as  in  equations  (3),  p.  SO.  It  is  otherwise 
evident,  since  the  resultant  is  the  third  side  of  a  triangle,  two  of  whose 
sides  are  2  JT  and  2  7,  so  that  hoth  sides  must  vanish. 

19.  If  in  example  7  the  masses  W  and  W^  instead  of  being 
knotted  to  two  given  points  in  the  string,  are  attached  to  two  smooth 
rings  which  are  capable  of  sliding  freely  along  the  string,  determine 
the  condition  and  position  of  equilibrium. 

Here,   since  the   string    passes  freely  over   and    under    smooth  ' 
surfaces,  the  tension  is  constant  throughout  its  length.     Now,  the 
tension  in  Am  is  P,  and  that  in  (7m'=:  P'.     Hence 

For  the  equilibrium  of  m,  we  have,  resolving  vertically, 

ir=2PBin^;   .•.sin^  =  ^; 

and  for  the  equilibrium  of  rn, 

ir'=2Psin^;   .-.sin^rr^. 

20.  A  and  B  are  two  fixed  pegs  ;  over  A  passes  a  string  MA  C,  and 
over  B  a  string  NBCy  knotted  each  at  (7  to  a  mass  of  weight  IT,  and 
sustaining  at  their  free  ends,  M  and  N,  masses  of  weights  P  and  Q, 
respectively ;  find  the  position  of  equilibrium  of  the  system. 

Ana.  The  inclinations  oi  AC  and  BC  to  the  vertical  are  at  once 
given  by  the  triangle  of  forces. 

21.  A  heavy  particle  is  attached  to  one  end  of  a  string,  the  other 
end  of  which  is  fixed.  Find  the  horizontal  force  which  must  be 
applied  to  the  particle  in  order  that  the  string  may  deviate  by  a  given 
angle  from  the  vertical,  and  find  also  the  tension  of  the  string. 

Ans.  If  F=z  the  horizontal  force  required,  T  =  tension  of  stiinj^, 
W  =  weight  of  particle,  and  d  =  angle  of  string's  deviation, 

F=  Wtand,  r=  TTsec^. 

22.  A  string  ACB  (Fig.  25,  example  5)  has  its  extremities  tied  to 
two  fixed  points,  A  and  B ;  to  &  given  point,  (7,  in  the  string  is 
knotted  a  given  mass,  W.  Find  the  tensions  in  the  portions  CA 
and  CB. 

Ans.  Since  AC  and  BC  are  given,  the  angles  CAB  and  CBA  are 
also  given.  If  these  angles  are  denoted  by  6  and  6^,  and  if  T  and  2^^ 
are  the  tensions  in  CA  and  CB, 

TTcosy  IF  cos  ^ 

""Bin(e>+^)'     "  Bm(e-\-e^' 

23.  If  (same  figure)  the  extremities  A  and  B  are  fixed,  and  the 
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weight  W  is  that  of  a  smooth,  heavy  ring  at  C,  which  is  capable  of 

sliding  freely  along  the  string,  find  the 
horizontal  force  which  must  be  applied  to 
the  ring  C  in  order  that  the  system  may 
take  a  given  position  of  equilibrium. 

Ans.  If  the  angles  CAB  &nd  CBA  are  0 
and  ^,  and  F  =  the  required  force, 

F  =  rtan  ^. 

24.  ABCD  (Fig.  33)  is  a  system  of  pegs 
Fig.  33.  forming  a  square   in  a  vertical   plane ;    a 

string  attached  to  A  and  B  passes  through 
a  heavy,  smooth  ring,  R,  while  another  string  is  attached  to  C  and 
R,  The  ring  is  kept  in  equilibrium  half  way  between  Hy  the  middle 
point  of  CA^  and  0,  the  centre  of  the  square  ;  find  the  tensions  in  the 
strings  ARB  and  CR, 

Ans.  If  ir=  weight  of  ring,  T=  tension  in  ARB,  and  T^=z  ten- 
sion in  CR, 


T=W. 


13a/5+  5\/T3 


32 


T'=  W. 


A/5  +  5-/13 
16 


25.  In  the  last  example  if  the  tensions  in  the  two  strings  are  equal, 
find  the  point  at  which  the  ring  must  be  placed  on  OH. 

Ans.   If  ^rjz  =  a?,  a?  is  determined  by  the  equation 

3a;*-3ar'~10a?  +  6  =  0. 

This  equation  has  only  two  real  roots, 
one  between  0  and  1,  and  the  other  be- 
tween 1  and  2. 

26.  A  string  whose  weight  is  neglected 
passes  over  three  smooth  pegs,  A,  B,  C 
(Fig.  34),  in  a  vertical  plane,  and  sus- 
tains two  equal  masses,  IT,  from  its  ex- 
tremities. Find  the  pressures  on  the 
pegs;  and  find  also  the  magnitudes  of 
the  angles  a,  /3,  and  y,  when  the  system 
of  pegs  is  least  likely  to  break,  the  pegs  being  all  equally  strong. 

Ans,  If  P,  Q,  and  R  be  the  pressures  on  the  pegs  A,  B,  and  C,  respect- 

CL  3  y 

ively,  P=  2  TT  cos  -  >  Q=  2  IT  cos  —  >  ^  =  2  ITcos  ^  ;  and  since  the  sum 

Z  Jd  d 

of  a,  )3,  and  y  is  given  (=2-77),  it  follows  that  in  the  best  arrangement 

2  ,  ,2 

a  =  y3=y  =  -'7r.     For,  unless  each  of  the  angles  =  -'ff,  some  one  of 

the  pressures  must  be  >  2  IT  cos  -  >  or  W;  and  if  the  pegs  are  of  equal 

strength,  i.  e.,  have  all  the  same  breaking  pressure,  and  the  suspended 


Fig.  34. 
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weight  W  is  gradually  increased,  the  breaking  pressure  on  the  p^  at 
which  the  angle  between  the  two  portions  of  the  string  is  least  will 

2 

be  reached  for  a  less  value  of  W  than  if  each  angle  =  -  'ir. 

27.  The  ends  of  a  string  are  attached  to  two  fixed  points,  A,  By 
in  the  same  horizontal  line,  at  g^ven  points,  C^  Dy  in  the  string  are 
fastened  two  masses,  P  and  Q]  find  the  relation  which  must  hold 
between  the  given  magnitudes  so  that  the  portion  CD  of  the  string 
may  in  the  position  of  rest  be  horizontal. 

Ana,  li  AB  —  a-y  ^(7  =  ?  (C  being  acijacent  to -»,  and  Z>  to  A); 
CD  =  »• ;  DA  =  n  ;  then 

28.  In  the  last  if  the  portion  CD  is  to  make  a  given  angle,  t,  with 
the  horizon,  find  the  ratio  P  :  Q. 

An8,  P  (tan  ff>  +  tan  t)  =  Q  (tan  d— tan  i),  where  0  and  <f>  are  the 
inclinations  of  BC  and  AD  to  the  horizon,  these  angles  being  thus 
determined :  from  B  draw  BE  at  the  lower  side  of  BA,  equal  to  m 
and  making  ABJE  =  i ;  on  AE  construct  the  triangle  ADE  whose 
sides  A  Z>,  DE  are  n,  l,  respectively ;  hence  the  quadrilateral  BCDA 
is  completely  determined. 

29.  Three  smooth  pegs,  A^  B,  (7,  are  fixed  in  a  vertical  plane ; 
three  light  strings  knotted  together  at  a  common  extremity,  0,  have 
suspended  from  their  other  extremities  given  masses,  jP,  Q,  By  and 
the  corresponding  strings  are  passed  over  the  pegs  A ,  B,  and  C  ;  find 
the  position  of  equilibrium. 

Ans.  Construct  a  triangle  whose  sides  are  proportional  to  the 
magnitudes  P,  Q,  ^ ;  then  the  external  angles  of  this  triangle  are 
equal  to  the  angles  BOC,  CO  Ay  AOB;  so  that  the  point  0  is  de- 
termined as  the  intersection  of  circular  arcs  described  on  BC  and  CA . 

30.  If  in  the  last  example  the  knot  0  is  replaced  by  a  smooth 
ring  of  negligible  weight  which  is  tied  to  the  peg  C  by  a  string  of 
given  length,  while  another  string,  passing  freely  through  the  iing, 
passes  over  the  pegs  A  and  B,  and  has  two  given  masses  suspended 
from  its  extremities ;  find  the  position  of  equilibrium. 

Ans.  [The  suspended  masses  must  be  equal.]  Describe  an  ellipse 
having  A  and  B  for  foci  and  touching  the  circle  described  with  C  as 
centre  and  CO  as  radius.     See  ex.  40,  and  graphics  in  Chapter  III. 

31.  If  the  string  in  ex.  25  passes  over  any  number  of  equally  strong, 
smooth  pegs,  in  the  same  vertical  plane,  find  the  best  arrangement. 

Ans.  If  there  are  n  pegs,  each  of  the  angles,  a,  /9,  y,  d, .  .  .  must  be 
(n-l)7r 

n 

32.  In  example  19  calculate  the  pressures  on  the  pegs  Ay  B,  C. 
Ans,  The  squares  of  the  pressures  are  respectively 

P(2P+  TF),i{4P'+  WW-  y(4P«^lr«) (4P*-  W'^)}yP{2P-^  W). 
TOL.  I.  E 
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33.  If  the  strengths  of  the  pegs,  A,  B,  C,  \u  example  25,  are  propor- 
tional to  ^  m,  n,  find  the  best  arrangement  of  the  syetem, 
Afa.  The  angle  a  is  given  by  the  equation 


in  which  a;  =  c 


The  angles  j3  and  y  are  at  once  found  Jrom  a. 


34.  Prove  that  the  unknown  angles  in  ex.  7,  p.  39  may  be  found 
by  the  following  construction :  draw  a  right  line  OA  proportional  to 
VT;  produce  this  line  through  Aia  (/  tn  that  A  (/  represents  W ;  on 
(Xy  produced  take  a  point  Q  so  that  QO  ■.QO' =  a.W.a' .W; 
round  0  and  (/  describe  circles  whose  radii  represent  P  and  P', 
respecliTely;  on  the  line  QO  take  a  point,  L,  between  Q  and  O  such 
that  ^£  =  iIFir7(a-B"-a'IF);  and  at  i  erect  the  perpendicular 
LM  to  QL.  Take  a  point  X  on  the  circle  round  0,  and  a  point  T  on 
the  circle  round  0'  such  that  AX  =  AY;  let  OX  and  0'7  meet 
in  2;  draw  2Q  meeting  LM  in  It.  Then  if  X  is  bo  chosen  that 
LR  =  AX  =  Ar.  the  angles  XOA,  XAO,  YAff,  Y&A  are  the  cora- 
plements  of  Q,  <f>,  <l>',  &*,  and  the  tension  of  the  part  of  the  string 
between  the  knots  is  represented  by  AX. 

35.  Let  A„A,...A^  {^ig-  35)  be  any  funicular  polygon,  with  masses 
whoBe  weights  are/',,  P,,  F„ 
P^  suspended  at  its  vertices 
Aj,  Aj,  A,,  A,,  reapecfively; 
draw  any  line, «,  o,,  meeting 
the  vertica's  through  J,,.J,, 
...  ill  the  points ag,(f,,(^, ... 
and  let  A,,  A^  meet  these  ver- 
ticals in  ./I,,  i>,,  i>„  ...  Now 
construct  a  new  polygon, 
a,a,  a^.-.aj,  by  takingi^o,  = 
h^.  A,;  <£, a,  =  i  J?,  .rf, ; 
and    so    on,    n    being    any 

A,  number. 

Fig.  35.  Piove  that  the  new  poly- 

gon, whose  fixed  ends  are  a, 
and  a, ,  will  be  kept  in  equilibrium  by  the  set  of  forees  P,  ,/>„/>,,  P^ 
applied  at  its  vertices  a,,  n,,  a,,  o,. 

Although  this  may  be  readily  proved  geometrically  by  principles  of 
Graphic  Statics,  the  student  will  do  well  to  establish  it  hy  the  method 
of  example  8.  He  will  easily  prove  that,  if  a  end  0  are  the  incli- 
nations of  A^  A,  and  a,  a,  to  the  horizon,  0„,  0„,  ...  the  inclinations 
of  theikha  A^  A,,  A,  A,,  ...,  and  ^„,  <^„, ...  those  of  a,o,,o, o,, ...  to 
the  horizon,  we  shall  have 

fan^„— tan^  =  -  (t*nfl„[— tana); 


tau^„-tana=  -(tentf,,-tana),  &c 
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But  if  T  denotes  the  constant  horizontal  tension  in  a  funicular 
polygon,  the  conditions  of  its  equilibrium  are 

F  P 

tandoi-tan^,.^=  ^;  tan^,,— tan^j3  =  -^;   &c. 

These  conditions  are  satisfied  in  the  polygon  a^a^y,,»a^  on  the 
supposition  that  the  horizontal  component  of  tension  in  it  =  n^; 
and  it  is  axiomatic  that  if  internal  forces  can  preserve  equilibrium, 
they  wilL 

Of  course  aU  the  ordinates  (and  not  merely  those  through  the 
vertices)  of  the  derived  polygon  are  proportional  to  the  corresponding 
ordinates  of  the  ori:ginal. 

36.  Show  that  the  last  example  enables  us  to  construct  for  a  given 
parallel  system  of  forces  a  funicular  polygon  which  shall  pass  through 
three  given  points. 

(A  solution  of  this  problem  for  any  system  of  forces  will  be  given 
in  a  subsequent  chapter.) 

37.  Given  the  base,  NS  (Fig.  36),  of  a  triangle  NPS^  and  also 

the  sum  of  the  cosines  of  the  base  angles, 

SNP  and  NSP\  let  the  curve  locus  of  P 

be  constructed.     Prove  that  if  a  particle 

be  placed  at  any  point  of  the  curve  and 

acted  on  by  two  forces,  one  repulsive  from 

u 
y  and  equal  to  tt^c^j  and  the  other  at- 

tractive    towards   S  and   equal   to  ^^-.^ 

.  Pi      6 

the  resultant  force  is,  at  every  position  of  ^*  ^ 

the  particle,  directed  along  the  tangent  to  the  curve. 

N.B. — This  curve  is  called  the  *  Magnetic  Curve,'  being  one  of  those 
in  which  small  iron  filings  would  arrange  themselves  under  the  influence 
of  a  fixed  magnet  whose  poles  are  N  and  S, 

It  is  to  be  observed  that  each  little  piece  of  iron  is  a  magnet, 
having  two  poles  at  its  extremities,  and  that  it  must  therefore  set  at 
the  point,  P,  where  it  is  placed,  in  the  direction  of  the  resultant  force 
on  either  of  its  poles. 

38.  Prove  that  the  line  of  action  of  the  resultant  force  of  a  magnet 
on  a  magnetic  pole  at  P  divides  NS  externally  in  the  ratio  NP^ :  SP^, 

39.  Iron  filings  are  sprinkled  over  a  sheet  of  paper  on  which  a 
magnet  rests ;  pi*ove  that  all  those  filings  which  dip  towards  the  same 
point  on  the  line  of  the  magnet  lie  on  a  circle  (neglecting  their  mutual 
actions). 

40.  In  ex.  30  show  that  the  position  of  the  ring  0  may  be  thus 
found  :  let  CD  (=  (2)  be  the  diagonal  of  the  parallelogram  whose  sides 
are  CA,  CB\  let  CA  =  6,  (75  =  a,  CO  =  r,  LOCD  =  <^,  e  =  Z  be- 
tween CD  and  bisector  of  ZC;  then 

ab  sin  2  {<!>-'€)  =z  rd  sin  </>. 
E  2 


CHAPTER  III. 

THE  EqUILIBRIUM    OF   A   PARTICLE   ON   PLANE   CUBYES. 

Section  I. 

Smooth  Curves, 

37.]  Smooth  surfiuse.  When  a  body  is  placed  in  contact  with 
a  surface,  it  is  evident  that,  in  addition  to  the  given  forces  acting 
on  the  body,  there  is  a  certain  force  produced  by  the  sur&ce — 
the  force,  namely,  which  the  surface  exerts  to  prevent  the  body 
from  passing  through  it.  This  force  is  called  the  Reaction  of 
the  surface.  Now,  the  surface  being  supposed  to  be  rigid,  there 
is  evidently  no  limit  to  the  magnitude  of  the  force  with  which  it 
is  capable  of  reacting ;  but  the  direction  of  the  force  depends  on 
the  nature  of  the  surface  itself.  If  the  surface  be  perfectly 
smooth,  it  can  react  on  any  body  in  contact  with  it  only  in  the 
direction  of  the  normal  to  the  surface  at  the  point  where  the 
body  is  in  contact  with  it.     Thus  (Fig.  37),  if  a  body,  M,  acted 

on  by  any  given  system  of  forces, 
be  in  contact  at  a  point  0  with 
a  smooth  surface,  AB,  the  force 
which  this  surface  exerts  on  the 
body  takes  the  direction,  OiV,  of 
the  normal  to  the  surface  at  the 
point  of  contact,  0,  and  its  mag- 
Fig.  37.  nitude  will  be  such  as  to  destroy 

the  effect  of  all  the  other  forces 
acting  upon  M,  To  the  magnitude  of  the  reaction,  R,  there  is 
no  limit ;  so  that  if  each  of  the  other  forces  acting  on  M  were 
increased  100  times,  for  example,  the  surface  would  react  with  a 
force  equal  to  too  iZ ;  but  the  direction  of  R  is  strictly  limited  to 
that  of  the  normal.  We  may,  then,  define  smooth  surfaces  thus — 
^en  two  smooth  bodies  are  in  contact^  their  mutual  reaction  is 
normal  to  the  surface  of  contact. 


NORMAL   TO   A   CURVE. 
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^.38- 


38.]  Example.  If  P  (Fig.  38)  is  a  heavy  particle  whose 
weight  is  W^  placed  on  a  smooth  spherical  surface  whoso  vertical 
diameter  is  AB^  what  is  the  position  of  equilibrinm  ? 

Here  the  forces  acting  on  P  are  only  two 
in  number — namely^  its  weight,  W^  and  Ry 
the  reaction  of  the  smooth  surface.  Now, 
this  reaction  takes  place  in  the  direction  of 
the  normal,  PO,  to  the  sphere  at  P\  and 
since  the  particle  is  in  equilibrium  under 
the  action  of  only  two  forces,  these  must  be 
equal  in  magnitude,  and  act  in  opposite 
directions.  Hence,  since  ^acts  vertically, 
PO  must  be  a  vertical  line ;  that  is,  P  must 
be  placed  at  A,  the  lowest  point  of  the 
sphere,  or  outside  the  surface  at  B^  the 
highest  point. 

Whatever  be  the  smooth  surface  on  which  the  particle  is 
placed^  it  is  evident  that  the  points  on  it  at  which  the  particle 
will  rest,  under  the  influence  of  its  weight  and  the  reaction  alone, 
are  points  the  normals  at  which  are  vertical  lines.  And,  gene- 
rally— 

A  particle  will  rest  at  those  points  of  a  smooth  surface  at  which 
the  normal  coincides  with  the  direction  of  the  resultant  of  all  the 
forces  acting  on  the  particle. 

39.]  Normal  to  a  Curve.  The  normal  to  a  curve  at  a  given 
point  is  not,  like  the  normal  to  a  surface  at  a  given  point,  a 
definite  line,  but  is  any  line  whatever  in  the  plane  perpendicular  to 
the  tangent  at  the  point. 

Hence,  for  the  equilibrium  of  a  particle  placed  inside  a  smooth 
tube  of  any  form,  the  resultant  force  on  the  particle  need  not  act 
in  a  given  right  line,  but  must  act  in  a  given  plane — namely,  the 
plane  which  is  normal  to  the 
tube  at  the  point  where  the 
particle  is  placed.  Thus,  for 
example,  let  AB  (Fig.  39)  be 
a  smooth  tube  of  any  form, 
and  let  P  be  a  particle  placed  inside  it.  If  we  imagine  a  string 
attached  to  P,  coming  out  of  the  tube  through  an  opening  at  P, 
which  is  not  sufficiently  large  to  allow  P  to  come  out,  it  is 
evident  that  we  may  pull  at  P  with  any  force  however  great 


^.39. 
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in  the  plane  normal  to  the  tube,  and  in  all  directions  round  T? 
and  the  equilibrium  of  the  particle  will  not  be  disturbed.  But 
if  we  incline  the  string  ever  so  little  to  the  normal  plane  at  P, 
motion  will  ensue  along  the  tube. 

40.]  Plane  Curve.  In  the  present  chapter  we  shall  con- 
sider only  plane  curves^  i.e.,  curves  which  lie  altogether  in  one 
plane. 

Moreover,  when  a  particle  is  placed  on  a  curve,  and  acted  on  by 
given  forces,  we  shall  suppose  that  all  the  forces  act  in  the  plane 
of  the  curve. 

Now,  it  is  evident  that  the  only  effect  which  a  curve  produces 
on  a  particle  placed  upon  it  is  a  normal  reaction  of  some  definite 
magnitude.  If,  then,  we  produce  upon  the  particle,  by  any  other 
means,  a  force  identical  with  this  reaction,  we  may  dispense  with 
the  curve  altogether.  This  being  so,  if  we  call  the  reaction  of 
the  curve  fl,  we  may  suppose  the  particle  acted  upon  by  all  the 
given  forces,  and  also  by  a  new  force  equal  to  i?,  this  latter 
acting  in  the  direction  of  the  normal  to  the  curve.  Thus,  the 
case  is  the  same  as  that  treated  in  the  last  chapter — namely,  the 
equilibrium  of  a  particle  acted  upon  by  any  number  of  forces  in 
one  plane  ;  and  in  writing  down  the  equations  of  equilibrium, 
we  shall  merely  have  to  include  the  new  force  R  among  all 
the  others. 

41.]  Graphic  Solution  of  Equations.  It  often  happens  that 
a  position  of  equilibrium  is  defined  by  two  angles  for  which  two 
equations  are  given.  The  equation  for  either  variable  which 
results  from  eliminating  the  other  may  be  one  of  high  degree,  the 
approximate  solution  of  which  by  the  methods  of  the  Theory  of 
Equations  would  be  very  troublesome.  In  such  cases  it  is  ofben 
possible  to  obtain  a  solution  suiBciently  accurate  for  practical 
purposes  by  constructing  curves  corresponding  to  the  equations 
and  taking  their  points  of  intersection.  For  this  purpose  a  box 
of  mathematical  instruments  is  required. 

A  few  illustrations  of  the  method,  as  well  as  some  examples 
of  frequent  occurrence,  are  here  given,  but  in  numerous  instances 
of  like  character,  which  will  present  themselves  subsequently,  the 
student  must  exercise  his  ingenuity  in  obtaining  graphic  solutions 
for  himself. 

(a)  If  A  and  B  are  two  fixed  points  and  P  a  variable  point, 
whose  position  is  defined  by  the  angles  PAB  (=  ^)  and  PBA 
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(=  ^),  what  locus  is  represented  by  the  equation 

rt  cot(d  — a)  +  icot(<^— )3)  =  <?, 

where  a,  b,  c,  a^  p  are  constants  ? 

It  will  be  easily  found  that  it  denotes,  in  general,  a  conic 
circumscribing  the  triangle  ABC^  where  C  is  determined  by 
drawing  AC  making  Z  CAB  =  a,  and  £C  making  Z  CSA  =  p. 

But  if  a  cot  a  +  i  cot  /3  +  c  =  0,  it  will  be  found  that  the 
equation  represents  a  right  line,  the  conic  becoming  the  product 
of  this  line  and  the  line  A£  itself. 

In  particular,  a  cot  6-\-d  cot  <^  ^  c  denotes  a  right  Iine>  which  is 
constructed  by  producing  AB  to  D,  so  that  AB :  BD  =  b^a:a; 
and  at  I)  drawing  the  line  DC,  making  the  angle 

CJDB  =  cot-^ 


b  —  a 


(P)  With  the  same  meanings  of  6  and  <^,  construcfc  the  locus 
represented  by  the  equation 

a  cos  O-^b  cos  <f>  =  c. 

With  the  points  A  and  B  as  ^ 

centres  describe  two  circles,  S  and 

r(Fig.  40)  of  radii  ^.  A  B  and -.AB, 

respectively.  Draw  any  common 
ordinate  NLQ  meeting  them  in  L 
and  N;  then  the  lines  AL  and  BN 
intersect  in  a  point,  P,  on  the  re- 
quired locus ;  for 

AQ'\-QB=AB,oT  Fig.  40. 

AZ .  cos  ^  +  BN,  cos  0  =  AB,  or 

^'ABcosS-^-'ABcosib^  AB, 
c  c  ^ 

which  is  the  given  equation. 

By  drawing  an  indefinite  number  of  lines,  such  as  NQ,  perpen- 
dicular to  AB  to  cut  both  circles,  we  determine  as  many  points 
as  we  choose  on  the  curve,  which  is  represented  in  the  figure  by 
the  thick  line. 

In  the  particular  case  in  which  a  =z  b  the  locus  is  the  Magnetic 
Curve  (p.  51). 
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(y)  To  find  d  and  <^  from  the  equations 

-: — -  +  -; — -  =  c  and  cos  (9  =  i  cos  <f», 
sin0      sin<^ 

where  a,  b^  c,  k  are  constants. 

Take  two  points,  A  and  £  (Pig*  41)}  Buch  that  A£  =  a  +  b; 
take  ^0  =  a,  OB  =  £,  and  draw  OB  perpendicolar  to  AB ;  with 
A  as  centre  and  c  as  radios  describe  a  circle ;  draw  any  radius, 
ACy  of  this  circle,  meeting  OB  in  L ;  inflect  BJ  equal  to  XC; 
then  P,  the  point  of  intersection  oi  AC  and  ^/,  is  a  point  on 
the  locus,  the  angles  0  and  <^  being  ALO  sjii'BJO,  respectively. 
The  full  curve  represents  half  the  locus,  there  being  a  similar 

portion  below  AB, 

Also  the  equation  cos$  =  icoQ<f>  gives 

[j        ...    ^      sin PAB  =  * . sin PBA, or PB^k. PA, 

y^^^f^'^  80    t'^t    the    locus   representing    this 

y^'f'X  equation  is  a  circle  whose  diameter  is 

^/^.;... j .\^  the  line  joining  the  points  which  divide 

,  ^  AB  internally  and   externally  in  the 

^^•^''  ratio    1:*.      The  values  of  ^   and   <^ 

which  satisfy  both  equations  are  those  belonging  to  the  points 
of  intersection  of  this  circle  and  the  previous  curve. 
(b)  To  find  d  from  the  equation 

a  sin  6 -^b  cos  $  =  c. 

We  may,  of  course,  form  a  quadratic  for  either  sin  d  or  cos  0,  but 
when  fl,  J,  c  are  numerically  given,  this  method  would  often  be 
very  troublesome. 

Divide  out  by  a,  and  put  -  =  tan  a ;   multiply  by  cos  a,  and 

we  get  •    //,      X      ^ 

°  sm(^  +  a)=  -cos  a. 

^        ^       a 

The  angle  a  is  known  from  a  table  of  natural  tangents,  so  that 
this  last  equation  gives  $  at  once. 

As  a  numerical  example,  let  it  be  required  to  find  the  inclina- 
tion of  a  smooth  plane  on  which  a  mass  of  7*5  kilogrammes  can 
be  sustained  by  an  up-plane  force  of  2*4,  and  a  horizontal  force  of 
3-6  kilogrammes'  weight.     The  equation  for  i,  the  inclination,  is 

7*5  sin  »  —  3-6  cos  i  =  2«4. 

Dividing  out  by  7«5,  and  looking  in  the  tables  for  tan~^  _L  , 

we  have  sin /-cos  i  tan (25°  38'  28")  =  -32. 


41.] 


EXAMPLES. 


57 


Multiplying  by  cos  (25**  38'  28"),  we  have 

sin  (t-25°  38'  28")  =  -2884871  =  sin  (16'  46'  3"), 

.-.    i  =  42'  24'  31". 


Examples. 

1.  A  heavy  particle  is  placed  on  a  smooth  inclined  plane,  AB 
(Fig.  42),  and  is  sustained  by  a  force,  F,  which  acts  along  AB  in  the 
vertical  plane  which  is  at  right 

angles  to  AB\  find  F,  and  also  the 
pressure  on  the  inclined  plane. 

The  only  e£fect  of  the  inclined 
plane  is  to  produce  a  normal  re- 
action, B,  on  the  particle.  Hence, 
if  we  introduce  this  force,  we 
may  imagine  the  plane  removed. 
Let  W  be  the  weight  of  the  par- 
ticle, and  i  the  inclination  of  the 
plane  to  the  horizon. 

Besolving  the  forces  along  AB,  we  have 

i^-ir8int=  0,  or  F=  Wmii; 

and,  resolving  perpendicularly  to  AB, 

B—  IT  cos  t  =  0,  or  7?  =  IT  cos  1. 

If,  for  example,  the  mass  of  the  particle  is  4  grammes  and  the 

inclination  of  the  plane  30",  there  will  be  a  normal  pressure  of  2  v^3 
grammes'  weight  on  the  plane,  and  the  force  i^will  be  2  grnmrnes' 
weight 

2.  In  the  previous  example,  if  F  act  horizontally,  find  its  magni- 
tude, and  also  that  of  B. 

Resolving  along  AB,  and  perpendicularly  to  it,  we  have,  successively, 

i^cos  t  -  r  sin  t  =  0,   or   F=  IT  tan  i  ; 


and 


Fsiii  t  +  IT  cos  t-B  =  0,  /.  B  = 


W 
cost 


B  is  therefore  in  this  case  greater  than  it  was  before,  as  is  sufficiently 
evident  a  priori. 

3.  If  the  particle  is  sustained  by  a  force, 
F,  making  a  given  angle,  0,  with  the  in- 
clined plane,  find  the  magnitude  of  this 
force,  and  of  the  pressure,  all  the  forces 
acting  in  the  same  vertical  plane. 

Besolving  along  the  plane  (Fig.  43), 

»       ^     «^  .    .       ^  w^       Wsin  i 

/'cos^— TTsmt  =  0,  or  F= --; 

cos  a 

and  resolving  perpendicularly  to  the  plane. 


i?-h/'sin^-fFco8i=0,  .\B=zW 


co8(i  4-  6) 
COS  6 
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The  student  will,  of  couree,  observe  that  these  values  of  F  and  R 
could  have  been  at  once  obtained,  without  resolution,  by  the  equation 

(q),  p.  15. 

4.  A  heavy  particle,  whose  weight  is  TT,  is  sustained  on  a  smooth 

inclined  plane,  by  three  forces  applied  to  it,  each  equal  to  — ;  one 

acts  vertically,  another  horizontally,  and  the  third  along  the  plane 
(Fig.  44) ;  find  the  inclination  of  the  plane. 

Since  we  do  not  require  the  value  of  -R,  the  pressure  on  the  plane, 
we  shall  resolve  forces  at  right  angles  to  i?,  that  is,  along  the  plane. 

^^""^  w  .  .    w    w     .    ,^.  .     „ 

—  sint  H V-z-  cos  t—  IK  Bint  =  0, 

3  3        3 

•         .  • 

or  2siut=  1+cost,  .*.  2  tin  —  cos  —  =  cos^  -  •  (1) 

If  we  reject  the  factor  cos  -  ?  for  the  present,  we  have 

ti 

tan  —  =  — » 
2       2 

which  determines  the  inclination. 

% 
Now  the  expulsion  of  the  factor  cos^  from  equation  (1)  amounts  to 

rejecting  the  solution 

t 

cos  o  =  ^' 

But  in  this,  as  well  as  in  many  phy- 
sical and  geometrical  problems,  such  a 
solution  ought  not  to  be  rejected,  unless 
it  is  shown  to  be  irrelevant  to  the  ques- 
tion. So  long  as  our  equations  are 
jperfect  interpretations  of  the  physical 
or  geometrical  conditions  of  the  pro- 
blem, no  factor  can  furnish  an  irrelevant 
solution.  It  is  only  when  an  equation  expresses  more  or  less  tlian 
is  implied  in  the  given  conditions  that  irrelevant  factors  can  present 
themselves  Instances  of  these  factors  frequently  occur  in  the  opera- 
tions of  Algebra  and  Analytic  Geometry — as,  for  example,  when  we 
rationalize  an  equation  by  the  process  of  squaring.  If,  before  this 
process,  the  square  root  of  a  quantity  was  affected  with  a  minus  sign, 
this  sign  will  be  indifferent  in  the  rationalized  result,  and  this  latter, 
consequently,  expresses  more  than  was  contained  in  the  original 
equation.  Hence  it  may  happen  that  the  result  will  furnish  us  not 
only  with  what  is  relevant,  but,  in  addition,  with  what  is  wholly 

irrelevant. 

t 
In  the  present  instance  the  equation  cos  ^  =  0  would  give  the  in- 

clination  of  the  plane  =  180°,  and  the  figure  would  then  become  Fig. 
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45,  in  which  the  particle  is  placed  underneath  the  plane  in  such  n 

way  that  equilibrium  is  manifestly 

impossible. 

Hence  it  appears  as  if  the  equa- 

t 
tion  cos  r-  =  0  were  wholly  without 

meaning. 

A  little  reflection,  however,  will  Rg.  45. 

show  that  it  is  quite  relevant.    For 

equation  (1)  is  merely  the  analytical  expression  of  the  physical  con- 
dition that  the  component  of  the  acting  forces  along  the  plane  shall  be 
zero,  the  reaction  of  the  plane  being  presumed  to  assume  such  a  value 
as  to  render  the  total  component  of  force  equal  to  zero  in  the  normal 
direction.  Now  it  is  not  enough  Jbr  equilibrium  that  the  component 
along  some  one  line  shall  be  zero ;  for  this,  the  component  along 
some  other  line  must  vanish  as  well.  Hence  our  result  does  not 
express  the  complete  condition  of  the  particle's  equilibrium,  but 
merely  a  part  of  that  condition ;  and  each  of  the  equations 

*       1  J         *       ^ 

tan  -  =  -  >  and  cos  —  =  0, 

2       2  2         ' 

expresses  perfectly  all  the  physical  conditions  contained  in  (1).     For 

W 
when  the  inclination  is  180°,  the  force  —  which  acted  along  the  in- 

clineil  plane  becomes  a  horizontal  force  opposite  to  the  given  hori- 

W  W 

zontal  force  — - ;  and  the  vertical  —  furnishes  no  component  along  the 

plane.     But  in  this  position  the  normal  force  should  consist  of  a  pull, 

i.e.,  either  the  particle  should  be  placed  on  the  other  side  of  the  plane, 

or  the  plane  should  be  replaced  by  a  rod  to  which  the  particle  may  be 

attached  by  a  small  ring. 

2 
The  magnitude  of  R  is  -  W, 

5.  A  heavy  particle,  P  (Fig.  46),  is  placed  inside  a  smooth  parabolic 
tube  whose  axis  is  vertical,  and  is  acted 
upon  by  a  horizontal  force,  F,  equal  to 
fiPM,  PM  being  the  ordinate  of  the  point 
P ;  find  the  position  of  equilibrium. 

Here  the  forces  acting  are  IF,  the 
weight  of  the  particle,  R,  the  normal 
reaction  of  the  tube,  and  F,  We  sliall 
obtain  an  equation  between  F  and  fT, 
without  /?,  by  resolving  along  the  tan- 
gent at  P,  If  ^  =  angle  between  the 
tangent  at  P  and  the  vertical,  ^fi?-  4^* 

fT  cos  ^  =  JP  sin  ^  =:  /Liy  .  sin  0,  where  y  =  PM. 

Hence,  for  the  position  of  equilibrium,  retaining  the  factor  cos  $y 

cos(?(Fr— /Ltytand)=  0. 
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But  if  the  equation  of  the  parabola  is  y^^=  4fnx,  tan  0  =  —  •   Hence 

the  equation  is  cos  ^  ( IT-  2  fx  m)  =  0.  (1 ) 

This  equation  of  equilibrium  can  be  satisfied  in  two  ways.     Firstly, 

we  can  have  ^os  ^  =  0,  (2) 

or  ^  =  —  9  which  gives  the  vertex  of  the  tube  as  the  position  of  equi- 

librium.  This  position  is  a  jniori  evident,  since  the  particle  would 
at  the  vertex  be  acted  upon  only  by  its  weight  and  the  reaction  of  the 
tube,  the  force  F  here  being  =  0. 

Secondly,  the  equation  will  be  satisfied  if 

fr-2/Ltm  =  0.  (3) 

Now,  this  is  simply  a  relation  between  the  constants  of  the  problem, 

and  gives  no  value  of  6 — that  is,  no  definite  position  of  equilibrium. 

In  fact,  if  the  equation  (3)  is  satisfied,  (1)  will  be  satisfied,  no  matter 

W 
what  0  may  be.     The  result,  then,  is  as  follows :  if  ft  =  — — ,  the  par- 

tide  will  rest  in  all  positions  ;  and  if  this  relation  does  not  hold,  the 
vertex  is  the  only  position. 

It  is  well  for  the  student  to  observe  that  fi  is  here  the  quotient  of 
a  force  by  a  line,  the  force  being  expressed  in  the  same  units  as  those 
of  TT,  and  the  line  in  the  same  units  as  those  of  PJ£.  For,  since 
we  have  put  F  ::=  fi  PM,  if  Q  is  a  force  in  the  same  units  as  those  of 
TT,  and  I  a  line  in  the  same  units  as  those  of  PMy  it  is  clear  that 
the  proper  representation  of  F  would  be  something  of  the  form 

6.  A  heavy  particle,  resting  on  a  smooth  inclined  plane,  is  attached 
to  a  string  which,  passing  over  a  smooth  pulley,  sustains  another 
heavy  particle  :  find  the  conditions  and  position  of  equilibrium. 

Let  W  be  the  weight  of  the  particle  on  the  plane,  P  that  of  the 
hanging  particle,  and  6  the  inclination  of  the  string  to  the  inclined 
plane  in  the  position  of  equilibrium. 

For  the  equilibrium  of  the  particle  on 
the  plane,  we  have,  resolving  along  the 
plane  (since  the  tension  of  the  string  = 

^'  Waint  =:Pco60; 

^       Wsin  i 
.*.  cos  0  = 


p 

In  order  that  there  may  be  a  position 
of  equilibrium,  this  value  of  cos  0  must 
be  <  1,  .'.  IT  sin  t  must  be  <  P. 

Explain  the  result  when  P  =z  W. 

7.  Three  particles,  whose  masses  are 
nij,  n»,,  m„  are  placed  at  three  points,  A, 
Bi  C  (Fig.  47),  inside  a  smooth  circular  tube ;  they  attract  or  repel 
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each  other  with  forces  directly  proportional  to  their  masses  and  their 
distances ;  find  the  position  of  equilibrium  of  the  system. 

Consider  the  equilibrium  o{  m^  st  A.  It  is  acted  upon  by  two 
fbroes  proportional  to  m^AB  and  m^AC,  in  the  directions  AB  and 
AC,  The  resultant  of  these  must  be  normal  to  the  tube  at  A,  But 
(Cor.  2,  p.  21)  the  resultant  acts  towards  a,  the  centre  of  gravity  of 

m-  and  tii^,  and  if  0  is  the  centre,  OB  =  OC.    Hence    .    ^  =  — ^ :  and, 


sins 


sins?      fn 
by  considering  the  equilibrium  of  5,  we  have  -, —  =  —  •    Therefore 


sins 


ftht 


sin  ap :  sin  y  :  sin  s  =  m^ :  fii^  :  m^.     Also  a?+y + «  =  w ;  therefore  as,  y, 

and  z  are  the  angles  of  a  triangle  whose  sides  are  proportional  to 

m^^m^,  and  m^.    These  angles  being  known  from  some  such  equations 

fn^-\-fn^ — w,*    ^       ,,         ,,.  ...  -_  ._ 

as  cos  X  =  — ~  y  &c.,  the  relative  positions  of  the  particles 

2f7»2^s 

are  at  once  determined.     The  centre,  0,  of  the  tube  is  the  centre  of 

gravity  of  the  particles. 


Fig.  48. 


8.  Two  smooth  heavy  rings,  A  and  C  (Fig.  48),  slide  on  two  rods 
which  are  inclined  to  the  horizon  at  angles  t  and  t^ ;  a  string  con- 
necting A  and  C  passes  through  a  smooth  heavy  ring,  B,  Find  the 
condition  of  equilibrium. 

Let  the  weights  of  Ay  B,  C,  be  P,  IT,  P',  respectively,  and  let  E 
and  B^  be  the  reactions  of  the  rods  on  A  and  0.  Construct  the  force- 
diagram  of  the  system  by  drawing  Om  from  an  arbitrary  origin,  0, 
parallel  and  proportional  to  B^  and  mn  parallel  and  proportional  to 
P^l  then  on  will  be  parallel  to  BC  and  proportional  to  the  tension  in 
it.  Drawing  again  np  parallel  and  proportional  to  W,  Op  will  be 
parallel  to  BA^  and  represent  its  tension.  Finally,  if  pq  represents 
P,  Oq  will  represent  B,  Since  the  tension  in  ABC  is  constant, 
On  =  Op ;  .  * .  a  perpendicular  from  0  on  mq  bisects  np.  The  length 
of  this  perpendicular  is,  on  the  one  hand,  (mn+ J  rip)  tan  t^,  and  on 
the  other^  (p?+i  '^)  tan  t.     Hence,  equating  these,  we  have 

(P'+l  ]F)  tan  t' =  (P  +  i  W^)  tant. 
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This  is  a  relation  between  the  constants  of  the  problem,  and  it  there- 
fore constitutes  a  condition  that  equilibrium  should  be  at  all  possible. 
If  this  condition  is  fulfilled,  there  will  be  an  infinite  number  of  posi- 
tions of  equilibrium.  For  if  d  is  the  angle  which  the  string  BC  makes 
with  the  vertical,  we  have  from  the  force-diagram 

tan  0  = — —  tan  t'; 

W 

and  it  can  be  easily  proved  that  if  the  two  rods  are  taken  as  axes 
of  X  and  y,  the  locus  of  B  is 

a?  sec  (^ — t') + y  sec  (0 — t)  =  Z  cosec  (1  + 1'), 

which  is  a  given  right  line. 

9.  Two  heavy  riugs,  whose  weights  are  P  and  /*'  (Fig.  49),  rest  on 
the  circumference  of  a  smooth  vertical  circle,  and  are  connected  by  a 


Fig.  49. 


weightless  string  on  which  a  heavy  ring,  whose  weight  is  Q,  slides 
freely.     Find  the  position  of  equilibrium. 

Construct  the  force-diagram.  Let  0  and  ^  be  the  inclinations  of 
the  radii  CA  and  CA'  to  the  vertical,  and  let  <^  be  the  inclination 
of  the  portions  of  the  string  AB  and  BA'  to  the  vertical. 

The  force-diagram  then  gives  the  statical  equations 

(|+P)ianO  =  (|  +  i'')tane'.  (1) 

(|  +  i>)tand  =  |tan<^.  (2) 

To  these  must  be  added  the  geometrical  equation  which  connects  the 
length,  If  of  the  string  with  the  radius,  a,  of  the  circle. 

Since  the  horizontal  projections  of  the  broken  lines  ACA^  and 
ABA^  are  the  same,  we  have 

a  (sin  ^  +  sin  ^  =  /  sin  <f>.  (3) 

Equations  (1),  (2),  and  (3)  are  sufiicient  to  determine  the  unknoii^'n 
angles  d,  ^,  and  <^. 
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10.  A  bodj,  whose  mass  is  10  kilogrammes,  is  supported  on  a 
smooth  inclined  plane  by  a  force  of  2  kilogrammes'  weight  acting 
along  the  plane  and  a  horizontal  force  of  5  kilogrammes'  weight ;  find 
the  inclination  of  the  plane.  3 

Ans.  sin~*(-V 

11.  A  heavy  body  is  sustained  on  a  smooth  inclined  plane  (inclina- 
tion t)  by  a  force  P  acting  along  the  plane,  and  a  horizontal  force,  Q, 
The  inclination  being  hsJved,  and  the  forces  P  and  Q  each  halved, 
the  body  is  still  observed  to  rest ;  find  the  ratio  of  P  to  Q. 

Ans,  -^  =  2  cos*  — • 

12.  A  mass  of  10  kilogrammes  is  to  be  sustained  on  a  smooth 
inclined  plane  of  25°  inclination  by  a  horizontal  force  of  5  kilogrammes' 
weight  and  a  force  unknown  in  magnitude  and  direction ;  determine 
this  force  in  both  respects  so  that  there  shall  be  a  normal  pressure  of 
2  kilogrammes'  weight  on  the  plane. 

Ans.  The  force  =  9'07  kilogrammes'  weight,  and  it  makes  an 
angle  of  about  1^54'  with  the  normal,  having  a  doumtoard  component. 

13.  Find  the  inclination  of  a  smooth  inclined  plane  if  a  mass  of 
24  kilogrammes  resting  on  it  is  sustained  by  a  horizontal  force  of  7 
and  a  force  of  16  kilogrammes'  weight  (of  unknown  direction),  while 
the  normal  pressure  is  a  force  of  1 5  kilogrammes'  weight ;  find  also 
the  unknown  direction. 

Ans.  i  =  inclination  of  plane  =  53*^  53^ 

6  =  angle  made  by  force  with  plane  =17°  28^ 

14.  Find  the  inclination  of  a  smooth  inclined  plane  if  a  mass  of 
20  kilogrammes  resting  on  it  is  sustained  by  an  up-plane  force  of  5 
and  a  force  of  15  kilogrammes'  weight  of  unknown  direction,  while 
the  normal  pressure  is  2  kilogrammes'  weight ;  and  find  the  unknown 
direction. 

Ans.  t  =  49°28';  0  =  47°  9\ 

15.  Find  the  inclination  of  a  smooth  inclined  plane  if  a  mass  of 
given  weight,  TT,  resting  on  it  is  sustained  by  a  given  horizontal  force, 
P,  and  a  force  Q  of  given  magnitude  but  unknown  direction,  while 
the  normal  pressure  is  a  given  force  N;  find  also  the  unknown 
direction.  ^ 

Ans.  If,  for  convenience,  tan  a  is  put  . 

for  rrrr  9  WO  havc  / 

COS  (t— a)  = .  ^  ;  / 

"^^  = 2QN ^^ — : ^ 

16.  Two  masses,  P  and  Q  (Fig.  50),  rest 

on  a  smooth  double-inclined  plane,  and  are  attached  to  the  extremities 
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of  a  string  which  passes  over  a  smooth  peg,  0,  at  a  point  yerticallj 
over  the  intersection  of  the  planes,  the  peg  and  the  masses  being  in 
a  vertical  plane.     Find  the  position  of  eqnUibrium. 

An8,  If  Z  =  the  length  of  the  string,  and  CO  =  A,  the  position  of 
equilibrium  is  defined  by  the  equations 


„  sin  a      ^  sin  /3 
^ ^  =  ^ ^' 


cosd 


cos<f> 


cos  a      cos/3       I 
sind      sin<f>      A' 


which  belong  to  case  (y),  p.  56. 

17.  Two  masses,  P  and  Q^  hang  from  the  circumference  of  a  smooth 
vertical  circle  by  two  small  rings  connected  by  a  string  which  lies 
along  the  convex  side  of  the  circle.  Find  the  position  of  equilibrium, 
and  show  that  the  heavier  mass  will  be  higher  up  on  the  circle  than 
the  lighter. 

Ans,  If  the  radius  of  the  circle  drawn  to  P  make  an  angle  B 
with  the  vertical  diameter,  I  =  length  of  the  string,  and  a  =  radius  of 
the  circle,  the  position  of  equilibrium  is  defined  by  the  equation 

Psind  =  esin(--d), 

0  being  circular  measure. 

18.  Show,  by  considering  the  equilibrium  of  P  and  Q  (in  the  last 
example)  as  one  system,  that  their  centre  of  gravity  lies  in  the 
vertical  radius  of  the  circle. 

19.  Two  rods  are  fixed  in  the  same  vertical  plane  at  inclinations  a 
and  fi  to  the  horizon ;  two  rings,  whose  weights  are  P  and  Q,  are 
connected  by  a  string  of  given  length  and  placed  one  on  each  rod ; 
find  the  position  of  equilibrium. 

Ans,  HP  is  placed  on  the  rod  of  inclination  a,  the  inclination, 
Oj  of  the  string  to  the  vertical  is  given  by  the  equation 

(P+  (2)  cot  ^  =  P  cot  y3-  Q  cot  d. 

20.  Two  heavy  rings,  P  and  (?,  connected  directly  by  a  string  of 
given  length,  rest  on  a  smooth  circular  wire  fixed  in  a  vertical  plane ; 
fiind  the  position  of  equilibrium. 

Ana,  If  2  a  is  the  angle  subtended  at  the  centre  of  the  circle  by 
the  string,  the  inclination,  d,  of  the  string  to  the  vertical  is  given  by 
the  equation  (p  ^  q^  ^ot  0=:{P-^Q)  tan  a. 

21.  Two  heavy  rings,  P  and  Q,  connected  directly  by  an  elastic 
string  whose  tension  is  proportional  to  its  length  *,  rest  on  a  smooth 
circular  wire  fixed  in  a  vertical  plane ;  find  the  position  of  equilibrium. 

Ans,  If  C  is  the  magnitude  of  the  tension  of  the  string  when  the 
string  is  stretched  to  the  length  of  the  radius  of  the  wire,  construct  a 
triangle  whose  base  and  two  sides  are  respectively  proportional  to 


*  The  student  will  afterwards  see  that  this  would  be  the  case  if  the  natural 
length  of  the  string  were  so  small  as  to  be  negligible  in  the  problem. 
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— ->  F,  Q,     Then  the  base  angles  of  this  triangle  are  those  made 

with  the  vertical  by  the  radii  of  the  wire  drawn  to  the  rings. 

22.  A  mass  W  is  hung  from  a  small  ring  which  can  slip  over  a 
smooth  circular  wire  fixed  in  a  vertical  plane ;  the  ring  is  also  tied  to 
a  string  which,  passing  as  a  chord  of  the  circle  over  a  fixed  peg  at 
the  top  of  the  circle,  sustains  a  given  mass  P;  find  the  position  of 
equilibrium  and  the  pressure  on  the  circle. 

Ans.  If  0  is  the  angle  made  by  the  radius  drawn  to  the  ring  with 

P 

the  vertical,  siu^O  =  r^r  5  ^^^  ^^^  normal  pressure  =  W, 

^   Ft 

23.  In  the  Fame  vertical  plane  are  fixed  a  smooth  rigid  circular 
wire  and  a  smooth  rigid  rod ;  a  heavy  ring  A  slips  along  the  circle, 
and  another,  B,  slips  along  the  rod,  these  rings  being  connected  by  a 
string  of  given  length ;  find  the  position  of  equilibrium. 

Ans.  If  r  =  radius  of  circle  ;  ?  =  length  of  string  AB;  p  =^  per- 
pendicular from  centre  of  circle  on  rod ;  P  and  Q  =  weights  of  rings 
A  and  B,  respectively ;  0  =  angle  between  radius  drawn  to  A  and 
perpendicular  to  rod ;  <^  =  angle  between  AB  and  pei-pendicular  to 
rod ;  t  =:  inclination  of  rod  to  horizon,  then  we  have 

r  cos  O-^-l  cos  <f}  =  7>, 

Q  cot  {O-i)  +  (P  +  (?)  cot  (<^  +  i)  =  P  cot  t. 

The   second  belongs  to  the  rectilinear  case  (a)  of  p.  54,  so  that  6 
and  <f>  can  be  constructed  from  cases  (a)  and  (fi). 

24.  Two  very  small  rings,  A  and  B,  capable  of  slipping  along  the 
circumference  of  a  smooth  circular  wire  fixed  in  a  vertical  plane, 
have  masses  P  and  Q  suspended  from  them ;  the  rings  are  attached 
to  the  extremities,  A,  B,  of  a  string  ACB  which  passes  over  a  peg 
fixed  at  C  vertically  over  the  centre  of  the  circle ;  find  the  position 
of  equilibrium. 

Ans»  Let  I  =  length,  ACB,  of  string ;  CA  =z  r,  CB  =  / ;  then 
we  have 

Ql  .         PI 


r  r= 


/  = 


P+«'    '       P-VQ 

25.  Two  masses  rest  on  the  convex  side  of 
a  parabola  whose  axis  is  vertical,  and  are  con- 
nected by  a  string  which  passes  over  a  smooth 
p^  at  the  focus ;  show  that  equilibrium  is  im- 
possible unless  the  weights  are  equal. 

26.  Two  masses,  P  and  Q  (Fig.  51),  rest 
on  the  concave  side  of  a  parabola  whose  axis 
is  horizontal,  and  are  connected  by  a  string 
which  passes  over  a  smooth  peg  at  the  focus 
F.    Find  the  position  of  equilibrium. 

AfiM.   Let  /  =  length  of  the  string ;  0  = 
the  angle  which  FP  makes  with  the  axis ;  4m  =  the  latus  rectum  of 
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Fig.  51. 
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the  parabola ;  tben 


6  P  //-2m 

cot.  =  -.=^^/y/ 


m 


2      yp»+(2 

27.  A  particle  is  placed  on  the  convex  side  of  a  smooth  ellipse,  and 

is  acted  upon  by  two  forces,  F  and  F\  towards  the  foci,  and  a  force, 

F'\  towards  the  centre.     Find  the  position  of  equilibrium. 

Ana.  If  r  =  the  distance  of  the  particle  from  the  centre  of  the 

F—F' 
curve  ;  h  =  semi-axis  minor ;  and  n  =  — =j— ;  then 


Vl-n' 

28.  A  heavy  particle,  P,  is  placed  on  the  concave  side  of  a  smooth 
vertical  circle  whose  lowest  point  is  A  and  highest  point  B,  If  the 
particle  is  acted  upon  by  two  forces,  in  the  directions  AP  and  BP^ 
equal  to  iiBPy  and  i^AP^  respectively,  find  the  position  of  equi- 
librium. 

Ana,  Let   W  =  the  weight  of  the  particle  ;  0  =  the  angle  made 
with  the  vertical  by  the  radius  to  P;  a  =  the  radius  of  the  circle ;  then 

tanO  =  ^. 

29.  A  particle,  P,  is  acted  upon  by  two  forces  towards  two  fixed 

points,  S  and  ZT,  these  forces  being  -^  and  ~^i  respectively;  prove 

that  P  will  rest  at  all  points  inside  a  smooth  tube  in  the  form  of  a 
curve  whose  equation  is  SP.  PH  =  1^^  k  being  a  constant. 

30.  A  particle,  7',  is  placed  inside  a  smooth  circular  tube,  and 
acted  upon  by  two  forces  towards  the  extremities,  A  and  By  of  a  fixed 
diameter,  AB\  the  forces  are  respectively  proportional  to  PA  and 
PB  :  prove  that  the  particle  will  rest  in  all  positions. 

31.  Two  masses,  P  and  Q,  connected  by  a  string  rest  on  the  convex 
side  of  a  smooth  cycloid.     Find  the  position  of  equilibrium. 

Ana,  If  Z  =  the  length  of  the  string,  and  a  =  radius  of  generating 
circle,  the  position  of  equilibrium  is  defined  by  the  equation 

.  e        Q       I 

'^^2=PTQ'4^' 

where  0  is  the  angle  between  the  vertical  and  the  radius  to  the  point 
on  the  generating  circle  which  corresponds  to  P, 
[The  string  is  supposed  to  lie  along  the  curve.] 
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Section  IL 
Bongh  Curves, 

42.]  Friction.  The  curves  and  sur&ees  which  we  have  hitiierto 
considered  were  supposed  to  be  incapable  of  offering  resistance  in 
any  other  than  a  normal  direction.  Such  curves  and  sur&ces, 
however,  exist  only  in  the  abstractions  of  Rational  Statics,  and 
are  not  to  be  found  in  nature.  Every  surface  in  nature  possesses 
a  certain  degree  of  roughness,  in  virtue  of  which  it  resists  the 
sliding  of  other  surfaces  upon  it. 

Now,  there  are  two  ways  in  which  a  surface  may  resist  a 
sliding  motion.  Firstly,  it  may  possess  small  inequalities  which 
act  as  Jixed  obstacles  to  sliding ;  and,  secondly,  there  may  exist 
an  adhesion  between  its  substance  and  that  of  another  body  in 
contact  with  it.  In  virtue  of  inequalities,  the  two  surfaces  get 
interlocked,  and  an  effort  to  cause  one  to  slide  on  the  other  causes 
a  strain  in  each  of  the  surfaces,  the  force  which  resists  this  sliding 
being  called  Friction,  Rankine  (Applied  Mechanics y  p.  209)  dis- 
tinguishes adhesion  from  friction  on  the  ground  that  adhesion 
between  two  surfaces  is  independent  of  the  force  by  which  they 
are  pressed  together,  and  is  analogous  to  shearing  stress^  i.e.,  to 
the  force  (called  cohesion)  which  resists  an  attempt  to  divide  a 
solid  by  causing  one  part  of  it  to  slide  on  another. 

At  the  same  time  he  holds  {Mechanical  Text-Book^  p.  153)  that 
friction  is  a  kind  of  shearing  stress,  and  this  view  gives  probably 
the  most  real  and  vivid  conception  of  its  nature. 

43.]  Laws  of  Friction.  Experiments  made  by  Coulomb  and 
Morin  have  established  the  following  laws  of  friction  : — 

1°.  The  tangential  force  necessary  to  establish  the  beginning 
of  a  sliding  motion  is  a  constant  fraction  of  the  normal  pressure 
between  the  two  surfaces  in  contact. 

2**.  With  a  given  normal  pressure,  the  tangential  force  neces- 
sary to  establish  the  beginning  of  a  sliding  motion  is  independent 
of  the  extent  of  the  surface  of  contact. 

Subsequent  experiments  have,  however,  considerably  modified 
the  first  of  these  laws,  and  shown  that  it  can  be  regarded  only  as 
an  approximation  to  the  truth.  If  iV  be  the  normal  pressure 
between  the  bodies,  JPthe  force  of  friction,  and  /m  the  constant 
ratio  of  the  latter  to  the  former  when  slipping  is  abont  to  ensue, 
we  have  F=fiN.  (a) 

F  2 
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The  fraction  /x  in  this  equation  is  called  the  coefficient  of  friction^ 
and  if  the  first  law  were  true,  \k  would  be  strictly  constant  for 
the  same  pair  of  bodies,  whatever  the  magnitude  of  the  normal 
pressure  between  them  might  be.  This,  however,  is  not  the 
case.  For  great  differences  of  normal  pressure  there  are  con- 
siderable differences  in  the  value  of  m-  When  the  normal  pressure 
is  nearly  equal  to  that  which  would  crush  either  of  the  surfaces 
in  contact,  the  force  of  friction  increases  more  rapidly  than  the 
normal  pressure.  Equation  (a)  is  nevertheless  very  nearly  true 
when  the  differences  of  normal  pressure  are  not  very  great,  and 
in  what  follows  we  shall  assume  this  to  be  the  case. 

44.]  Causes  which  Modify  the  Coefflcient  of  Friotion. 
IViction  being  a  force  called  into  play  by  the  mutual  action  of 
two  bodies  in  contact,  /ut  depends  on  the  particular  pair  of  bodies 
in  contact,  and  is  not  a  quantity  pertaining  to  any  one  body  by 
itself.  Moreover,  it  varies  for  the  same  two  bodies  according  as 
the  state  of  each  body  varies.  Thus,  it  is  not  the  same  for  iron 
and  dry  oak,  as  for  iron  and  the  same  piece  of  oak  with  a 
moistened  surface.  Neither,  again,  is  it  the  same  for  two  pieces 
of  wood  when  their  fibres  are  parallel  as  when  they  are  perpen- 
dicular. In  fact,  when  great  accuracy  is  required,  a  special  ex- 
periment should  be  made  to  ascertain  the  coeflScient  of  friction 
between  two  bodies  which  in  any  case  are  to  act  upon  and  sustain 
each  other.  Tables  of  the  coefficient  of  friction  between  bodies  in 
specified  states  are  to  be  found  in  most  practical  treatises  on  Statics. 

45.]  Independence  of  the  Extent  of  the  Sur&oe  of  Contact. 

The  second  law  of  Friction  may  at  first  sight  appear  strange ; 

but  a  little  reflection  will  remove  objections  against  its  truth. 

If  the  total  normal  pressure  between  two  bodies  be  iV,  and  the 

area  of  the  surface  of  contact  S,  the  pressure  per  unit  of  area 

N 
(which  is  called  the  intensify  of  preBsure)  is  -^»      If  now,  while  the 

normal  pressure  remains  the  same  as  before,  the  surface  of  contact 

is  doubled,  the  pressure  per  unit  of  area  is  only  --^>  which  is  just 

half  as  great  as  before.  Hence,  though  the  area  over  which 
friction  acts  is  doubled,  the  intensity  of  pressure  is  halved  ;  and 
it  is  consistent  with  common  sense  that  the  friction  per  unit  of 
area  should  be  halved  also.  Thus,  on  the  whole,  the  same  total 
tangential  force  is  required  to  set  up  sliding  in  both  cases. 
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46.]  Actual  Magnitudes  of  Coefficients  of  Friction.  It  is 
well  that  the  student  bhoiild  have  some  notion  of  the  actual  magni- 
tudes of  coeflScients  of  friction  between  bodies.  For  this  purpose 
he  should  look  at  a  table  of  these  coefficients.  Practically  there 
is  no  observed  coefficient  much  greater  than  1.  In  Rankine's 
table  the  coefficient  for  damp  clay  on  damp  clay  is  given  as  1 , 
and  that  for  shingle  on  gravel  is  at  the  most  1-11.  Most  of  the 
ordinary  coefficients  are  less  than  ^. 

47.]  Other  Coefficients  of  Friction.  It  is  found  by  ex- 
periment that  the  friction  which  resists  the  beginning  of  sliding 
is  greater  than  that  which  resists  its  continuance.  Again,  the 
resistance  which  is  opposed  to  the  rolling  of  one  surface  on 
another  is  distinguished  by  the  special  name  of  Boiling  Friction, 
but  it  would  more  properly  be  called  Resistance  to  Rolling, 
At  present  we  shall  limit  ourselves  to  the  consideration  of 
the  friction  of  the  beginning  of  motion  which  is  expressed 
by  the  equation  p  _      vr 

48.]  Beaction  of  a  Bough  Curve  or  Sur&ce.  Let  AB 
(Fig.  52)  be  a  rough  curve  or  surface ;  P  the  position  of  a 
particle   on    it;    and    suppose    the  . 

forces  acting  on  P  to  be  confined  \  / 

to  the   plane   of   the   paper.     Let  r  \- ' 

N  =  P2?j  =  the  normal  resistance  of  \    / 

the  surface,  acting  in  the  normal,  \  / 

PN^  and  JP=  the  force  of  friction,       -— ;;:^:::==^  p\  ^ 

acting  along  the  tangent,  PT,  J^  \ 

The  resultant  of  N  and  -F  is  a  ' 

force  which  we  shall  call  the  Total  ^'  ^^' 

Resistance  of  the  surface.  It  is  represented  in  magnitude  and 
direction  by  the  line  PB  =  i?,  which  is  the  diagonal  of  the 
parallelogram  determined  by  N  and  F,  Wo  have  seen  that  the 
total  resistance  of  a  smooth  surface  is  normal ;  but  this  limitation 
does  not  apply  to  a  rough  surface.  The  angle,  4),  between  R  and 
the  normal  is  given  by  the  equation 

F 

tan</)=j^. 

Hence,  </>  will  be  a  maximum  when  the  force  of  friction  bears 
the  greatest  ratio  to  the  normal  pressure.  But  this  greatest 
ratio  is  what  we  have  called  the  coefficient  of  friction,  /m ;  and 
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this  ratio  is  attained  when  the  particle  is  just  on  the  point  of 
slipping  along  the  surface.  Therefore  the  greatest  angle  hy  which 
the  Total  Resistance  of  a  rough  curve  or  surface  can  deviate  from  the 
normal  is  the  angle  whose  tangent  is  the  coefficient  of  friction  for  the 
bodies  in  contact ;  and  this  deviation  is  attained  when  slipping  is 
about  to  commence, 

49.]  Angle  of  Friotion.  The  aTigle  between  the  normal  and 
the  total  resistance  of  a  rough  surface  when  slipping  is  about  to 
take  place  is  called  the  Angle  of  Friction,  It  is  sometimes  called 
the  Angle  of  Repose.  We  shall  throughout  denote  it  by  A ;  and 
if  /ut  is  the  coefficient  of  friction, 

tan  A  r=  |ui. 

50.]  Experimental  determination  of  /m.  Let  ^  P  be  the  posi- 
tion of  a   heavy  particle,  whose  weight   is    W,   on    a    rough 

plane,  AB^  whose  inclination  is  gra- 
dually increased  until  P  is  on  the 
point  of  slipping  down.  Consider  the 
equilibrium  of  P  in  these  circum- 
stances. It  is  acted  upon  by  two 
forces,  namely,  its  weight,  W^  and 
the  total  resistance,  R^  of  the  plane. 
For  equilibrium  these  forces  must  be 
*^*  ^^'  equal    and   act    in    opposite    senses. 

Hence  R  acts  in  a  vertical  line ;  and  since  slipping  is  about  to 
take  place,  the  angle  between  R  and  the  normal,  PN^  to  the 
plane  must  (Art.  48)  be  equal  to  A,  the  angle  of  friction.  But 
the  angle  between  the  vertical  and  PN  is  also  equal  to  the 
inclination  of  the  plane  to  the  horizon.  Hence  the  inclination 
of  a  rough  plane  on  which  a  particle^  acted  upon  solely  by  its  own 
weighty  is  just  about  to  slip^  is  the  Angle  of  Friction, 

This  result  might  have  been  proved  by  the  resolution  of  forces. 
Thus,  if  N  be  the  normal  pressure,  the  force  of  friction  acting 
up  the  plane  is  ixN^  since  slipping  is  about  to  begin.  Hence, 
resolving  forces  horizontally  for  the  equilibrium  of  P, 

N  sin  i  —  fxN  cos  i  =  0, 
i  being  the  inclination  ;  or  tani  =  /x  ;  .*. «  =  X. 


*  P  ought  to  be  represented  in  the  figure  as  haring  a  flat  base  in  contact  with 
the  piano.    The  student  wiU  similarly  correct  all  the  subsequent  figvires. 
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Morin  determined  the  coefficient  of  friction  between  two 
sabstances  by  placing  one  on  a  fixed  horizontal  plane  made  of 
the  other,  and  then  measuring  the  least  horizontal  force  which 
shonld  be  applied  to  the  body  resting  on  the  plane  to  cause  it  to 
slide.  The  ratio  of  this  force  to  the  weight  of  the  body  is  the 
required  coefficient  of  friction. 

51.]  Ijiinitation  of  the  Total  Besistanoe.  As  in  the  case  of 
the  resistance  of  a  smooth  curve  or  surface,  there  is  no  limit  to 
the  magnitude  of  the  total  resistance  of  a  rough  curve  or  surface 
— for  the  surfaces  with  which  we  are  at  present  concerned  are 
supposed  to  be  capable  of  resisting  penetration  to  any  extent — 
the  only  limitation  to  which  the  total  resistance  is  subject  being 
one  of  direction^  and  this  limitation  is  thus  expressed  : — 

The  Total  Besistanoe  of  a  rough  curve  or  surface^  though  un- 
restricted in  magnitude^  can  never  make  with  the  normal  an  angle 
greater  than  the  angle  cf  friction  corresponding  to  the  tiro  bodies  in 
contact. 

Within  this  limit,  the  total  resistance  can  assume  any  magni- 
tude and  direction,  so  that  we  at  once  deduce  the  following 
important  principle: — 

If  the  Total  Resistance  can  maifitaiu 
equilibrium f  it  will  do  so. 

Thus,  let  P  (Fig.  54)  be  a  heavy  par- 
ticle placed  upon  a  rough  plane  whose 
inclination  is  less  than  X,  the  angle  of 
friction.  Then  it  is  clear  that,  to  keep 
P  at  rest,  the  total  resistance,  R,  has 
only  to  be  equal  and  opposite  to  W,  the 
weight  of  P. 

But,  drawing  PQ,  making  the  angle  of  friction,  X,  with  the 
normal,  PiV,  we  see  that  the  direction  of  R  falls  within  the 
prescribed  limit ;  and  therefore  the  equilibrium  will  subsist,  no 
matter  how  great  W  may  be,  for  there  is  no  limit  as  to  the 
magnitude  of  R, 

52.]  liimiting  Equilibrium.  A  particle  acted  upon  by  any 
forci:'S  and  placed  upon  a  rough  surface  is  said  to  be  in  limiting 
equilibrium  when  it  is  in  such  a  poirition  that  the  total  resistance 
of  the  sur&ce  makes  the  angle  of  friction  with  the  normal.  In 
such  a  position  if  any  slight  change  should  occur  in  the  circum- 
stances of  the  particle,  in  virtue  of  which  the  total  resistance 
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would  be  compelled  to  make  a  greater  angle  with  the  normal, 
equilibrium  could  subsist  no  longer ;  for  the  total  resistance  can 
never  be  inclined  to  the  normal  at  an  angle  greater  than  the 
angle  of  friction.  Or  we  may  put  the  matter  thus.  In  every 
case  the  equilibrium  of  a  particle  restricted  to  a  rough  curve 
or  surface  is  broken  only  by  some  circumstance  which  compels 
the  total  resistance  to  make  with  the  normal  an  angle  greater 
than  the  angle  of  &iction.  The  manner  in  which  this  is  supposed 
to  happen  depends  on  the  particular  problem.  For  example,  let 
us  enquire  into  the  circumstances  of  the  equilibrium  of  a  heavy 

particle,  whose  weight  is  W^  on  a  rough 
curve,  AB  (Fig.  55),  whose  plane  is 
vertical,  the  particle  being  acted  upon 
by  a  horizontal  force,  F. 

The  problem  proposed  for  solution 
may  be  any  one  of  the  three  fol- 
lowing : — 

(a)  Determine  the  least  horizontal 
force   that  >vill   sustain  a  particle,  of 
weight  W,  at  a  given  point,  P,  of  a  given  rough  curve,  AB. 

(b)  Determine  the  point  at  which  a  particle,  of  weight  /f , 
will  be  just  sustained  by  a  given  horizontal  force,  F,  on  a  given 
rough  curve,  AB, 

(c)  Determine  the  least  coefficient  of  friction  that  will  allow 
a  particle,  of  weight  /F,  to  rest  at  a  given  point,  P,  of  a  curve, 
AB,  the  particle  being  acted  on  by  a  given  horizontal  force,  F. 

If  PN  be  the  normal  at  P,  and  PR  be  drawn  making  the 
angle  of  friction.  A,  with  it,  PH  will  be  the  direction  of  the  total 
resistance,  since,  by  supposition,  the  particle  is  about  to  slip 
down.     All  three  problems  are  solved  by  the  equation 

-^  =  cot(d-A), 

$  being  the  inclination  of  the  tangent  at  P  to  the  horizon. 
But  the  manner  in  which  equilibrium  is  supposed  to  be 
broken  is  not  the  same  in  each  of  them.     If,  in  the  first  case, 

F<  W  tan  (^— A),  in  the  second,  d  >A  +  tan"^(^j  j  and  in  the 

/F\ 
third,  \<0  —  tan"^(^J  ,  the  particle  will  not  rest  at  P.     Thus 

the  equilibrium  may  be  broken  by — 
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(a)  a  slight  change  in  some  of  the  acting  forces ; 

(b)  a  slight  change  in  the  position  of  the  particle ;  or 

(c)  a  slight  change  in  the  nature  of  the  supporting  surface, 
i.  e.  a  diminution  of  its  roughness. 

If  the  particle  is  in  limiting  equilibrium  (i.e.  if  the  total 
resistance  makes  the  angle  of  friction  with  the  normal  to  the 
supporting  surface)  it  is  evident  that  equilibrium  will  always  be 
broken  if  the  third  of  these  changes  occurs ;  but  it  may  not  be 
broken  by  either  of  the  others.  Take,  for  example,  a  heavy 
particle  placed  on  an  inclined  plane  whose  inclination  to  the 
horizon  is  the  angle  of  friction.  It  is  evident  that  any  change 
may  be  made,  either  in  its  weight  or  in  its  position  on  the 
plane,  and  equilibrium  will  still  subsist ;  for  in  neither  case  is 
the  total  resistance  (equal  and  opposite  to  W)  compelled  to  make 
with  the  normal  an  angle  >A. 

In  every  case  of  equilibrium  it  is  to  be  observed  that  the  Force 
of  Friction  (Art.  43)  acts  in  the  sense  opposite  to  that  in  which 
motion  would  ejisue  if  the  bodies  in  contact  became  graduallt/  s^noother^ 
and  this  is  the  inile  for  determining  the  side  of  the  normal  at 
which  the  Total  Resistance  acts. 

53.]  Friction  in  non-limiting  equilibrium.  The  beginner  is 
very  prone  to  assume  that,  if  \l  is  the  coefficient  of  friction  be- 
tween two  bodies,  in  every  case  in  which  one  of  these  bodies  rests 
against  the  other  the  force  of  friction  is  fi-A^,  where  N  is  the 
normal  pressure  between  them.  That  this  is  not  so  he  will 
easily  see  by  considering  the  case  in  which  a  heavy  piece  of 
metal  rests  on  a  horizontal  plane  of  wood,  the  coefficient  of  friction 
between  the  metal  and  the  wood  being,  say,  f ,  and  no  forces, 
other  than  its  weight  and  the  resistance  of  the  plane,  acting  on 
the  body.  So  far  from  the  force  of  friction's  being  |  of  the  normal 
pressure,  the  force  of  friction  is  zero,  and  will  come  into  existence 
only  when  some  horizontal  force  is  applied  to  the  body.  The  force 
of  friction  will  always  be  equal  to  this  horizontal  force  and  will 
attain  the  value  \N  only  when  slipping  is  about  to  take  place. 

The  changes  both  in  magnitude  and  in  direction  which 
the  Total  Resistance  between  two  rough  surfaces  in  contact 
undergoes  while  equilibrium  changes  from  a  state  bordering  on 
motion  in  one  direction  to  a  state  bordering  on  motion  in  the 
opposite  direction  may  be  very  simply  illustrated  by  solving  the 
following  problem :  — 
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A  heavy  body  of  weight  W  is  held  on  a  rough  ineb'ned  plane 
of  inclination  i  by  a  horizontal  force  P;  the  force  P  being  varied 
gradually  from  the  value  required  just  to  sustain  the  body 
to  the  value  required  just  to  drag  it  up  the  plane,  it  is  required 
to  represent  graphically  the  different  magnitudes  and  direc- 
tions of  the  Total 
R  ^  y       i?. 


Resistance  corre- 
sponding to  the 
successive  values 
of  P. 

Let  0  (Pig.  56) 
be  the  position  of 
the     body,    and 
measure     off    a 
^»-  '-^'  vertical  line  OW 

to  represent  the  magnitude  of  W, 

Then,  for  different  values  of  P,  the  resultant  of  ^and  P  will 
be  represented  by  lines  drawn  from  0  and  terminating  on  the 
horizontal  line  WIL  The  Total  Resistance  of  the  plane  on  the 
body  is,  of  course,  equal  and  opposite  to  the  resultant  of  P  and  W, 
and  it  will  therefore  be  represented  by  a  line  drawn  from  0  to  a 
horizontal  line,  R^R^i  drawn  at  the  same  distance  above  0  as 
the  line  WII  is  below  it. 

Let  ON  be  the  normal  to  the  plane  at  0,  and  draw  the  lines 
OR^  and  OR^  making  the  angle.  A,  of  friction  with  the  normal 
at  opposite  sides  of  it.  Let  these  lines  be  produced  to  meet  the 
line  IF II  in  the  points  r^  and  r^. 

Then,  for  equilibrium,  the  resultant  of  P  and  W  must  be  re- 
presented by  some  line  between  Or^  and  Or,^. 

When  the  resultant  of  P  and  ^is  Or^,  the  Total  Resistance 
of  the  plane  is  OR-^ ,  and  since  this  makes  the  angle  of  friction 
with  the  normal,  the  body  is  on  the  point  of  slipping  down. 
When  the  resultant  of  P  and  W  is  Or^y  the  Total  Resistance  is 
O-Bgj  ^^^  ^^  body  is  on  the  point  of  slipping  up. 

The  values  of  P  which  will  just  sustain  the  body  and  just 
drag  it  up  are,  respectively, 

W  tan  (i  -  A)  and  W  tan  (1  +  A), 
as  appears  at  once  from  the  figure  or  by  calculation. 

If  P  has  a  value  between  these  limits,  the  Total  Resistance, 
ORy  will  be  intermediate  between  OR^  and  OJ?^,  and  the  equi- 
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librium  will  not  be  limiting,  i.e.  the  body  will  not  be  on  the 
point  of  slipping  either  up  or  down  ;  and  the  force  of  friction, 
which  is  the  component  of  R  along  the  plane,  will  not  be  /x 
times  the  normal  pressure,  except  in  the  two  states  bordering 
on  motion. 

If  P  has  the -value  ^tan  i,  which  is  intermediate  between  its 
extreme  values^  the  Total  Resistance  will  be  normal  to  the  plane, 
and  in  this  state  there  will  be  no  force  of  friction  exerted  between 
the  plane  and  the  body. 

Inclined  Plane  Diagram,  The  magnitude  of  the  force  which, 
acting  at  0  in  any  direction,  will  just  sustain  or  just  di*ag  up 
the  body  is  easily  represented  in  the  above  figure  (Kg.  56), 
For,  draw  from  the  point  W  a  line  parallel  to  the  line  of  action 
of  the  force  in  question,  meeting  the  lines  Otj  and  Or,^  in  the 
points  /i  and  f^  (not  represent-ed  in  fig.),  respectively;  then 
the  lengths  Wf^  and  Wf^^  represent  the  values  of  the  force  which 
will  just  sustain  and  just  drag  up  the  body,  respectively,  on  the 
scale  which  represents  the  weight  by  the  length  0W\  and  the 
corresponding  Total  Resistances  are  represented  by  the  lines 
fyO  and  f^Oy  respectively.  In  particular,  if  from  W  we  draw 
a  line  parallel  to  the  inclined  plane,  its  intercepts  made  by  Or^ 
and  Or 2^  wiU  give  the  up-plane  forces  which  will  just  sustain  and 
just  drag  up  the  body.     These  forces  are,  respectively, 

COS  A  cos  A 

54.]  Passive  Resistances.  The  force  of  friction  bit  ween  a 
body  and  a  rough  surface  belongs  to  a  class  of  forces  called 
Passive  Resistances,  i.e.  forces  which  come  into  existence  onlv  on 
account  of  the  action  of  other  forces  and  which  always  endeavour 
to  destroy  the  effect  of  these  other  forces.  To  this  class,  indeed, 
belongs  also  the  normal  pressure  between  any  two  bodies,  and 
also  the  resistance  of  air  or  any  other  fluid  to  a  body  moving 
through  it. 

And  it  is  an  axiom  with  regard  to  all  passive  resistances  that 
if  they  can  preserve  equilibrium  they  will. 

Examples. 

1.  A  heavy  particle  is  placed  on  a  rough  plane  inclined  to  the 
horizon  at  an  angle  less  than  the  angle  of  friction ;  find  the  limits  of 
the  direction  of  the  force  required  to  drag  it  down. 
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Fig-  57. 


Let  PN  (Fig.  57)  be  the  normal  to  the  inclined  plane,  and  let  PQ 
be  drawn,  making  the  angle  NPQ  =  A,  the  angle  of  friction.  Now, 
the  necessary  and  sufficient  condition  that  equilibrium  should  exist  is 

that  the  resultant  of  the  weight,  TT,  and 
the  force  applied,  F,  should  fall  within 
the  angle  NPQ,  Hence,  producing  NP 
and  QP  to  n  and  q^  we  see  that  no  force 
applied  to  P  within  the  angle  nPq  will 
disturb  the  equilibiium.  F  must,  there- 
fore, be  applied  within  the  angle  NPq, 
and  act  from  P  towards  the  left  of  the 
figure. 

2.  Two  heavy  particles,  whose  weights 

are  P  and  Q,  rest  in  limiting  equilibrium 

on  a  rough  double-inclined  plane,  and  are  connected  by  a  string  which 

passes  over  a  smooth  peg  at  a  point,  A  (Fig.  58),  vertically  over  the 

intersection,  B,  of  the  two  planes.     Find  the  position  of  equilibrium. 

Let  the  inclinations  of  the  planes  lie  a  and  ^ ;  let  the  length  of  the 

string  be  /,  and  AB  =  h ;  and  let  the 
portions  of  the  string  make  angles  0 
and  </>  with  the  planes. 

Suppose  that  P  is  on  the  point  of 
ascending,  and  Q  of  descending.  Then, 
since  the  motion  of  each  body  is  about 
to  ensue,  the  total  resistances,  R  and 
S,  must  each  make  the  angle  of  friction 
with  the  corresponding  normal ;  and 
since  the  mass  P  is  about  to  move 
upwards,  R  must  act  towards  the  left 
of  the  normal,  while,  since  Q  is  about 
to  move  downwards,  S  must  act  to 
the  left  of  the  corresponding  normal. 

If  T  is  the  tension  of  the  string,  we  have  for  the  equilibrium  of  P, 

^_^Rin(a+A)^ 
cos(e^— A)" 


Fig.  58. 


Again,  for  the  equilibrium  of  Q, 

r=  Q 

Hence,  equating  the  values  of  T, 


sin  (/3-A) 

■  ■  ■      ■  ■        ■       ) 

cos  (<^  +  A) 


(1) 


p    8in(a  +  A)__        sin  (/3-A)  ^ 

"  cos(e?— A)  cos(<^  +  A)* 

This  is  the  only  statical  equation  connecting  the  given  quantities. 
We  obtain  a  geometrical  equation  by  expressing  that  AB  and  the 
length  of  the  string  are  given.     This  is,  evidently, 

-  /COS a      cob8\       ,  .   , 

^sm^      em  9''  ^ 
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Equations  (1)  and  (2)  determine  the  values  of  6  and  <^,  and  con- 
stitute the  solution  of  the  prohlein.  These  equations  can  be  solved 
graphically,  (2)  giving  the  curve  in  case  {y)  of  Art.  41,  while  (1)  gives 
a  curve  of  the  fourth  degrea  defined  thus — through  £  (Fig.  41,  p.  66) 
draw  an  indefinite  right  line,  BE,  making  the  angle  EBA  =  A  ;  then 
F  being  any  point  on  the  curve  which  represents  (1),  if  AP  meets 
BE  in  /?,  we  shall  have 

IiP=k,PB, 

where  A;  is  a  given  constant,  viz.  -pr—. — )- — -{ •     This  locus  can  be 

©8in(;3— A) 

practically  constructed  with  ease  thus — Draw  any  indefinite  line,  BH, 

through  B ;  take  points  M,  N,  S  on  this  line,  in  order  from  B,  such 

tliat  BM :  MN  =^  l\k  =  BS:  SN^,    Then  draw  any  line  A  RP  through 

A  meeting  BE  in  /?;  draw  NR  ;  from  3/"  draw  MF,  and  from  iS'draw 

SG  both  parallel  to  NR  and  meeting  BE  in  F  and  G  respectively ; 

describe  a  circle  on  FG  as  diameter;   then  the  line  AR  intersects 

this  circle  in  points  on  the  required  curve. 

OtAer  Solution,     Instead  of  considering  the  total  resistances,  R  and 

Sf  we  may  consider  two  normal  resistances,  N  and  N^,  and  two  forces 

of  friction,  /xiV  and  fxiV',  acting  respectively  down  the  plane  a  and  up 

the  plane  fi.     In  this  case,  considering  the  equilibrium  of  P,  and 

resolving  forces  along  and  perpendicular  to  the  plane  a,  we  have 

Psina+fiA'  =  TcosOA 

Pco8a  =  N  +  r sin  (9,5  ^    ' 

and  for  the  equilibrium  of  Q, 

Q  sin  13  =  ^N^+Tcos<t>,\ 
$cos/3=     .V'+rsin</). 

Eliminating  iV,  N\  and  T  from  the  systems  (A)  and  (B),  we  arrive 
at  the  same  statical  equation  as  before. 

Tlie  method  of  considering  total  resistances  instead  of  their  normal 
and  tangential  components  is  in  many  cases  more  simple  than  the 
separate  consideration  of  the  latter  forces. 

3.  If  in  the  last  question  P  is  given,  what  are  the  limits  of  Q  con- 
sistent with  equilibrium  1 

If  Q  be  so  large  that  it  is  about  to  drug  P  up,  its  value,  Qj,  will  be 
given  by  equation  (1)^        ^^^^^^^^^^^^^^^^ 

^*  ~        sin  (/^- A)  cos  (e^-A)  ' 
and  if  Q  be  so  small  that  P  is  about  to  descend,  its  value,  Q^,  will  be 

__        sin(a— A)co8(<^--A) 
^«""      'sin(;3  +  A)co8(e>  +  A)' 

the  angles  6  and  <^  being  connected  by  equation  (2). 

4.  A  heavy  ring  is  placed  on  a  rough  vertical  circle;  find  the 
limits  of  its  position  consistent  with  equilibrium. 

Ans.  Draw  two  diameters  making  the  angle  of  friction  with  the 


;:}  ^«> 
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vertical  diameter.  The  ring  will  rest  anywhere  on  the  circumference 
between  the  two  upper  extremities,  or  between  the  two  lower  extremi- 
ties, of  these  diameters. 

5.  A  body  whose  mass  is  20  kilogrammes  is  just  sustained  on 
a  rough  inclined  plane  by  a  horizontal  force  of  2  and  a  force  of  10 
Idlogrammes'  weight  along  the  plane ;    the  coefficient  of  friction  is 

-;  find  the  inclination  of  the  plane.  ^k 

^  Ana.  2tan-»f-^V 

6.  A  heavy  particle  is  placed  on  a  rough  plane  whose  inclination  to 

the  horizon  is  Bin"^^-)*  and  is  connected  by  a  string  passing  over  a 

smooth  pulley  with  a  particle  of  equal  weight,  which  hangs  freely. 
Supposing  that  motion  is  on  the  point  of  ensuing  up  the  plane,  find 
the  inclination  of  the  string  to  the  plane,  the  coefficient  of  frictiou 

being  -. 

Ans.  By  resolving  forces  along  the  inclined  plane,  we  have,  if  ^  = 
inclination  of  the  string  to  the  plane, 

—  sin  0  =  1  —cos  0,     or  -  sin  —  cos  —  =  sin"~> 
2  2         2  2  i2 

0        1 
one  solution  of  which  is  ^  =  0,  and  the  other  is  tan  -•  =  --• 

7.  In  the  second  solution  of  the  last  question,  exhibit  the  position 
of  the  string,  and  explain  the  result. 

8.  A  heavy  particle  acted  upon  by  a  force  equal  in  magnitude  to  its 
weight  is  just  about  to  ascend  a  rough  inclined  plane  under  the 
influence  of  this  force ;  find  the  inclination  of  the  force  to  the  inclined 
plane. 

Ans,  If  ^  is  the  required  inclination,  A  =  angle  of  friction,  and 
t  =  inclination  of  the  plane, 

^  =  ^_t,  and  (9  =  2A  +  t-^ 
2  ^ 

are  possible  solutions.     {0  is  here  supposed  to  be  measured  from  the 

ujpj)er  side  of  the  inclined  plane.  If  —  >  2  A  + 1,  the  applied  force  will 
act  towards  the  tmder  side.) 

9.  In  the  first  solution  of  the  last  question,  what  is  the  magnitude 
of  the  pressure  on  the  plane  1 

Ans.  Zero.     Explain  this. 

10.  What  angle  must  a  given  force  P  make  with  a  rough  incline  so 
that  when  a  mass  of  weight  W  is  just  sustained,  the  normal  pressure 

shall  be  equal  to  W1  sini— u 

Ans.  cot"*- -,' 

1— cost 

11.  A  mass  of  500  kilogrammes  can  be  just  sustained  on  a  rough 
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incline  by  a  horizontal  force  of  120  kilogrammes*  weight,  and  also 
(separately)  by  an  up-plane  force  of  132-6  kilogrammes'  weight;  find 
/L&  and  t. 

Ans,  fx=  .539;  t=  41°  51'. 

12.  Two  masses  rest  on  a  rough  double  inclined  plane,  being  con- 
nected by  a  cord  which  passes  over  a  smooth  pulley  at  the  vertex  of 
the  double  incline ;  the  inclinations  of  the  planes  are  48°  and  32° ; 
for  both  the  angle  of  friction  is  28° ;  if  the  mass  on  the  first  is  560 
kilogrammes,  and  is  just  on  the  point  of  slipping  down,  calculate  the 
other  mass. 

Arts,  221  kilogrammes,  nearly. 

13.  A  heavy  body  is  to  be  dragged  up  a  rough  inclined  plane; 
find  the  direction  of  the  least  force  that  will  sufiice. 

Ans.  The  direction  of  the  force  must  make  the  angle  of  friction 
with  the  plane.  This  follows  at  once  either  by  resolution  of  forces  or 
by  drawing  the  Inclined  Plane  Diagram,  p.  75 ;  for  Fig.  56  shows  at 
once  that  the  least  force  that  will  just  sustain  the  body  is  represented 
in  magnitude  and  direction  by  the  perpendicular  from  the  point  W 
on  the  line  Or^y  while  the  least  force  that  will  drag  the  body  up  is 
represented  by  the  perpendicular  from  IF  on  Or^,  In  the  first  case 
the  least  force,  being  at  right  angles  to  the  Total  E^sistance,  makes 
the  angle  of  friction  with  the  lower  side  of  the  plane,  while  in  the 
second  the  least  force  makes  this  angle  with  the  upper  side. 

N.B.  This  result  is  often  expressed  thus  : — the  best  angh  of  traction 
up  a  rough  inclined  plane  is  the  angle  of  friction, 

14.  Prove  that  the  horizontal  force  which  will  just  sustain  a  heavy 
particle  on  a  rough  inclined  plane  will  sustain  the  particle  on  the 
same  plane  supposed  smooth,  if  the  inclination  is  diminished  by  the 
angle  of  friction. 

15.  "What  is  the  least  coefficient  of  friction  that  will  allow  of  a  heavy 
body's  being  just  kept  from  sliding  down  an  inclined  plane  of  given 
inclination,  the  body  (whose  weight  is  W)  being  sustained  by  a  given 
horizontal  force,  P  % 

ITtani-P 

fF+Ptani 

Explain  d  priori,  why  we  get  a  negative  value  for  the  coefficient  of 
friction  unless  WX9XLi>P. 

1 6.  It  is  observed  that  a  body  whose  weight  is  known  to  be  W  can 

be  just  sustained  on  a  rough  inclined  plane  by  a  horizontal  force  P,  and 

that  it  can  also  be  just  sustained  on  the  same  plane  by  a  force  Q  up 

the  plane;  express  the  angle  of  friction  in  terms  of  these  known 

forces. 

PW 
Ans.  Ancle  of  friction  =  cos  * , 

QVP'^  IK-* 

1 7.  It  is  observed  that  a  force,  Q^ ,  acting  up  a  rough  inclined  plane 
will  just  sustain  on  it  a  body  of  weight  W,  nnd  tiiat  a  force,  Q,, 
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acting  up  the  plane  wiU  just  drag  the  same  hody  up ;  find  the  angle 
of  friction. 


Ana.  Angle  of  friction  =  sin 


-1     Q.-Q^ 


18.  In  example  8,  p.  61,  if  the  rings  A  and  C  are  equally  rough, 
find  the  condition  that  there  may  be  a  limiting  equilibrium  in  which 
each  is  about  to  slip  down. 

Ana,  If  A  is  the  angle  of  Motion,  the  required  condition  is 

(/"  +  ^) tan  (t' - \)  =  (P  +  -^) tan  (.-A). 

In  this  case  the  lines  Om  and  Oq  must  be  drawn  making  angles 
t'— A,  and  i  — A,  respectively,  with  the  line  mq. 

If  the  above  condition  is  satisfied,  there  will  be  an  infinite  number 
of  positions  of  equilibrium,  as  in  ex.  8,  p.  6 1 ,  those  of  £  all  lying  on 
a  certain  right  line. 

19.  In  the  same  example,  if  one  of  the  rings,  C,  is  in  a  position  of 
limiting  equilibrium,  find  the  direction  of  the  string,  the  position  of 
the  other  ring,  A,  and  the  direction  of  the  total  resistance  at  it. 

Ans,  The  position  of  the  string  is  determined  by  the  equation 

W  /W  X 

^.  tan^  =  (—  +  /^)tan  (t'±A), 

the  +  or  —  sign  being  used  according  as  G  is  about  to  slip  up  or 
down.  When  0  is  known,  the  position  of  A  is  known ;  and  the 
direction  of  the  total  resistance  at  A  is  found  from  the  equation 

(y  +  P)  tan  0^  =  (y  +  F)  tan  (t' ±  A). 

20.  Two  small  rings,  from  which  hang  two  masses,  P  and  $,  are 
fitted  on  a  rough  circular  wire  fixed  in  a  vertical  plane,  and  are  con- 
nected directly  by  a  string  of  given  length  ;  find  the  limiting  positions 
of  equilibrium. 

With  the  notation  of  example  20,  p.  64,  if  P  is  about  to  descend, 

(P+^)cot^=:  (2tan(a  +  A)-Ptan(a-A). 

21.  Two  masses,  P  and  ©,  hang  from  two  small  rings,  A  and  By 
fitted  on  a  rough  circular  wire  fixed  in  a  vertical  plane,  the  rings 
being  connected  by  a  string  passing  along  the  circumference ;  find  the 
limits  of  the  position  of  equilibrium,  supposing  no  friction  between 
the  string  and  the  wire. 

Ans,  If  6  be  the  angle  made  by  the  radius  to  A  with  the  vertical, 
{ =  the  length  of  the  string,  and  a  =  the  radius  of  the  circle,  0  may 
have  any  value  between  6^  and  0^,  these  being  given  by  the  equations 

Csinf-+A)+PsinA 

tan^,  = J > 

<?cos(--f  a)+Pco8A 
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(?Bm(--A)-P8inA 

tan  0,  = , 

Qcoa( X)  +  Pco8A 

A  being  the  angle  of  friction. 

22.  If  the  wire  in  the  last  question  is  in  the  form  of  any  curve, 
show  that  in  the  limiting  positions  of  equilibrium  the  total  resistances 
at  A  and  B  intersect  on  the  circle  passing  through  A,  B,  and  the  point 
of  intersection  of  the  normals  at  A  and  B, 

23.  Two  heavy  particles,  F  and  Q  (Fig. 
59),  rest,  one  on  a  rough  diameter,  A  By  of 
a  rough  vertical  circle,  and  the  other  on  the 
convex  side  of  the  circle,  the  particles  being 
connected  by  a  string  which  passes  over  a 
smooth  peg  at  the  upper  extremity,  B,  of 
the  diameter.  Find  itie  position  of  equili- 
brium, the  string  being  supposed  to  be 
nowhere  in  contact  with  any  rough  surface, 
and  the  coefficients  of  friction  for  P  and  Q  ^^8*  59- 
being  different. 

Ans.  If  a  =  the  inclination  of  AB  to  the  vertical,  0  =  inclination 
of  the  radius  drawn  to  Q  to  the  vertical,  fx  =  coefficient  of  friction 
between  P  and  AB,  ft'  =  coefficient  of  friction  between  Q  and  the 
circle,  the  limiting  positions  of  equilibrium  are  given  by  the  equations 

Q  (sin  6^  + 1/  cos  0^)  =  P  (cos  a — /x  sin  a), 

Q  (sin  d,— /i'  cos  0^)  =  P  (cos  a  +  /x  sin  a). 

24.  Three  particles  of  weights  to^,w^y  w^  rest  on  a  rough  horizontal 
table ;  tr^  is  connected  with  w^  by  a  string  fully  stretched,  and  w^  is 
similarly  connected  with  f^,.  Find  the  magnitude  and  direction  of 
the  least  force  which,  applied  to  tr,,  will  move  all  the  particles. 

Ans.  For  the  possibility  of  the  motion  the  angle  between  the  line 
IT,  w^  and  the  line  w^  tr,  produced  through  tr,  must  be  acute.  Take 
any  point,  0,  and  through  it  draw  OA  parallel  to  the  line  w^  w^  and 
proportional  to  /xk?,  ;  from  A  draw  AB  parallel  to  the  line  w^  tr,,  and 
inflect  OB  proportional  io  ijl  w^;  draw  OB^  equal  and  parallel  to  AB, 
and  draw  OC  perpendicular  to  OB^  towards  AB  and  proportional  to 
ttw^.  Then  the  diagonal  through  0  of  the  rectangle  determined  by 
OC  and  OB^  gives  the  required  direction  and  magnitude  of  the  force 
to  be  applied  to  w^. 

25.  If  in  the  last  example,  w^  and  tr,,  instead  of  being  connected 
with  each  other,  are  each  connected  with  te^,,  find  the  direction  and 
magnitude  of  the  least  force  which,  applied  to  tr„  will  move 
them  all. 

26.  Any  number  of  particles  of  weights  f^,,  w^,  te^,, . . .  ti^«,  lie  on  a 
rough  horizontal  table,  w^  and  w^  being  connected  by  a  tight  string, 
as  also  w^  and  ir,,  w^  and  w^,  and  so  on.  Find  the  magnitude  and 
direction  of  the  least  force  which,  applied  to  the  last  particle,  w^,  will 
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cause  the  whole  set  to  move  simultaneously,  and  find  the  conditions 
that  such  movement  shall  be  possible. 

Ans,  Take  any  point  0,  and  draw  OA^^  parallel  to  the  string  u?,  to, 
and  proportional  to  fXM^i ;  draw  OA^^  parallel  to  the  stnng  to,  ti;,,  and 
inflect  wdjjilj,  proportional  to  /xto, ;  draw  0-4  j^  parallel  to  the  string 
tOjto^,  and  inflect  A^A^^  proportional  to  fxw?,;  and  so  on,  until  the 
vertex  -4„_i , „  is  reached ;  then  draw  -4 „ _^ , ^  P  perpendicular  to  OA ,^__^ ,  ^ 
and  proportional  to  fxu7|,.  The  line  OP  represents  the  required  force 
in  magnitude  and  direction.  The  lines  OA^^,  OA^,  ^-^34 >  •  •  •  represent 
the  tensions  of  the  strings ;  and  for  the  possibility  of  the  motion  the 

IT 

angles  OA^^A^^  OA^A^,  OA^^A^^ . . .  must  each  be>- . 

27.  Two  heavy  particles,  F  and  Q 
(Fig.  60),  rest  on  two  rough  circular  arcs 
which  have  a  common  vertical  tangent  at 
0\  P  and  Q  are  connected  by  a  string 
which  passes  over  a  smooth  pulley  at  0 ; 
find  the  positions  of  limiting  equilibrium. 

Ana.  Let  0  and  <^  be  the  angles  sub- 
tended  by  the  arcs  OP  and  OQ  at  the 
centres  of  the  corresponding  circles,  a  and 
^'     *  6  the  radii  of  the  circles,  k  and  €  the  angles 

of  friction  for  P  and  Q,  respectively,  and 
I  the  length  of  the  string ;  then,  if  P  is  about  to  slip  down,  the 
equations 

C0S(6?  +  A)     _  C08(<^  — €) 

cos(^  +  a)  cos(^-€) 

and  a  sin  -  +  6  sm  —  =  -  J 

2  2       2 

determine  the  position  of  equilibrium.    Changing  the  signs  of  A  and  €, 
we  obtain  the  position  in  which  Q  is  about  to  slip  down. 

[Instead  of  particles  on  the  circular  arcs,  we  may  suppose  small 
rings  from  which  the  masses  P  and  Q  are  suspended.] 

28.  A  particle  rests  on  a  rough  curve  whose  equation  is /(a;,  y)  =  0, 
and  is  acted  on  by  forces  the  sums  of  whose  components  along  the 
axes  of  X  and  y  are  X  and  Y\  prove  that  the  particle  will  rest  at  all 
points  on  the  curve  at  which 

ax         dii 

'  >  cojj  a. 

•I^.  V(|)V(|)- 

29.  Two  rings  whose  weights  are  P  and  Q  are  moveable  on  a  rough 
rod  inclined  to  the  horizon  at  an  angle  t;  the^e  rings  are  connected 
by  a  string  of  given  length  which  passes  through  and  supports  a 
smooth  heavy  ring  W;  find  the  greatest  distance  between  P  and  Q, 
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Ans.  l(  0  is  tlie  inclmation  of  either  portion  of  the  slriug  to  the 
vertical,  the  greatest  distance  between  the  rings  is  obtained  by  giving 
ian  d  the  less  of  the  vahies 

W+2Q        ,  W'\'2P 

-^Vtan(A-t),     -+f£tan(X  +  t), 

Q  being  the  upper  ring. 

30.  DE  and  EF  are  two  rough  inclined  planes  intersecting 
at  right  angles  at  E  (forming  a  double  inclined  plane) ;  on  these 
planes  are  placed  two  given  masses,  F  and  Q^  respectively,  connected 
by  a  cord  over  a  pulley  at  E^  the  coefficients  of  friction  being  the 
same  for  both.  F  is  on  the  point  of  dragging  Q  up ;  but  if  the 
plane  EF  is  removed,  and  Q  allowed  to  hang  vertically,  Q  is  on  the 
point  of  dragging  F  up.  Prove  the  following  construction  for  finding 
the  values  of  the  inclination,  t,  of  DE  and  the  angle,  A,  of  friction : 
draw  a  right  line  OA  proportional  to  Q,  aLd  on  0-4  as  diameter 
describe  a  circle,  whose  centre  is  j5  ;  at  -0  draw  a  line  BC  pro- 

portional  to  F  and  making  the  angle  0-5(7  =  lan"^-^;    on  BO  as 

diameter  describe  a  circle ;  then  find  a  point  F  on  the  first  circle 
such  that  \iBR  meets  the  second  circle  in  S^  we  shall  have  OR  =  OS, 
The  angle  AOR  =  A,  and  i  =  K  +  OBO, 

[If -P=150  and  (?=140,  scale  measurement  and  subsequent 
correction  will  give  A  =  11**  31',  and  i  =  54°  32'.] 

31.  A  mass  W  is  placed  on  a  face  of  a  rough  wedge  inclined  at  an 
angle  t  to  the  ground,  on  which  the  wedge  rests,  the  mass  of  the  wedge 
being  IT',  the  coefficient  of  friction  between  W  and  tlie  wedge  being 
fi,  and  that  between  the  wedge  and  the  ground  being  /x'.  If  a 
horizontal  rope  is  attached  to  W  and  pulled  with  gradually  increasing 
force,  find  how  motion  will  ensue. 

[Thus,  if  TT  =  200,  W  =  96,  fx  =  J,  /  =  J,  tan  i  =  y\,  the  two 
bodies  will  move  as  one.] 

32.  A  mass  on  a  rough  inclined  plane  is  attached  by  a  tight  cord 
to  a  fixed  point  in  the  plane,  the  direction  of  the  cord  making  a  given 
angle,  6,  with  the  line  in  which  the  plane  intersects  the  ground ;  if 
the  inclination  of  the  plane  is  gradually  increased,  when  veill  the  body 
begin  to  slip  t 

Ans.  When  tan  t  = -r »  where  u  is  the  coefficient  of  friction. 

cos^ 
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Section  I. 

A  Single  Particle, 

55.]  Orthogonal  Projection.     Let  Oa  and  AB  (Fig.  6i)  be 

any  two  right  lines  inclined  at  an 
angle  6,  If  from  the  extremities, 
A  and  B,  of  the  right  line  AB, 
two  perpendiculars,  Aa  and  Bby 
be  let  fall  on  Ox,  the  line  ab  is 
called  the  orthogonal  projection  of 
AB  on  Ox,  If  the  lines  Aa  and 
Bh  had  been  each  drawn  parallel 

to  a  g^ven  line,  which  is  not  perpendicular  to  Ox,  ah  would  be  an 

oblique  projection  of  AB, 

In  the  case  of  orthogonal  projection  it  is  evident  that  ab  = 

AB  cos  Q, 

56.]  Frojeotion  of  a  Broken  Line.     Let  ABCB  (Fig.  6%)  be  a 

zigzag  or  broken  line.     Then  it  is  evident  that  the  projection 

(orthogonal  or  oblique)  of  the  line  ^2),  joining  the  first  and  last 


9C 


Fig.  6i. 


Fig.  63. 


points,  A  and  B,  is  equal  to  the  sum  of  the  projections  of  the 
separate  lines,  AB,  BC,  and  CB,  on  any  line  Ox, 

This  is  also  true  when  the  line  Ox,  on  which  the  projection 
takes  place,  cuts  any  or  all  of  the  lines  AB,  BC,  ...  between 
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the  vertices,  A,  jB,  C,  ...,  of  the  polygon  formed  by  them,  as  in 
Fig.  63. 

If  the  sides  of  a  closed  polygon  taken  in  order  be  marked  with 
arrows  pointing  from  each  vertex  to  the  next  one,  and  if  their 
projections  be  marked  with  arrows  flying  in  the  same  directions, 
then,  lines  measured  from  left  to  right  being  considered  positive, 
and  lines  from  right  to  left  negative^  we  may  evidently  state  this 
result  as  follows  : — 

The  sum  of  the  projections  of  the  sides  of  a  closed  polygon  on  any 
right  line,  allowance  being  made  for  positive  and  negative  projections^ 
is  zero, 

57.]  Virtual  DiBplacement.  Virtual  Work.  If  a  point  at 
0  (Fig.  64)  be  conceived  as  displaced  to  -4,  OA  may  be  called  the 
virtual  displacement  of  the  point. 

Let   01  be   the  direction  of  a  M/'^ 

force,  P,  and  let  ^iVbe  drawn  per-  y'''\ 

pendicular  to  it ;  then  ON  is  the 
projection  of  the  virtual  displace- 
ment along  OP,  and  the  product 
of  the  force,  P,  by  the  projection, 
ONy  of  the  virtual  displacement  is  , 

called  the  virtual  work  of  the  force. 
We  shall  therefore  say  that — 

The  Virtual  Work  of  a  force  is  the  product  of  the  force  and  the 
projection  along  its  direction  of  the  Virtual  Displacemetit  of  its  point 
of  application. 

If  d  be  the  angle  between  the  force  and  the  virtual  displace- 
ment, 

The  Virtual  Work  =  P.  ON ^  P.  OJcos^  =  PqosO.OA, 
Now  P  cos  6  is  the  projection  of  the  force  along  the  direction  of 
displacement,  and  is  equal  to  03/,  if  PM  is  perpendicular  to 
OA,     Hence  we  may  also  define  the  virtual  work  of  a  force  as 
follows : — 

The  virtual  work  of  a  force  is  the  product  of  the  virtual  displace^ 
ment  of  its  point  of  application  and  th^  projection  (or  component^  of 
the  force  in  the  direction  of  this  displacement. 

This  latter  definition  is  for  some  purposes  more  convenient 
than  the  former.  It  is  to  be  observed  that  the  projection  of  a 
line  AB  (Fig.  61),  of  given  length,  remains  unaltered  in  magni- 
tude when  AB  is  moved  parallel  to  itself  into  any  position. 
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58.1  Theorem.     The  virtual  work  of  a  force  is  equal  to  the  sum 
of  the  virtual  works  of  Us  coffipouents,  rectangular  or  oblique. 

Let  a  force  72,  represented  by  OR 
(Fig.  65),  act  at  0,  and  let  its  com- 
ponents be  P  and  Q,  represented  by 
OP  and  OQ.  Let  OA  be  the  virtual 
displacement  of  0,  and  let  its  pro- 
jections on  7?,  P,  and  Q,  be  r,  jo,  and 
q,  respectively.  Then  the  virtual 
works  of  these  forces  are  R.r,  P.p^ 
Q.q,  Draw  Pm  and  Rn  perpen- 
dicular to  OA.  Then  On  is  the  pro- 
jection of  R  in  the  direction  of  the  displacement,  and  by  the  end 

of  Art.  67,  R.r=OAxOn. 

Similarly        P.p  =  OAx  Om,  and  Q.q  =  OA x mn. 
Hence 

P.;?+Q.jr=  0A{0m  +  7nn)=  OAx  O71  =  R .r.—Q.E.B, 

59.]  Theorem.  17ie  sum  of  the  virtual  works  of  any  number  of 
forces  acting  at  a  point  is  equal  to  the  virtual  work  of  the  repliant. 

This  may  be  proved  by  taking  the  forces  two-and-two,  and 
using  the  last  Theorem,  or  by  making  use  of  the  polygon  of 
forces  (see  Fig  11,  p.  23).  The  sum  of  the  virtual  works  of  the 
forces  is  equal  to  the  virtual  displacement  multiplied  by  the  sum 
of  the  projections  along  it  of  the  sides  of  the  polygon  parallel  to 
the  forces  (Art.  57).  But  (Art.  66)  the  sum  of  these  projections 
is  equal  to  the  projection  of  the  remaining  side  of  the  polygon, 
and  this  side  represents  the  resultant.     Therefore,  &c. 

It  follows,  then,  that — 

When  a  system  of  forces  acting  at  a  point  is  in  equilibrium,  the 
sum  of  the  virtual  works  of  the  forces  =.  0. 

For,  such  a  system  will  be  represented  by  a  closed  polygon,  and 
(Art.  56)  the  sum  of  the  projections  of  the  sides  of  the  polygon 
along  any  right  line  =  0. 

60.]  Convention  of  Signs.  If  the  virtual  displacement,  OA 
(Fig.  66),  project  on  the  line  of  the  force  P  in  a  sense  opposite 
to  that  in  which  P  acts,  the  projection  ON  is  to  be  considered 
negative,  and  the  virtual  work  is  negative.  In  this  case  P 
will  also  project  on  the  line  of  displacement  in  a  sense  opposite 
to  OA, 
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In  Fig.  67  the  virtual  displacement,  OA,  is  such  as  to  give 
pos^itive  projections,  Or  and  Op,  along  the  forces  E  and  P,  and 


Fig.  66. 


Fig.  67. 


u  negative  projection,  Og,  along  Q,  And  if  in  this  case  the 
lengths  of  Or,  Op^  and  Oq  are  denoted  by  r,  ^;,  and  ^,  the  equation 
of  virtual  work  will  he  li  .r  =  P  ,jj—Q  .q. 

61.]  Nature  of  the  Displacement.  It  must  be  carefully 
observed  that  the  displacement  of  the  particle  on  which  the 
forces  act  is  both  virtual  and  perfectly  arbitrary.  In  the 
motion  of  the  particle,  treated  of  in  Kinetics^  the  displacement 
is  often  taken  to  be  that  which  the  particle  actually  undergoes ; 
but  in  the  statical  problem  of  the  equilibrium  of  forces,  the 
relation  between  them,  expressed  in  an  equation  of  virtual  work, 
holds,  whatever  the  displacement  may  be — ^that  is,  it  holds 
whether  the  displacement  be  an  actual  or  merely  an  imagined 
one.  The  second  characteristic  of  the  displacement,  namely 
its  arbitrarine99f  is  most  important, 
as  will  presently  appear. 

62.]  General  Equation  of  Vir- 
tual Work.    Let  several  forces,  P^ , 

A'  •••(I^^«  ^^)>  *c^  ^^  equilibrium 
on  a  particle,  0,  and  let  OA  be  any 
conceived^  or  virtual,  displacement 
of  0.  Letting  fall  perpendiculars, 
A/j^,  Ap^i  ...,  on  the  forces,  the 
projections  Op^,  Op^,  and  Op^,  are 
all  positive,  while  Op^  and  Op^  are 
negative  (Art.  60).     Hence  the  equation  of  virtual  work  is 

-Pi.  QPi-hPg.  Qp^  +  i'a-  %  + A.  Op^^P,.Op,  =  0. 

If  the  projections  of  the  displacement  be  denoted  by /?j ,  /?jj,  ..., 
and  if  these  quantities  are  supposed  to  carr}-  their  proper  signs 


Fig.  68. 
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with  them,  this  equation  becomes,  the  number  of  forces  being 
any  whatever, 

A-i^i  +  ^2-i'2  +  A-i'3+  ...  =  0,  (1) 

or  2  (P  .p)  =  0.  (2) 

63.]  General  Displacement  of  a  Particle.  The  most  general 
displacement  of  a  single  particle  is  a  simple  motion  of  translation 
from  the  point,  0,  which  it  occupies,  to  another  point,  A.  It  is 
true  that  in  Molecular  Dynamics,  very  small  portions  of  matter 
are  conceived  as  capable  not  only  of  translations  but  also  of 
rotations  about  axes  through  themselves.  Indeed  every  portion 
of  matter,  since  it  must  possess  extension  in  space,  must  be 
capable  of  both  kinds  of  displacement ;  but  any  consequences 
resulting  from  rotational  displacement  of  a  particle  may  be  at 
present  entirely  neglected. 

64.]  Deduction  of  the  Equations  of  Equilibrium  from  the 
Equation  of  Virtual  Work.  Through  0  draw  any  two  axes.  Ox 
and  Oy,  rectangular  or  oblique,  and  let  a  and  )3  be  the  projections 
of  the  virtual  displacement,  OA^  along  these  axes.  Replace  the 
force  Pi  by  its  components,  X^  and  J^,  along  Ox  and  Oy.  Then 
(Art.  58) 

Similarly,  P^ .  jOg  =  aZg +)3  T^ , 


Hence  equation  (1)  of  Art.  62  becomes 

a(Xi  +  X2  +  J3+...)  +  ^(^i+^2+^3+...)  =  ^» 
or  a2X+/32r=0.  (l) 

Now  a  and  /3  are  perfectly  independent  of  each  other.     For, 

the  displacement  OA  may  be  chosen  so  as  to  keep  a  constant 

while  varying  fi  at  pleasure,  or  vice  verMcl.     Suppose,  then,  that 

P^  and  a  are  the  projections  of  a  new  virtual  displacement,  and 

we  shall  have  ^      ,    ^ 

a2X+)3'Sr=0.  (2) 

Subtracting  (2)  from  (1),  we  have 

Now  ;3— /3^  is  not  =  0,  therefore  ST  must  =  0 ;  and  in  the  same 
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way  DX  =  0.     Hence  we  arrive  at  the  equations  of  resolntion  of 

*'•»«'*»  sz=o,  sr=o. 

which  were  deduced  in  Chap.  II.* 

65.]  Elementary  Virtual  Work.  In  the  general  equation  of 
virtual  work,  for  forces  acting  in  equilibrium  on  a  9ingle  particle, 
namely, 

A-A  +  A-i'2  +  ^3-A+—  =  0,  or2(P.;?)  =  0, 

no  limitation  has  been  placed  upon  the  magnitude  of  the  virtual 
displacement.  This  equation  is  true^  independently  of  its 
magnitude ;  but  it  is  generally  more  convenient  to  assume  the 
virtual  displacement  to  be  infinitesimal,  even  in  the  case  of  the 
equilibrium  of  a  single  particle,  and  it  is  absolutely  necessary  to 
do  so  (as  will  presently  be  seen)  in  treating  of  the  equilibrium  of 
a  connected  system  of  particles. 

If  the  virtual  displacement  is  infinitesimal,  its  projections, 
J^ii  P29  •••>  on  the  several  forces  acting  upon  the  particle  are  all 
infinitesimal.  We  shall,  therefore,  denote  these  small  projections 
in  future  by  dj^^,  d^j)  •••>  ^^^  the  equation  of  elementary  virtual 
work  will  be 

A-^/^i  +  ^2-^ft  +  ^3-^A  +  ---  =  0, 
or  ^Pbj)  =  0. 

66.]  Case  in  which  the  Virtual  Work  of  a  Force  vanishes. 
If  a  force  P  act  at  a  point  0,  and  if  the  virtual  displacement  OA 
is  at  right  angles  to  the  direction  of  P,  it  is  clear  that  bp,  the 
projection  of  OA  on  the  direction  of  P,  is  equal  to  zero.  Hence, 
loien  the  virttial  displacement  is  at  right 
angles  to  the  direction  of  the  force^  the 
virtual  work  of  the  force  =  0,  and  the 
force  will  not  enter  into  the  equation 
of  virtual  work.  Such  a  virtual  dis- 
placement is  always  a  convenient  one 
to  choose  when  we  desire  to  get  rid  of 
some  unknown  force  which  acts  upon 
a  particle  or  a  system.  For  example, 
let  a  particle,  0,  of  weight  If^  be  sus- 
tained on  a  smooth  inclined  plane  by  a  force,  P,  making  an  angle 

*  These  equations  are,  of  course,  implied  in  the  proof  of  the  principle  of 
virtual  work  i^Art.  59). 
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Fig.  70. 


B  with  the  plane.     If  we  wish  to  find  the  magnitude  of  P  in 

terms  of  W^  without  bringing  the  unknown  reaction,  -ff,  into  our 

equation,  we  conceive  0  as  receiving  a  virtual  displacement,  OA 

(the  magnitude  of  which  is,  in  the  present-  ease,  unlimited),  at 

right  angles  to  72,  that  is,  along  the  plane.     Drawing  Am  and 

An  perpendicular  to    W  and  P,  respectively,  the   equation   of 

virtual  work  is 

W.  Om-P.On  =  0. 

But  Om  =  OA .  sin  i,  and  On  =  OA .  cos  0 ;  therefore 

^sin  I  — Pco3  ^  =  0. 

As  a  second  example,  let  us  suppose 
that  the  plane  is  rough,  and  that  the 
particle  is  on  the  point  of  being 
dragged  up  the  plane.  The  normal 
resistance  will  then  be  replaced  by 
the  total  resistance,  X,  inclined  to 
the  normal  at  an  angle  =  \,  the 
angle  of  friction.  Let  the  virtual 
displacement,  OA  (Fig.  70),  now  take 
place  perpendicularly  to  R.   Then  the  equation  of  virtual  work  is 

^JF.Om  +  P.  On  =  0. 

But  Om  =  OA  .sin  (/  +  X),  and  O71  =  OA  .cos(X  — d);   therefore 

JF.  sin  {i  +  \)  =  P  cos  (A-^). 

As  a  third  example,  let  us  find  the  horizontal  force  which  is 
necessary  to  keep  a  heavy  particle  in  a  given  position  inside  a 

smooth  circular  tube  (Fig.  71). 

Let  the  virtual  displacement, 
OA,  be  an  indefinitely  small  one 
=  ds,  along  the  tube.  Then 
since  ds  is  infinitesimal,  the  pro- 
jection of  OA  on  a  will  be  zero. 
Also  Om  —  ds  .  sin  d,  and  On  = 
P  ds .  cos  d ;  therefore  the  equation 
of  virtual  work  is 

—  Wds .  sin  ^  +  Pds .  cos  ^  =  0, 

or  P-Wi&xie. 


Fig.  71. 


If  the  tube  is  rough,  and  the  particle  in  limiting  equilibrium, 
instead  of  the  normal  reaction  we  must  draw  the  total  resistance, 
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making  the  angle  A  with  the  normal  at  the  right  or  left  hand 
side,  according  as  P  is  the  force  which  juH  suitains  the  particle, 
or  the  force  which  will  just  drag  it  up  the  tube,  and  take  the 
virtual  displacement,  not  along  the  tube,  but  at  right  angles  to 
the  total  resistance.     In  this  case  we  obtain 

P=  »^tan(^  +  X). 

67.]  Condition  of  Equilibrium  of  a  Particle  as  determined 
by  the  Prinoiple  of  Virtual  Work.  It  will  now  be  sufficiently 
clear  that — 

For  the  equilibrium  of  a  free  particle  acted  on  hy  any  forces  in  one 
plane  it  is  necessary  and  sufficient  that  the  virtual  tcork  of  the  system 
of  forces  for  every  arbitrary  displacetnent  whatsoever  should  vanish. 

First,  it  is  necessary  that  the  virtual  work  should  vanish  for 
every  displacement.  For,  the  sum  of  the  virtual  works  of  the 
forces  is  equal  to  the  virtual  work  of  their  resultant,  and  if  this 
sum  did  not  vanish,  the  resultant  force  could  not  vanish,  and 
therefore  the  particle  could  not  be  in  equilibrium. 

Secondly,  it  is  sufficient  that  this  sum  should  vanish  for  every 
displacement.  This  sum  is  equal  to  the  virtual  work  of  the  re- 
sultant, and  if  this  vanishes  for  all  possible  displacements,  the 
resultant  force  itself  must  be  zero,  and  therefore  the  particle  is 
at  rest.  For,  if  possible,  let  there  be  a  resultant  S,  which  is  not 
zero.  Then,  since  the  virtual  displacement  is  quite  arbitrary,  we 
may  choose  it  so  that  it  gives  a  projection  =  5r  (which  is  not 
=  0)  on  the  direction  of  JR,  Now,  since  the  virtual  work  of  the 
system  vanishes,  we  have         Rbr  =  0. 

But  since  dr  is  not  =  0,  B  must  be  =0,  and  the  particle  is, 
therefore,  at  rest 

68.]  Normals  to  Carves.  The  equation  of  virtual  work 
furnishes  a  ready  method  of  draw- 
ing normals  to  certain  curves.  For 
example,  to  draw  a  normal  at  any 
point,  0,  of  an  ellipse  (Fig.  72) 
let  a  particle  be  placed  at  0  inside 
a  smooth  elliptic  tube  whose  foci 
are  F  and  F,  and  let  it  be  kept  in 
equilibrium  by  two  forces,  P  and 
i^,  directed  towards  the  foci.     Let  ^^'  ^^' 

OF  =  r,  OF^  =  /.     Then  by  the  property  of  the  ellipse, 

r  +  /  =  a  constant. 
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Hence^  proceeding  to  a  close  point,  A,  we  have 

Jr  +  8/=0.  (1) 

Now  the  resultant  of  P  and  P^  is  normal  to  the  curve,  and  is 
destroyed  by  the  normal  reaction.  Drawing  Am  and  Amf  per- 
pendicular to  P  and  P^y  the  equation  of  virtual  work  is 

P.Om-^P".  Ofnf  =  0. 

But  Om  =  —  8r,  and  Om^  =  J/;  therefore  this  equation  becomes 

P.br-^P'.br  =0.  (2) 

Equation  (1)  gives  b/=  —  5r  ;   therefore,  substituting  in  (2), 
we  have 

or  the  forces  towards  the  foci  must  be  equal.  But  the  resultant 
of  two  equal  forces  bisects  the  angle  between  them. 

Hence  the  normal  at  any  point 
of  an  ellipse  bisects  the  angle 
between  the  focal  radii  drawn  to 
the  point. 

Again,  the  ovals  of  Cassini  are 
given  by  the  equation 

r  and  /  being  the  distances  of  a 
point,  0,  on  the  curve  (Fig.  73),  from  two  fixed  points,  Fsnd  F. 
If  two  forces,  P  and  jP,  act  at  0  towards  F  and  F\  their  resultant 
being  normal  to  the  cur\^e,  we  have  for  a  small  virtual  displace- 
ment along  the  curve 

Phr  +  Fh/  =  0.  (1) 

But,  differentiating  the  equation  of  the  curve, 

/5r  +  r5/=  0,  (2) 

Hence  from  (1)  and  (2) 

P_/ 

P'-f- 
Now,  if  C  is  the  middle  point  of  FF\  we  have 

/  _  sin  P  _  sin  COF 
r  ""  sin  F' "~  sin  COr ' 

Therefore  P  __  sin  COF 

y  ""  sin  COF' ' 
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Bat  if  ON  be  the  direction  of  the  resultant, 

p_sinjmr 

Hence  NOF^  =  COF\  and  the  oormal  is,  therefore,  constructed 
by  joining  the  point  0,  on  the  curve,  to  the  middle  point  of  the 
line  joining  the  foci,  F  and  ^,  and  then  drawing  the  right 
line  ON  so  that  Z  NOF'  =  Z  COF.  The  line  ON  is  the  normal 
at  0- 

Examples. 

1.  If  the  equation  of  a  curve  is  expressed  in  the  form  --p  =  k, 

k  being  a  constant,  and  r,  /  the  distances  of  any  point  on  the  curve  from 
two  fixed  points,  A^  B,  show  that  the  normal  to  the  curve  divides  ^^ 
externally  in  the  ratio  ^:  1,  and  that  the  curve  is  therefore  a  circle. 

2.  Prove  that  the  normal  to  the  curve  -r+-7i  =  -=  divides  AB  in 


the  ratio  (-?V 


3.  Give  a  simple  construction  for  the  normal  to  a  Cartesian  oval, 
whose  equation  is  lr-\-mr^  =  a, 

4.  The  equation  of  the  magnetic  curve  is  cos  a>  +  cos  a>^  =  ^ 
(example  37,  p.  51).  If  iV  and  S  are  the  poles,  prove  that  the 
normal  at  a  point  F  is  constructed  by  measuring,  on  lines  per- 
pendicular to  PiV  and  FS,  lengths  proportional  to  FS^  and  PiV^*, 
respectively,  and  proceeding  as  in  last  Article. 

5.  The  equation  of  any  curve  being  /(r,  /)  =  0,  prove  that  if  the 
normal  is  constructed  by  measuring  constant  lengths,  Fa  and  P6, 
from  a  point  P  on  the  curve,  along  the  lines  FA  and  FBy  the  curve 
must  belong  to  the  Cartesian  ovals. 

[This  follows  at  once  from  the  integral  of  the  equation  j    =  ^;^> 

for  this  integral  gives  f^<l>  (^+/);  therefore  all  such  curves  give 
itr+r'  =  const.] 

6.  Show  that  for  curves  given  by  the  equation  /(o),  a>')  =  0,  a 
construction  similar  to  that  in  the  last  example  (except  that  the 
constant  lengths  are  measured  on  perpendiculars  to  FA  and  FB)  will 
hold  only  when  the  equation  is 

tan  —  tan   —  =  A;. 
2  2 

[This  follows  from  the  integral  of  the  equation 

I  df       k  df  df      .    ,      ,df 

r  ao>      r  aoi  aa>  aa> 
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for  the  method  of  obtaining  which  integral  see  Boole's  Differential 
Equations,  p.  328]. 

7.  Apply  the  result  in  the  last  example  to  construct  the  normal  to 
an  ellipse  at  any  point. 


CO 


O) 


[The  equation  of  the  ellipse  is  tan  ^  •  tan  —  =  k,] 

The  general  theorem*  of  which  these  are  particular  cases  is 
the  following: — Let  the  equation  of  any  curve  be  expressed  in 
the  form  - ,  .  ^ 

r„,   denote   the  distances  of  any  point,  P, 
( Fig.  74),  on  the  curve,  from  a  number 

of  fixed  points,  ^j ,  ^2  >  -^3  >  •  •  •  -^n »  ^^^^i 
if  on  PA^ ,  PA^ ,  PA^,  . . .  PA^ ,  we  mea- 
sure off  lengths  Pa^ ,  Pa.^ ,  Pa^ , . . .  Pa^ 
proportional  to 

dr-^ '    dr^     dr^     ' ' '  dr^ 

and  find  G,  the  centroid  (*  centre  of 
gravity')  of  the  points  «i,  fl2»  ^»  •••  ^«' 
PG  will  be  the  normal  to  the  curve  at  P.  [f  is  used  for  shortness 
instead  of/ (r^ ,  fg ,  ^3 , , . .  r^) ] . 

The  proof  of  this  theorem'  is  exceedingly  simple  from  a  statical 
point  of  view.  Suppose  a  number  of  forces,  P^,  Pj^,  P3, ...  jP„, 
to  act  at  P  along  the  lines  PA{,  PA2,  PA^, ...  PA^\  then  these 
forces  will  have  a  resultant  normal  to  the  curve  if 


But 


P^br^  +  P,^br2  +  P;ibrr^...  +P^br^=  0. 


dr,''^^^,^''^^d7,''^'''^^'''-='' 


dr. 


hence  if 


the  resultant  acts  in  the  direction  of  the  normal.  The  rest 
easily  follows  by  Leibnitz's  graphic  method  of  representing  the 
i*esultant  of  any  number  of  concurrent  forces  (see  p.  21). 

This  theorem  may  be  extended  to  curves  given  by  equations 
of  the  form  ,  . 

/(COI,  0)2,  W3,   ...O),,)  =  0, 


*  ThiB  theorem  is,  I  believe,  due  to  Tschimhausen. 
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where  a>|,  o>2,  (03,  ...  co^  are  the  angles  which  PA^,  PA^,  PA^, 
. . .  PA^  make  with  a  fixed  line. 

Let  forces  Qx»  §2*  93»  •••  §»»  *c*  **  ^  perpendicularly  to  the 
lines  PAi,  PA^,  PA^,  ...  PA^.  Then  the  virtnal  work  of  Q^  for 
a  displacement  along  the  curve  is  evidently  Q^r^  b  coi .  Hence  the 
forces  will  have  a  resultant  normal  to  the  curve  if 

QiriJa)l+  Q2^2^«2+  Qz^Z^^Z'"   +  Qn^n^f^n  =  0. 

But  r^Ja),+   7^ia).,+  T-^  6a)«...  +  V^   8ft)-  =  0  ; 

«a)i  «a)2      **      «ft)3  ^/w^ 

therefore  the  resultant  will  be  normal  if 

^1-  y:2-  ^3- •••  ^*       ri^ft)/;-2^a)/r3^a)3    ">,  ^w^ 
Consequently,  the  rule  is — measure  off  lengths,  Pd^,  Pb^,  &c., 

proportional  to  — j^  >  ——-!—  ,  &c.,  on  lines  drawn  at  P  per- 

^i«<«>i     ^•2«<^2 
pendicularly  to  PA^,  PA^,  &c.,  in  the  directions  in  which  the 

angles  co^,  0)2 »  ^'^  increase ;  find  the  centroid  of  the  points,  ^j, 

b.y,  frc. ;  then  the  line  joining  this  point  t.o  P  is  the  normal  to 

the  curve. 

Section  II. 

A  System  of  two  Particles 

69.]  Projection  of  a  Displaced  Line  of  Constant  Length. 
Let  a  line,  AB  (Fig.   75),  be  a 
right  line  which  is  displaced  into 
any  close  position,  A^B',  its  length         ^ 
remaining  constant.     Let  5^  be  p^g,  ^t^, 

the  small  angle  between  AB  and 

A'B^y  and  let  ah  be  the  projection  of  A'B^  on  its  original  position. 
Then  Aa^  the  projection  of  the  displacement  AA\  is  equal  to  Bb, 
the  projection  of  the  displacement  BB^,  if  infinitesimals  of  a 
higrher  order  than  the  first  are  negflected. 

For,  ad=^'^.cos(6(9)=^'J5'(l-  ^^  +  •••)• 

Hence  the  difference  between  ab  and  A'B^  (or  AB)  is  of  the  order 
of  (6^)^;  and  therefore,  rejecting  (6^)*,  we  have 

AB  =  ab, 
:,    Aa  =  Bb. 
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The  result  may  be  thus  stated : — ^the  difference  between  AB 
and  ab  is  infinitesimal  compared  with  the  greatest  displacement 
in  the  figure. 

70.]  Projection  of  a  DiBplaeed  String  of  Constant  Length. 

Let  APB  be  a  string  which  passes  over 
a  peg  at  P,  and,  the  length  of  the 
string  remaining  the  same,  let  the 
extremities,  A  and  By  be  slightly  dis- 
placed to  A'  and  B^.  Let  Aa  and  Bb 
be  the  projections  of  the  displacements 
AA'  and  BB^  on  the  original  portions 
of  the  string  (Fig.  76).  Then  Aa 
=  Bb. 

For  Pa  =  PA' ,  cos  aPA'  =  PA\  as 
in  the  last  Article. 

Also  Pb  =  PB'.  Hence,  since  PA' 
^Pff  =  PA-\rPB,  Pa  +  Pb=PA-\- 
PBj  therefore  Aa  =  Bb. 

If  in  the  last  Article  /  =  the  length 

of  ABy  and  in  the  present,  /  =  length  of  the  string,  both  results 

are  expressed  in  the  equation 

5/  =  0. 

71.]  Virtual  Work  of  the  Tension  of  an  Inelastio  String. 
In  Fig.  76  suppose  the  peg  to  be  smooth.  Let  A  and  B  be  two 
particles  which  are  acted  on  by  any  forces  which  keep  the 
system  in  equilibrium  in  the  position  indicated  by  the  figure. 
Then  if  we  consider  the  equilibrium  of  A  alone,  we  may  replace 
the  string  by  a  force  =  T  (the  tension)  acting  in  AP.  Con- 
sidering then  a  virtual  displacement  AA\  the  tension  would 
furnish  the  tenn  j. .  Aa,  or -T .  i^r, 

to  A*8  equation  of  virtual  work,  the  length  PA  being  denoted  by 
Similarly,  considering  the   equilibrium  of  B,  the  tension 


Fig.  76. 


r. 


would  furnish  to  its  equation  of  virtual  work,  for  the  virtual 
displacement  BB',  the  term 

—r.Bd,  or— r,5/, 

/  denoting  the  length  of  PB. 

If  we  combine  the  two  equations  by  addition,  the  term  con- 
tributed by  the  tension  will  be 

-r(5r  +  5/),  or  -7.5/, 
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which  =  0,  since  the  particles  A  and  B  are  imagined  to  be 
simaltaneonsly  displaced  in  sach  a  manner  that  the  length  of 
the  connecting  string  is  constant.     Hence — 

For  any  small  virlual  displacement  in  which  the  length  of  a 
string  is  unaltered^  the  virtual  work  of  its  tension  =  0. 

In  the  same  way,  if,  in  Fig.  74,  the  rod  AB,  connecting  two 
particles  A  and  B^  be  subject  to  a  tension,  T,  in  the  direction 
of  its  length,  the  virtual  work  of  this  tension  for  the  displace- 
ment A'B^  will  be 

T.{Aa^B6),  or -T.hAB, 

which  =  0,  because  the  length  of  AB  is  constant. 

Hence — The  virtual  work  of  the  tension  of  a  rod  connecting  two 
points  whose  mutual  dist^ince  is  unaltered  in  the  virtual  displace- 
ment is  zero, 

72.]  Typical  Expression  for  the  Virtual  Work  of  a  Force. 
Example. — We  have  seen  (Art  65)  that  if  a  force,  P,  act  on 
a  particle,  0,  whose  virtual  displacement,  OA,  has  a  projection 
=  hp  on  the  line  of  action  of  P  in  the  direction  in  which  P  acta, 
the  virtual  work  of  P  is  -^ 

r  .op. 

GeneraUy,  if  p  denote  the  co-ordinate^  referred  to  some  fixed 
axis,  of  the  point  of  application  of  a  force^  P,  whose  direction  is 
perpendicular  to  the  axis^  the  virtual  work  of  the  force  is  P.bp,  bp 
being  supposed  to  he  a  positive  incremcfit,  ami  the  co-ordinate  being 
measured  in  the  sense  in  which  P  acts. 

As  an  example,  let  us  determine  the  relation  between  the 
two  connected  masses. 
P  and  y  (Fig.  77), 
which  rest  on  two 
smooth  inclined  planes, 
of  inclinations  i  and  i\ 
Let  If  and  y  denote 
the  co-ordinates  of  the  ^*8-  77- 

centres  of  gravity  of  the  masses,  referred  to  a  horizontal  plane 
through  0.  Then  the  equation  of  virtual  work  for  the  system, 
the  displacements  being  imagined  to  be  along  the  planes,  is 

P.Jy  +  P'.5/=0.  (1) 

[Here  it  will  be  observed  that  the  normal  reactions  do  not 
enter,  because  the  virtual  displacements  take  place  at  right 
angles  to  them  (see  Art.  66) ;  and  the  tension  does  not  enter, 
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since  the  virtual  displacement  does  not  alter  the  leng^  of  the 
string  (see  Art.  71)]. 

To  this  must  be  added  the  geometrical  equation  connecting 
y  and  y\     If  I  be  the  length  of  the  string,  we  have,  clearly, 


Sin  I      smi 
Differentiating  this  equation,  we  have 


^     •       •'^  7,  =  0.  (2) 


sin  t       sm  i 
Hence,  from  (l)  and  (2), 

P  sin  i  =z  P^  sin  i', 

an  equation  which  is,  of  course,  otherwise  evident. 

If  the  masses  are  connected  as  in  example  16,  p.  63,  we  have 
still  the  equation  of  virtual  work^ 

Pby+Qh/=0,  (3) 

y  and  ^  denoting  the  vertical  distances  of  P  and  Q  in  the  figure 
of  that  example  &om  a  horizontal  plane  through  C. 

From  (3)  we  can  deduce  the  relation  between  P  and  Q  in 
terms  of  the  angles  0  and  0  given  in  example  1 6,  p.  63.  For, 
y=zA  cos  a  (sin  a  cot  0  +  cos  a),  with  a  similar  value  of  y ;  therefore 

^  sin  a  cos  a    ^^     ^  ,  ^siniScosjS   ^ 

sm^  0  sin^  (f) 

But  -: — ;:  +  -; — :  =  T »  •*•  bv  difierentiatinff  this,   we   have 
smd      sin<^      /  -^  ^* 

cos  a  cos  0   ^-      cosBcoaS    ^,       ^       ^^    ^bv  sinacosd^ 

— r-s- — .b0-\-  — «  2  ^  ^.50  =  0,sothatrS=  --T— ^ ^» 

sin^  0  sm*  (f)  by  sm  fi  cos  0 

Q 
and  this  =  —-^^   by  (3).     Hence    the    relation   between    the 

masses  before  obtained. 

73.]  Forces  of  Constraint.  When  a  particle  is  compelled  to 
satisfy  some  geometrical  condition — as,  for  instance^  to  rest  on  a 
given  smooth  surface,  or  to  pi*eserve  a  constant  distance  from 
some  other  particle — this  condition  is  equivalent  to  the  action  of 
a  certain  force  on  the  particle.  If  the  particle  is  compelled  to 
rest  under  given  forces  on  a  smooth  inclined  plane,  we  have  seen 
that  this  condition  may  be  removed  if  we  produce,  by  any 
means,  a  force  exactly  equal  to  the  normal  reaction  of  the  plane 
on  the  particle.     In  the  same  way,  the  connexion  of  the  particle 
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with  another  by  means  of  a  rigid  rod  may  be  severed  if  we 
produce  on  the  particle  the  force  which  is  actually  impi'essed 
upon  it  by  the  rod. 

Forces  proceeding  from  geometrical  connexions  are  sometimes 
called  geometrical  f orcein  or  forces  of  constraint,  and  if  these  forces 
are  actually  produced  on  the  particle  by  other  means^  the 
conditions  may  be  violated,  and  the  particle  considered  absolutely 
&ee  fix)m  constraint. 

74.]  Choice  of  Virtual  Displacements.  When  two  or  more 
particles  constituting  a  system  are  connected  by  rods  or  strings, 
and  constrained  to  rest  on  given  smooth  curves  or  surfaces, 
there  is  an  advantage,  when  seeking  for  the  position  of  equi- 
librium, in  choosing  sucA  virtual  displacements  as  do  not  violate 
any  of  these  cojiditions  ;  because,  as  we  have  seen,  the  tensions  of 
the  connecting  rods  or  strings,  and  the  reactions  of  the  smooth 
curves  or  surfaces,  will,  for  such  virtual  displacements,  contribute 
nothing  to  the  equation  of  virtual  work  of  the  system.  Thus 
we  get  rid  at  once  of  all  such  unknown  forces.  Of  course,  any 
geometrical  condition  may  be  violated  in  a  virtual  displacement 
at  the  expense  of  bringing  into  the  equation  of  virtual  work  tht* 
corresponding  force  of  constraint. 

For  example,  if  a  particle,  0 
(Fig.  78),  is  placed  on  a  smooth 
plane  whose  inclination  is  i,  and 
we  wish  to  find  the  horizontal 
force,  Py  which  will  sustain  it, 
the  best  displacement  to  choose 
is  one  along  the  plane,  i.e.  one 
which  does  not  violate  the  geome- 
trical condition,  because,  if  this  is 
chosen,  the  unknown  reaction,  i2, 

will  not  appear  in  the  equation  of  virtual  work.  But  we  sh^ll 
still  get  a  valid  equation  if  we  choose  a  virtual  displacement, 
OA^  which  does  violate  the  condition.     This  equation  is 

B .  Or-P.  Op^  jr.  Ow  =  0, 

(ky  Op,  and  Ow  being  the  projections  of  OA  on  the  directions  of 

jB,  P,  and  JF,  respectively. 

On  the  other  hand,    if  we  wish  to  determine   R,    without 

determining  P,  the  best  virtual  displacement  to  choose  is  one 

H  2 


W 


Fig.  78. 
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at  right  angles  to  P,  i.  e.  a  vertical  displacement,  which  does 
violate  the  geometrical  condition. 

In  the  typical  expression,  Php,  for  the  virtual  work  of  a  force 
the  letter  b  has  been  used  to  signify  that  the  small  displacement 
is  any  whatever ;  but  it  is  usual  in  the  Differential  Calculus  to 
denote  small  increments  of  the  co-ordinates  of  a  point  on  a  curve 
or  surface  by  the  letter  d,  when  we  pass  from  the  point  to  an 
adjacent  one  toAicA  also  lies  on  the  curve  or  surface.  Hence  in  the 
following  examples,  in  which  such  passage  alone  is  contemplated, 
we  shall  denote  small  displacements  on  the  curves  considered 
by  this  letter. 


Examples. 

1.  Two  heavy  particles,  F  and  P^  (Fig.  79),  rest  on  the  concave 
Bide  of  a  smooth  vertical  circle,  and  are  coDnected  by  a  string  passing 

over  a  smooth  peg,  A^  at  the 
extremity  of  the  vertical  dia- 
meter. If  the  particles  are 
acted  upon  by  two  horizontal 
forces,  ^and  jP',  proportional 
to  the  distances,  FQ  and 
P'©',  of  the  particles  from 
the  vertical  diameter,  find 
the  position  of  equilibrium 
by  the  principle  of  virtual 
^Y     work. 

Let  0  and  ff  be  the  angles 
which  the  radii  to  F  and  P' 
make  with  the  vertical;  let 
the  weights  of  the  particles 
be  W  and  W'\  the  radius 
of  the  circle  =  a,  the  length  of  the  string  =  2,  and  the  forces 
F  and  F  =  ii.,FQ  and  \x\F^Qf,  respectively.  Finally,  let  the 
distances  FQ  and  F^Q^  he  x  and  a/,  and  let  the  vertical  distances 
of  P  and  P'  below  the  horizontal  diameter  of  the  circle  be  y  and  y'. 

.Then,  choosing  virtual  displacements  of  P  and  P'  along  the  circle 
in  such  a  manner  that  the  length  of  the  connecting  string  remains 
unaltered,  we  have 

Wdi/  +  W'd/  +  Fdx  +  Fdx'  =  0, 
or  Wdy-\-Wdy  '\'\kx.dx-\-y!x^.dxf  —  {^,  (1) 

Now     y  =  a  cos  6,     y'  -=  a  cos  ^,     ^  =  a  sin  ^,     a?'  =  a  sin  ^. 
Hence  (1)  becomes 

(fr-ftaco8^)siad(i^  +  (>#"--fx'aco808in^rf^=  0.        (2) 


Fig.  79. 
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Again,  ^P  =  2aco8-,     -4/*^=  2a  cos-- 

£  2 

Hence  Uie  geometrical  equation  is 

e         $'       I 

C08-+CO8-=   -^.  (3) 

Differentiating  this,  we  have 

0  ft' 

sin-  .(i(?  +  8in-.c^6'=  0.  (4) 

From  (2)  and  (4),  we  have,  therefore, 

(F— ftacos^)co8-  =  (H''— /iaco8(/)co8-  .  (6) 

^  2 

The  solution  of  the  problem  is  contained  in  equations  (3)  and  (5). 

2.  Two  heavy  particles,  F  and  P',  rest  on  two  smooth  curves  in  a 
vertical  plane,  and  are  connected  by  an 
inextensible  string  which  passes  over  a 
smooth  peg,  A  (Fig.  8o),  in  the  same 
plane.  Prove  that  in  the  position  of 
equilibrium,  the  centre  of  gravity  of  the 
particles  is  at  the  greatest  or  least  height 
above  the  horizon  that  it  can  occupy  con- 
•istently  with  the  given  conditions. 

Let  y  and  ^  denote  the  vertical  dis- 
tances of  P  and  F'  from  a  horizontal  line 
through  A    (or  through  any  other  fixed  Fig.  8o. 

point).      Then,   the  displacement   being 
made  consistently  with  the  geometrical  conditions,  we  have 

W  and  W  being  the  weights  of  F  and  P'. 
Now,  the  depth  of  the  centre  of  gravity  is  y,  where 

.        Wy-\.WW 

Hence,  differentiating  (2), 

( Tr+  W)  dy  =  Wdy  +  W'dy'  =  0 ;  (3) 

and  y  is  therefore  a  maximum  or  minimum. 

If  equation  (3)  holds  in  all  positions  of  the  particles,  they  will  rest 
in  all  positions,  and  their  centre  of  gravity  is  at  a  constant  height. 

3.  Solve  example  12,  p.  19,  by  Virtual  "Work. 

(Choose  a  displacement  of  0  along  the  diameter  of  the  circle.) 

4.  If  the  normals  at  F  and  F^  (Fig.  8o)  meet  the  vertical  line 
through  Amn  and  n^,  prove  that  in  the  position  of  equilibrium 

An  An 

a  result  which  is  at  once  evident  from  the  triangle  of  forces. 
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5.  If  the  particle  P  hang  freely,  find  the  curve  on  which  i^  will 
rest  in  all  positions  of  the  system. 

Ana,  A  conic  having  A  for  focus. 

6.  If  P  and  P'  rest  in  all  positions,  and  if  the  curve  on  which  P* 
rests  is  given,  find  that  on  which  P  rests. 

Atis,  Let  the  horizontal  line  through  A  be  taken  as  axis  of  a?, 
I  =  the  length  of  the  string,  y^  =  f[A  P^)  be  the  equation  of  the  given 
curve,  and  Wy-\-  W'^  =  k\  then  the  equation  of  the  other  curve  will  be 

Wy  =  h-V,-'f{l-r\     or     r=^{y), 
where  r  =  AP. 

7.  A  particle  is  attracted  towards  two  fixed  points  by  two  constant 
forces :  find  the  curve  on  which  it  will  rest  in  all  positions. 

Ans,  A  Cartesian  oval. 

8.  A  particle  is  acted  upon  by  forces  emanating  from  a  given 
number  of  fixed  points  and  proportional,  respectively,  to  the  distances 
of  the  particle  from  the  fixed  points;  find  (by  Virtual  Work)  the 
surface  on  which  the  particle  will  rest  in  all  positions. 

Ans.  A  Sphere.     [See  also  p.  22.] 

9.  Show  from  p.  94  that  the  two  i^ystems  of  curves  obtained  by 
varying  C  and  C"  in  the  equations 

*»ilog*'i  +  w»^logrj  +  m8logr,+  ...=  C, 

cut  each  other  orthogonally. 

10.  A  small  ring  is  carried  on  a  smooth  wire  bent  into  the  shape 
of  the  magnetic  curve  ;  what  is  the  relation  between  two  forces 
directed  towards  the  poles  if  they  keep  the  ring  in  equilibrium  1 

Ans.  If  the  forces  towards  JTand  AS'are  P  and  P',  both  attractive 
or  both  repulsive,  and  if  LNPS  =  o),  while  NP  —  r,  SP  =  /, 

P  (r"-/«  cos  co)  +  P'  (/^-r»  cos  w)  =  0. 

[The  student  is  recommended  to  solve  some  of  the  examples  in 
pp.  64-66  by  the  Principle  of  Virtual  Work.] 


CHAPTER  V. 

COMPOSITION   AND   RESOLUTION   OF   FORCES  ACTING    IN   ONE 

PLANE   ON  A    RIGID   BODY. 


75.]  Besnltant  of  two  Parallel  Forces.  Let  two  parallel 
forces,  P  and  Q  (^g*  Si),  act  at  points  A  and  i9,  in  the  same 
sense,  on  a  rigid  body.  It  is  required  to  find  the  resultant 
of  the  forces  P  and  Q. 

At  A  and  B  introduce  any  two  equal  and  opposite  forces,  F, 
The  introduction  of  these  forces  will 
not  disturb  the  action  of  P  and  Q, 
eince,  the  body  being  indeformable 
(see  Art.  22),  the  force  jP  at  ^  may 
be  supposed  to  be  transferred  to  By 
at  which  point  it  would  be  directly 
opposed  to  the  other  force,  F.  Com- 
pound P  and  F  B.t  A  into  a  single 
force,  22,  and  compound  Q  and  F  2LiB 
into  a  single  force,  S,  Then  let  R 
and  8  be  supposed  to  act  at  0,  the 
point   of  intersection  of  their  lines 

of  action,  which  is  to  be  considered  as  rigidl}*^  attached  to 
the  body.  At  this  point  let  them  be  resolved  into  their  com- 
ponents, P,  F^  and  Q,  -F,  respectively.  The  forces  F  at  0  destroy 
each  other,  and  the  components  P  and  Q  are  superposed  in 
a  right  line,  OG,  parallel  to  their  lines  of  action  at  A  and  B, 
The  magnitude  of  the  resultant  is,  therefore,  P+Q.  To  find 
the  point,  G,  in  which  its  line  of  action  intersects  AB^  let  the 
extremities  of  P  and  R  (acting  at  A)  be  joined.  Then  the 
triangle  PAR  is  evidently  similar  to  the  triangle  GO  A  ;  there- 
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fore    -jr  =  ry-^.     Similarly,    ^  =  — =^ ;     therefore,  by  division, 
P       GB      ^ 

The  resultant  of  two  parallel  forces  acting  in  the  same  sense 
at  the  extremities  of  a  given  line  divides  this  line  internally  into  two 
segments  in  such  a  way  that  each  segment  is  inversely  proportional 
to  the  force  acting  at  its  extremity. 

Suppose,  now,   that   the   parallel   forces,  P  and    Q,   act  in 

opposite  senses.  At  A  and  B  (Fig. 
82),  let  two  equal  and  opposite  forces, 
F^  be  introduced,  as  before ;  and  let 
iZ,  the  resultant  of  P  and  t\  and  5, 
the  resultant  of  Q  and  F^  be  trans- 
ferred to  0,  their  point  of  intersec- 
tion, supposed  to  be  rigidly  attached 
to  the  body.  If  at  0  the  forces  R 
and  S  are  decomposed  into  their  ori- 
ginal components,  it  is  clear  that 
the  system  will  reduce  to  a  force,  P, 
acting  in  the  direction  (?0,  parallel 
to  the  direction  of  P  and  Q,  and  a  force,  Q,  acting  in  the  direction 
OG.  Hence  the  resultant  is  a  force  =P--  Q  acting  in  the  line  60, 
To  determine  the  point  (7,  we  have,  from  the  similar  triangles, 
PAR  and  OGA, 


P-q 


-  ;  also  we  have-^  =  ^^ ;  therefore   q  =  ^ 


P  _ 

F  ~ 

Hence — 

The  restiltant  of  two  parallel  forces  acting  on  a  rigid  body  in 
opposite  senses  at  the  extremities  of  a  given  line  cuts  this  line 
externally  into  two  segmenU^  in  such  a  way  that  each  segment 
is  inversely  proportional  to  the  force  acting  at  its  extremity, 

Def. — The  segments  of  a  right  line,  AR,  made  by  a  point  G  in 
it  or  its  production,  are  the  distances^  GA  and  GR,  of  the  point 
G,  from  the  extremities  A  and  R  of  the  given  line,  whether  G  is 
on  AR,  or  on  AR  produced. 

In  both  cases  we  have  the  equation 

PxGA=  QxGR. 
Hence  we  have,  evidently,  the  theorem — 

If  from  a  point  on  the  resultant  of  two  parallel  forces  a  right 
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line  be  drawn  meeting  the  forces,  whether  perpendicularly  or  Hof, 

theproductt  obtained  by  multiplying  each  force  by  its  distance  from 

the  resultant^  measured  along  the  arbitrary  line^  are  equal. 

76.]  Ck>inpoBitio]i    of   Parallel    Forces    deduced   directly 

from  that  of  Concurrent  Forces.     Let  two  forces,  P  and  Q 

(Fig.  ^'^^  act,  in  inclined  directions,  at 

two  points,  A  and  B^  of  a  rigid   body. 

Let  0  be  the  point  in  which  their  lines 

of  action  meet,  and  measure  off  Om  and 

On  proportional  to  P  and  Q  respectively. 

Then,  completing  the  parallelogram  0mm, 

the  diagonal,  Or^  represents  the  resultant 

of  P  and  Q  in  magnitude  and  direction. 

Let  G  be  the  point  in  which  Or  meets 

AB.     Then  we  have 

P       Om      sin  r  On 

V 


Fig.  83. 


sin  r  0»  = 


therefore 


mr       sin  r  Om ' 
From  G  let  fall  perpendicalars,  Gp  and  Gq,  on  P  and  Q. 

P_  Gq 

q,~Vp' 

Again,  if  R  ia  the  resultant  of  P  and  Q,  we  have 

It        Or       fdn  M  Om 


Then 


(1> 


or 


Om       sin  n  Or 
R       perp.  from  B  on  P 


(V 


P       perp.  from  B  on  B' 
Now,  if  P  and  Q  are  parallel,  B  becomes  parallel  to  P  and  Q, 

and  we  shall   evidently  have  •—  —  -^-^ ;    hence  ( 1 )  gives  for 
parallel  forces  p       qj^ 

and  (2)  gives,  since  B  is  parallel  to  P  and  Q, 


B_  BA  _  BG+Gd 
P^  BG" 


=  1+  p> 


BG 

.-.     5  =  P+Q. 
A  similar  demonstration  holds  when  P  and  Q  act  in  opposite 
senses. 
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77.]  Constmotion  for  the  Besultant  of  two  Parallel 
Forces.  If  the  lines  AP  and  BQ  (Figs.  84  and  85)  represent 
in  magnitudes  and  lines  of  action  two  parallel  forces,  the  student 
will  easily  prove  the  following  construction  for  the  resultant : — 


Fig.  84. 


Fig.  85. 


Draw  £Q'  equal  and  opposite  to  BQ,  and  draw  PQ\  meeting 
AJB  in  ff.  Then  measure  off  AG  =  Bg.  G  is  a  point  on  the 
resultant.  Through  G  draw  an  indefinite  right  line  parallel  to 
P  and  Q,  and  from  A  and  P  draw  parallels  to  PQ'  and  AB^ 
respectively.  These  lines  will  intercept  on  the  line  through  G  a 
length  =  P  +  Q  =  resultant. 

78.]  Moment  of  a  Force  with  respect  to  a  Point.  Let  a 
force,  P  (Fig.  86),  act  on  a  rigid  body  in  the  plane  of  the  paper, 

and  let  an  axis  perpendicular  to  this 
plane  pass  through  the  body  at  any 
pointy  0.  It  is  clear,  then,  that  the 
effect  of  the  force  will  be  to  turn  the 
body  round  this  axis^  (the  axis  being 
supposed  to  be  fixed^)  and  the  rotatory 
effect  will  depend  on  two  things — 
firstly,  the  magnitude  of  the  force,  P, 
and,  secondly,  the  perpendicular  distance,  ^,  of  P  from  0,  If  P 
passes  through  0,  it  is  evident  that  no  rotation  of  the  body 
round  0  can  take  place,  whatever  be  the  magnitude  of  P ;  while 
if  P  vanishes,  no  rotation  will  take  place,  however  great  p  may 
be.     The  product  p  ^ 

is  called  the  Moment  of  the  force  about  the  axis  through  0. 
Its  precise  connection  with  the  rotational  motion  which. would 
be  produced  in  the  body,  if  this  body  were  free  to  revolve  round 
the  axis  through  0,  cannot  be  seen  by  the  student  until  he 
studies  Kinetics ;  but  it  is  not  at  all  necessary  to  enquire  into 
this  matter   here.      Even  if  a  Moment  had  no  such  kinetical 


Fig.  86. 
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reference,  its  discussion  in  the  theory  of  the  composition,  &c.  of 
forces  would  be  necessary — as  will  be  at  once  seen. 

When  all  the  forces  under  consideration  act  in  one  plane,  we 
may  speak  of  the  pointy  0,  in  which  the  axis  of  jUomenis  meets 
this  plane,  instead  of  the  axis  itself.  We  shall  therefore  define 
the  Moment,  with  respect  to  a  point,  of  a  force  acting  on  a  body 
to  be  /^  jproduct  of  the  force  and  the  perpendicular  let  fall  on  its 
line  of  action  from  the  point. 

If  the  unit  of  force  is  a  pound  weight  and  the  unit  of  length 
a  foot,  the  unit  of  Moment  will  obviously  be  ^foot-pound  weight, 

79.]  Moments  of  different  Signs.  If  two  forces  tend  to 
produce  rotations  of  a  body  in  opposite  senses  round  a  point, 
their  moments  with  respect  to  this  point  are  affected  with  opposite 
signs.  Thus  (Fig.  87),  the  force  P 
tends  to  turn  the  body  round  0  in  a 
sense  opposite  to  that  of  watch - 
hand  rotation,  while  Q  tends  to  turn 
it  in  the  opposite  sense.  If,  then, 
the  former  rotation  is  considered 
positive,  the  algebraic  sum  of  the 
moments  of  P  and  Q  round  0  is  ^^'  ®^* 

p  and  q  being  the  perpendiculars  from  0  on  P  and  Q, 

Round  the  point  (X  both  forces  would  produce  rotation  in  the 
same  sense,  and  therefore  the  algebraic  sum  of  their  moments 
with  respect  to  this  point  is 

P.p+Q.q\ 

p*  and  q'  being  the  perpendiculars  I'rom  Cf  oxa  P  and  Q,  re- 
spectively. 

In  future  we  shall  usually  speak  of  the  sum  of  the  moments, 
instead  of  the  algebraic  sum  of  the  moments,  of  forces  with 
respect  to  a  pointy  as  we  shall  suppose  the  moment  of  each  force 
to  be  affected  with  its  proper  sign,  in  accordance  with  the  mle 
given  at  the  beginning  of  this  Article. 

80.]  Case  of  two  Equal  and  Opposite  Parallel  Forces.  If 
the  forces  P  and  Q  in  Art.  75,  Fig.  82,  arc  equal,  the  equation 

PxGA  =  QxGB 

GA 
gives  GA  =  GB,  or  jpf^  =  1,  an  equation  which  is  true  only 
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when  G  is  at  infinity  on  AB.  Also  the  resultant  of  the  foices 
being  equal  to  their  difference^  is  equal  to  zero.  Two  equal  and 
opposite  parallel  forces  acting  on  a  rigid  body  constitute  what  is 
called  a  Couple. 

Hence,  regarded  in  one  way,  a  couple  is  equivalent  to  a  zero 
force  acting  along  a  line  at  infinity,  its  point  of  application 
being,  however,  supposed  to  be  rigidly  connected  with  the  body. 
Observe,  then,  that,  though  the  force  is  of  zero  magnitude, 
it  has  an  infinitely  long  *  lever-arm '  with  respect  to  any  point 
at  a  finite  distance ;  so  that  it  must  not  be  rejected  as  something 
without  meaning. 

We  now  proceed  to  show  that,  regarding  couples  in  a  different 
way,  they  possess  remarkable  properties. 

Theobem  I.      Two   equal  and  opposite  parallel  forces  have  a 

constant  moment  with  respect  to  all  points 
in  their  plane, — Let  0  (Fig.  88)  be  any 
point  in  the  plane  of  two  equal  and 
opposite  parallel  forces,  P,  and  let  fall 
the  perpendiculars  Om  and  On  on  their 
lines  of  action.  Then,  if  0  is  inside 
the  lines  of  action  of  the  forces,  these 
forces  tend  to  produce  rotation  round 
0  in  the  same  sense,  and  therefore  the 
Fig.  88.  sum  of  their  moments  is  equal  to 

P(Om-h  On\     or     Fx  mn 

If  the  point  chosen  is  (/,  the  sum  of  the  moments  is  evidently 

P((/m  —  (/n\     or     P  x  mn, 

which  is  the  same  as  before. 

The  perpendicular  distance  between  the  two  forces  of  a  couple 
is  called  the  Arm  of  the  couple. 

The  Moment  of  a  couple  is  the  product  of  the  arm  and  one  of 
the  forces. 

The  Axis  of  a  couple  is  a  right  line  drawn  anywhere  perpen- 
dicular to  the  plane  of  the  couple,  and  in  a  particular  sense,  its 
length  being  proportional  to  the  moment  of  the  couple.  The 
sense  of  the  axis  is  determined  thus  : — ^imagine  a  watch  placed 
in  the  plane  in  which  several  couples  act.  Then  let  the  axes 
of  those  couples  which  tend  to  produce  rotation  in  the  direction 
opposed  to  that  of  the  rotation  of  the  hands  be  drawn  upwards 
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through  the  face  of  the  watch,  and  the  axes  of  those  which  tend 
to  produce  the  contrary  rotation  be  drawn  downwards.  The 
extremities  of  these  axes  may  very  properly  be  marked  with 
arrow-heads  as  in  the  case  of  lines  representing  forces. 

Theorem  II.  The  effect  of  a  couple  on  a  rigid  body  is  not  altered 
if  the  arm  is  turned  through  any  angle  round  one  extremity. 

Let  AC  and  Bl)  (Fig.  89)  be  a 
couple  whose  arm  is  AB^  and  let  the 
arm  turn  round  B  into  the  position 
BA^,  At  A^  introduce  two  equal  and 
opposite  forces,  A'C  and  A'Cf\  each 
of  which  is  equal  to  one  of  the 
forces,  P,  of  tlie  given  couple,  and 
perpendicular  to  BA\  At  B  intro- 
duce two  equal  and  opposite  forces, 
BN  and  BI/\  perpendicular  to 
BA\  each  force  being  equal  to 
AC  or  jP.  The  effect  of  the  given  couple  is,  of  course,  unaltered 
]>v    the    introduction    of   these    forces.      Now   the   forces  BD 

and  Blf'  may  be  replaced  by  their  resultant,  2  P  cos » 

ABA'  ^ 

or  2  Psin  — - —  >  which  acts  in  the  bisector,  BO,  of  the  angle 

BBIf' ;  and  the  forces  AC  and  A'C  may  be  replaced  by  their 

co(y'  aba! 

resultant,  2Pcos  — - —  »  or  2 Psin  — —  »  which  also  acts  in  the 

line  i90  in  a  sense  opposed  to  the  previous  resultant.  Hence 
the  forces  BI)^  BI/\  AC^  and  A'C\  are  a  null  system.  There 
remain,  then,  the  forces  BIf  and  AC  which  form  a  couple 
whose  arm  is  BA\  Hence  the  couple  of  forces  P  acting  at  A 
and  B  may  be  replaced  by  a  couple  of  forces  P  acting  at  the 
extremities  of  an  arm  of  length  equal  to  AB  having  one  ex- 
tremity common  with  AB, 

Theorem  III.  The  effect  of  a  couple  on  a  rigid  body  is  not 
aUtred  if  the  arm  is  moved  paralkl  to  itself  anywhere  in  the  plane 
cfthe  Couple, 

Let  two  forces,  AC  and  BB,  each  equal  to  P(Fig.  90),  act  with 
arm  AB,  and  draw  AB!  equal  and  parallel  to  AB  in  the  plane 
of  the  couple,  this  line  AB!  being  supposed  to  be  rigidly  con- 
nected with  the  body.     At  A  and  B!  introduce,  perpendicularly 
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k^ 


B 


ca 


Fig.  90. 


to  A'lr,  four  forces  A'C,  A'C\  B'l/,  and  1^1/^  each  equal  to  P. 
This  does  not  alt«r  the  effect  of  the  given  couple.     Now  since  AB 

and  A!B^  are  equal  and  parallel, 
the  lines  ABf  and  BA' y  being  the 
diagonals  of  the  ])arallelogTam 
ABB^A\  bisect  each  other  in  the 
^.oint    0,  suppose.     Replace   the 

Bi ,A  -  forces   BI)  and    A'C   by    their 

resultant,  2  P,  which  acts  at  0 
parallel  to  BD ;  and  replace 
the  forces  AC  and  B^I/'  by 
their  resultant,  2  P,  which  also 
acts  at  0  in  a  sense  opposite  to  the  previous  resultant.  Tliese 
t^vo  resultants  destroy  each  other,  and  therefore  the  forc^ 
Bl),  AC,  B^iy\  and  A!(f\  constituting  a  null  system,  maybe  re- 
moved. There  remain  the  forces,  A'C  and  ^7/,  which  con- 
stitute a  couple  whose  arm  is  A'Bf ,     Therefore,  &c. 

Theorem  IV.  The  effect  of  a  Coicple  on  a  rigid  body  is  not 
altered  if  the  Couple  is  changed  vito  another  having  the  same 
moment,  the  arms  of  the  Couples  being  in  the  same  line  and 
having  a  common  extremiti/. 

Let  the  given  couple  be  --/^and  BlJ  (Fig.  91),  each  equal  to 

P.     Produce  BA  to  A^  so  that  ^—,  =  ~ ,  and  at  A'  and  B  in- 

BA         Jr 

troducc   equal   and    opposite  forces  A*C  and    A^C\   Bl/  and 

1BI/\  the  magnitude  of  each  of 
CA  these  forces  being  Q.  Now  the 
forces  AC  and  A'C^  give  a  re- 
sultant =  P  -  Q  at  -B  (Art.  75) 
along  the  line  BB^^ ;  and  this  force 
added  to  J5i>"  gives  a  force  =  P 
which  destroys  BB,  Hence  there 
remain  the  forces  A'C  and  Bff,  which  form  a  couple  whose 
moment  is  equal  to  that  of  y/Cand  BD,  since  (by  construction) 

F.BA=  Q.BA\ 
Therefore,  &c. 

* 

Theorem  V.  A  Couple  acting  on  a  rigid  body  may  be  replaced 
by  any  other  Couple  in  the  same  plane  if  the  fiwments  of  the  Couples 
are  the  same  in  magnititde  and  sign. 


B 


C 

Fig.  91. 
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Let  (P,  F)  and  (Q,  Q)  (Fig.  92)  be  two  Couples  ia  the  same 
plane,  having  the  same  moment, 
and  tending  to  produce  rotation  in 
the  same  sense ;  then  (P,  P)  may  be 
transfonned  into  (Q,  Q).  For,  we 
can  first  turn  the  arm  AB  round  JS 
until  it  is  parallel  to  JS'A^  (Theorem 
II) ;  then  we  can  lengthen  it  until 
it  becomes  equal  to  B'A^  changing, 
at  the  same  time,  the  forces  P  into 
forces  Q  (Theorem  IV) ;  and  finally, 
we  can  move  it  into  the  position  B'A^  (Theorem  III). 

The  sign  of  the  moment  of  a  couple  is  indicated  by  the  sense 
in  which  the  axis  is  drawn,  as  has  been  already  explained. 
Axes  drawn  upwards  through  the  face  of  the  watch  are  then 
considered  positive,  and  axes  drawn  downwards  are  negative. 

Theorem  V  can  be  proved  directly,  without  the  aid  of  the 
previous  propositions. 

From  the  foregoing  Theorems  it  is  clear  that  the  addition  of 
coplanar  couples  is  effected  by  adding  their  axes,  regard  being 
had  to  the  signs  of  the  axes. 

Theorem  VT.  A  force  and  a  couple  actmg  in  the  mme  plane  on 
a  rigid  body  are  equivalent  to  a  migle  farce. 

Let  the  force  be  F  and  the  couple  (P,  a) — ^that  is,  P  is  the 
magnitude  of  each  force  in  the  couple  whose  arm  is  a.     Then 

aP 
(Theorem  IV)  the  couple  (P,  a)  =  the  couple  (P,  -n^ .      Let 

the  latter  be  moved  until  one  of  its  forces  acts  in  the  same  line 

as  the  given  force  P,  but  in  the  opposite  sense.     The   given 

force  Pwill  then  be  destroyed,  and  there  will  remain  a  force  F 

acting  in  the  same  direction  as  the  given  one  and  at  a  perpen- 

aP 
dicular  distance  =  —pr  from  it. 

P 

This  Theorem  is  equivalent  to  the  statement — A  force  and  a 
couple  acting  in  the  mrne  plane  cannot  produce  equilibrium. 

Theorem  VII.  A  force  acting  on  a  rigid  body  at  any  point  A 
may  be  replaced  by  an  eqtuil  force  acting  in  the  same  direction  at 
any  other  point  JS  together  with  a  couple  ichose  moment  is  the 
moment  of  the  orighial force  about  B, 

This  important  proposition  is  easily  demonstrated. 
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Theorem  VIII.  The  resultant  of  any  number  of  Coplanar  Couples 
is  a  couple  whose  moment  is  equal  to  the  sum  {with  the  proper  signs) 
of  the  moments  of  the  given  couples. 

For,  let  the  component  couples  have  moments  L,M,Ny.,,  and 
let  each  of  them  be  changed  into  a  couple,  having  the  same  right 
line  AB  (whose  length  is  x)  for  arm.     Then  (Theorem  IV),  the 

couple  Ij  will  give  rise  to  a  force  —  at  ^,  and  an  equal  force  in 

opposite    sense   at  B.     Hence   at   A    we  shall  have   the  force 

^  and  an  equal  and  opposite  force  at  -B.     Thus  we 

have  a  couple  whose  moment  is  the  product  of  this  force  by  the 
arm  a ;  i.  e.,  its  moment  is  2/  +  3f -f  N-j- . . , ,  or  the  sum  of  the 
given  moments. 

81.]  Geometrical  representation  of  the  Moment  of  a  Force 
with  respect  to  a  Point.     Let  the  line  AB  (Fig.  93)  represent 

a  force  in  magnitude  and  direction,  and  let  it 
be  required  to  represent  its  moment  with  respect 
to  a  point  0.  If  ;?  =  the  perpendicular  from 
0  on  AB,  the  moment  is  AB  xp.  Now  this  is 
double  the  area  of  the  triangle  AOB,  Hence 
the  mament  of  a  force  with  respect  to  a  point  is 
geometrically  represented  hy  double  the  area  of 
the  triangle  whose  base  is  the  line  representing 
**■  ^^*  the  force  in  magnitude  and  line  of  action,  and 

whose  vert-ex  is  the  given  point. 

Draw  A  0,  and  from  the  other  extremity,  B,  of  the  given  force 
draw  an  indefinite  right  line,  BC,  parallel  to  AO.  Join  A  to  any 
point,  C,  of  this  line.  Then  the  area  of  the  triangle  AOB  =  the 
area  of  the  triangle  AOCy  since  these  triangles  have  the  same 
base  and  are  between  the  same  parallels.  Consequently  the 
moment  of  a  force  represented  by  AB  about  0  =  the  moment  of 
a  force  represented  by  AC  about  0,  wherever  C  be  taken  on  the 
indefinite  line  through  B, 

82.]  Varignon's  Theorem  of  Moments.  The  sum  of  the 
moments  of  two  forces  with  respect  to  any  point  in  their  plane  is 
equal  to  the  moment  of  their  resultant  with  respect  to  the 
point. 

Let  AP  and  AQ(¥ig,  94)  represent  two  forces  whose  resultant 
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is  ARy  and  let  0  be  the  point  about  which  moments  are  taken. 
Draw  ^0^  and  draw  PC  and  QD  parallel 
to  it.  \0 

By  the  last  Article  the  moment  of 
AP  about    0  =  the    moment    of  AC       \ 
about   0,  and  the  moment  of  ^Q  = 
the  moment  otAD;  therefore  the  sum 
of  the  moments  of  AP  and  AQ  about  **       Fig  ^^ 

0  =  the  sum  of  the  moments  o(AC  and 
AD  about  0  =  the  moment  of  the  sum  of  AC  and  AD  (since  AC 
and  AD  are  forces  acting  in  the  same  line)  ;  but,  by  equal  tri- 
angles AC  is  evidently  =  DR ;  therefore  the  sum  of  the  moments 
=  the  moment  of  AR  =  the  moment  of  the  resultant.     Q.E.D. 

This  result  can  also  be  very  simply  obtained  by  expressing  the 
&ct  that  the  sum  of  the  components  of  AP  and  AQ  along  a 
perpendicular  to  AO  =  the  component  oi  AR  in  this  direction, 
and  multiplying  both  sides  of  the  equation  by  the  length  OA. 

The  student  will  find  no  difficulty  in  considering  the  case  in 
which  0  is  between  AP  and  JQ,  observing  that  in  this  case 
their  moments  are  opposed,  and  that  in  the  new  figure  AR  will 
be  equal  to  AD^^AC. 

Of  course  it  follows  that  the  sum  of  the  moments  (with  their 
proper  signs)  of  any  number  of  coplanar  forces  with  respect  to 
any  point  in  their  plane  is  equal  to  the  moment  of  their  resultant 
with  respect  to  this  point ;  for  the  forces  may  be  replaced  in 
pairs  by  their  resultants,  &c.  It  also  follows  that  the  sum  of 
the  moments  of  the  forces  about  any  point  on  the  line  of  action 
of  the  resultant  is  equal  to  zero. 

83.]  Varignon's  Theorem  of  Moments  for  Parallel 
Forces.  The  ^mm  of  the  momenta  of  two  parallel  forcet  about 
any  jxnnt  is  equal  to  the  moment  of  their  resultant  about  the 
point. 

Let  the  forces  be  P  and  Q  (Fig.  95)     O B       _ 

and  let  0  be  the  point  about  which  ' 

moments  are  to  be  taken.     From  0  ^ 

let  fall  perpendiculars  OA,  OB,  and 

06  on  the  lines  of  action  of  P,  Q, 

and  their  resultant,  R,  and  let  the  Pig.  95- 

forces  be  applied  at  the  points  A,  B, 

and  Gy  respectively. 
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Then,  moment  of 

P  about  0=^P.OA  =  P{OG+  GA); 

and  moment  of  Q  about  0=Q.OB=  Q{OG^  GB); 
therefore,  by  addition,  the  sum  of  the  moments 

=  (P+  Q) .  OG  +  P.  GA-  Q .  GB. 

But  P.  GA  =  Q .  GB ;  therefore  the  sum  of  the  moments 

=  {P  +  Q).OG  =  Ii.OG. 

A  similar  proof  holds  when  P  and  Q  act  in  opposite 
senses,  and  also  when  0  is  between  the  lines  of  action  of  P 

and  Q. 

It  follows  that  tAe  sum  of  the  mamenfs  {with  their  proper  signs) 
of  any  number  of  coplanar  parallel  forces  with  respect  to  a  point  in 
their  plane  is  equal  to  the  moment  of  their  resultant  with  respect  to 
the  point. 

84.]  Determination  of  the  Resultant  of  Coplanar  Forces. 
Any  system  of  coplanar  forces,  Pj,  P^,  P3, ...  acting  on  a  rigid 
body  must  either  have  a  single  resultant  or  reduce  to  a  couple ; 
for,  since  their  lines  of  action  all  lie  in  one  plane,  we  can  produce 
the  lines  of  action  of  P^  and  P^  to  meet,  and  replace  them  by 
their  resultant,  R^^'^  ^^^  ^^  ^^®  same  way  we  can  com- 
pound this  force  and  P3  into  a  force  ^123;  &nd  this  again 
with  P4 ;  and  so  on ;  so  that  finally  we  must  obtain  a  single 
force,  P,  with  finite  magnitude  and  position,  unless  the  last 
two  to  be  compounded  happen  to  be  two  equal  parallel  forces 
in  opposite  senses,  in  which  case  the  system  is  equivalent  to 
a  couple. 

Now  the  magnitude  and  direction  (but  not  actual  line  of  action) 
of  the  resultant,  P,  are  at  once  obtained  from  the  fact  that  its 
component  along  any  line  must  be  equal  to  the  sum  of  the 
components  of  all  the  given  forces  along  the  line.  Suppose  then 
that  we  take  any  two  rectangular  directions,  Ox^  Oy,  in  the 
plane  of  the  forces  ;  let  P  make  the  angle  d  with  Ox^  and  let  the 
components  of  P^,  Pg,  P3, ...  along  Ox  be  X^,  Xg,  Jlj,  .,,  and 
along  Oy  be  J^j,  }\y  Y^,  ... ;  then 

Pcos^  =  Xi-f  J2  +  ^3+  ... ,  or=  2X,  (1) 

RAne=  ri+72+^3+  ...,or  =  27.  (2) 
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Hence  li  is  represented  in   magnitade   and  direction   by  the 
diagonal  of  the  rectangle  whose  sides  are  SX  and  SY;  i.  e., 


and 


tantf  = 


2;^" 


(3) 
(4) 


These  equations  do  not,  of  course,  determine  the  actual  line  of 
action  of  JR ;  this  latter  is  to  be  determined  by  the  principle 
of  moments.  Take,  then,  any  point  whatever,  A,  in  the  plane 
of  the  forces,  and  calculate  the  algebraic  sum  of  the  moments  of 
the  forces  about  this  point.     Suppose  this  to  be  if. 

By  what  has  been  proved  in  the  last  two  articles,  M  is  the 
moment  of  the  resultant,  A,  about  A ;  so  that  we  have  merely 
to  draw  from  A  a  line  perpendicular  to  the  already  determined 
direction  o(  R  and  take  such  a  length,  p,  on  this  perpendicular  at 
one  side  or  the  other  of  A,  according  as  it/  is  clockwise  or  counter- 
clockwise, that  Rxp=if.  (5) 

This  completes  the  determination  of  the  resultant — sometimcK 
colled  the  resvltattt  of  translation  of  the  forces. 

In  any  specified  system  of  forces  we  arc  to  be  guided  in  our 
choice  of  the  pointy  A^  round  which  to  take  moments  by  special 
considerations  of  simplicity — for  example,  if  several  of  the  forces 
act  in  lines  passing  through  A. 

85.]  Fartieular  case  in  which  the  Besultant  of  Tranala- 
tion  Yaniahes.  When  forces  applied  to  a  particle  have  no 
resultant  of  translation,  their  whole  effect  is  null.  It  is  not 
necessarily  so,  however,  if  they  are  applied  to  a  body  of  finite 
dimensions.     For  example — 

If  the  forces  acting  upon  a  rigid 
body  form  by  their  magnitudes  and 
lines  of  action  the  sides  of  a  closed 
polygon  taken  in  order ^  their  resultant 
cf  translation  vanishes ^  antl  they  have 
a  constant  moment  with  respect  to  all 
points  in  their  plane — i,  e,y  they  re^ 
duce  to  a  couple. 

Let  forces  P,,  Pj*  A>  •••  (^ff- 
96)  act  at  points,  ^2,  ^^^,  J3,...  in 
a  body   in    one  plane,  and  let  these  forces  be  represented  in 

I  2 


Fig.  96. 
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mag^tades  and  lines  of  action  by  the  sides  of  the  polygon  formed 
by  their  points  of  application. 

Now  since  the  sum  of  the  projections  of  the  sides  of  this 
polygon  on  any  arbitrary  line  =  0,  the  forces  have  no  resoltant 
of  translation. 

Let  0  be  any  point  inside  the  polygon,  and  take  the  sum  of 
the  moments  of  the  forces  round  it.     If  the  perpendiculars  from 

0  on  the  sides  A^A^^  A^A^y  •••  j  be /?!,  p^^  •••  >  ^^^  ^^™  ^^  ^^^ 
moments  will  be 

AA+^2JP2  +  ^8ft+  ••• »  or  G,  suppose. 

And  since  Pj,  Pg*  •••  ^^^  equal  to  the  sides  of  the  polygon,  6  is 
evidently  =  2 .  area  of  polygon.  This  is  constant  for  all  points 
inside  the  polygon. 

Now  if  we  take  the  sum  of  the  moments  round  any  external 
point,  0',  we  shall  have 

since  P^  turns  the  body  round  (/  in  a  sense  opposite  to  that 
in  which  the  other  forces  turn  it.     But  this  sum  is  equal  to 
2  {A^ffA.,  +  AC/A^  +  A,(/A^-A^(/A,  +  A^C/A,), 

and  this  is  again  equal  to  2 .  area  of  polygon. 

Hence  for  all  points  in  the  plane,  the  sum  of  the  moments,  G, 

is  constant. 

Example  of  the  detebmination  of  R. 

ABCD  is  a  rectangle;  AB  =  60  inches,  ilZ>  =  45  inches;  in  DC 

are  taken  two  points,  P,  Q,  such 
that  DP  =  20,  QC  =  20 ;  and 
M  is  the  middle  point  of  AB, 
Find  the  resultant  of  the  follow- 
ing forces  (all  measured  in 
pounds'  weight,  suppose)  repre- 
sented by  arrows  in  the  figure : 
10  in  CD,  10  in  DB,  18  at  M 
perpendicular  to  AB,  20  at  P 
making  45^  with  DC,  12  at  ^ 
making  30°  with  DC,  and  16 
at  A  making  30"  with  AD* 

Here,  taking  the  components 
parallel  to  AB,  we  have 

2X  =  14 .  534  in  sense  AB, 

and  the  components  parallel  to 
AD  give 


10- 


18 


Fig.  97. 


2  r  =  6 .  286  in  sense  AD. 
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Hence  the  resultant  i?  =  15 .  835,  and  its  direction  is  that  of  a  line 

making  tan""^     '  ^Q^>or  tan"'.  432,  with  AB, 

Again,  Z>  is  the  simplest  point  for  moments,  and  we  find 

J/^  =  222  .  84  inch-pounds'  weight, 

the  arrow  indicating  that  the  moment  is  counter-clockwise.  Hence 
the  line  of  action  of  B  cuts  AD  between  A  and  D,  and  the  length 
of  the  perpendicular  from  2)  on  it  is  14  .  07  inches. 

Special  conditions  for  the  partial  or  complete  determination  of  the 
resultant  of  a  system  of  coplanar  forces  may  sometimes  be  given* 

The  system  of  forces  being  unspecified,  if  we  are  merely  given  that 
the  sum  of  their  moments  about  a  given  point  A  in  their  plane  is  L 
— in  a  clockwise  sense,  suppose — we  can  infer  nothing  as  to  the 
magnitude  and  line  of  action  of  B;  but  if  we  are  given  that  the 
sum  of  the  moments  about  a  given  point  J  is  X,  and  about  another 
given  point,  B,  is  M,  both  in  the  same  sense,  we  infer  a  point  on 
the  line  of  action  of  B,  viz.,  the  point  which  divides  the  line  AB 
produced  into  two  segments  in  the  ratio  L:M;  for  if  ^  and  q  are 
the  perpendiculars  from  A  and  B  on  B,  we  have 

B.j)  =  L,     B.q  =  M, 

therefore  2>  :q  ==  L:My  and  it  is  obvious  that  B  must  pass  through  the 
point  above  named.  If,  in  addition,  we  are  given  that  the  sum  of 
the  moments  about  a  point  C  is  N,  in  the  same  sense,  suppose,  B  is 
completely  determined,  since  its  line  of  action  must  now  also  pass 
through  the  point  dividing  A C  externally  in  the  ratio  L:N ;  and  the 
perpendiculars  on  it  from  A,  B,  C  are  all  known,  and  therefore  the 
magnitude  of  B  itself. 

If  L  and  M  are  of  opposite  senses,  B  passes  through  the  point 
dividing  AB  internally  in  the  ratio  L  :  M, 

Examples. 

1.  If  the  sums  of  the  moments  of  a  system  of  coplanar  forces 
vanish  for  three  points  which  are  not  in  a  right  line,  the  system  is  in 
equilibrium. 

2.  If  the  sums  of  the  moments  round  three  points  which  are  not 
in  a  right  line  are  equal,  and  not  each  zero,  the  system  is  equivalent 
to  a  couple. 

3.  K  the  sums  of  the  moments  of  a  coplanar  system  round  three 
points  A,  Bj  C  are,  respectively,  proportional  to  the  perpendiculars 
from  these  points  on  the  opposite  sides  of  the  triangle  A  BC  and  have 
all  the  same  sense,  find  the  line  of  action  of  the  resultant. 

Ans.  The  line  joining  the  points  of  intersection  of  the  bisectors 
of  the  external  angles  with  the  opposite  sides. 
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4.  If  L,  M,  N  are  the  sums  of  the  moments  of  a  system  of  coplauar 
forces  about  three  points  A,  By  (7,  show  that  the  equation  of  the  line 
of  action  of  the  resultant  in  trilinear  co-ordinates  referred  to  the 
triangle  ABC  is  ^       ,  ,^         .r        « 

where  a,  b,  c  are  the  lengths  of  the  sides  of  the  triangle. 

5.  Find  the  magrnitude  of  the  resultant  in  terms  of  Z,  M^  N. 

Ana.  K^  =  ^^2a«(Z-if)  (L-N), 

where  A  is  the  area  of  ABC,  whose  sides  are  a,  b,  c. 

86.]  Conditions  of  Equilibriiun  of  a  Rigid  Body  acted  upon 
by  Goplanar  Forces.  When  a  rigid  body  is  acted  upon  by 
a  system  of  eoplanar  forces,  this  system  is  reducible,  generally, 
to  a  single  force,  but  it  may  happen  to  reduce  to  a  couple. 
The  necessary  and  sufficient  condition  of  equilibrium  of  the 
body  evidently  is  that  thi9  resultant  of  the  forces  shall  be  of  zero 
magnitude  without  acting  at  infinity ;  and  the  latter  part  of  this 
condition  will  be  guaranteed  by  the  vanishing  of  the  sum 
of  the  moments  of  the  forces  round  any  one  point  in  their  plane. 
Indeed,  if  the  forces  have  no  moment  round  any  three  points 
which  do  not  lie  in  one  right  line,  they  cannot  reduce  either 
to  a  single  force  or  to  a  couple ;  so  that  we  may  say  that — 
the  necessary  and  sujfficient  conditions  of  equilibrium  of  a  system  of 
eoplanar  forces  acting  on  a  rigid  body  are  that  they  give  zero 
moment  round  each  of  any  three  points  which  do  not  lie  in  one 
right  line,  (a) 

Their  equilibrium  will  also  be  guaranteed — i.e.,  they  must 
have  a  zero  resultant  without  reducing  to  a  couple — ^if  the  sums 
of  their  components,  rect-angular  or  oblique,  vanish  along  any  two 
particular  lines  in  their  plane,  and  also  the  sum  of  their  momenta 
about  any  one  point  vanishes.  [ff) 

For,  if  they  have  no  total  component  along  any  direction  (Z) 
and  also  no  total  component  along  any  other  direction  (Z'), 
their  resultant  must  be  of  zero  magnitude,  since  its  component 
along  any  direction  is  equal  to  the  sum  of  the  components 
of  the  forces  in  that  direction ;  and  if,  in  addition,  their  total 
moment  round  any  one  point  vanishes,  they  cannot  I'cdnce  to  a 
couple. 

When,  therefore,  a  system  of  eoplanar  forces  acting  on  a  rigid 
body  is  in  equilibrium  we  have  the  result  that — 
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(1)  the  9um  of  i/ieir  components  along  every  line  =  0  ; ) 

(2)  tlte  sum  of  their  momenta  about  every  point  =  0.  )  ^^' 
The  conditions  which   have  just  been   enunciated  are  both 

necessary  and  sufficient  for  the  equilibriom  of  any  rigid  material 
system  to  which  the  forces  may  be  a[>piied ;  but  they  are  not 
sufficient  for  the  equilibrium  of  a  material  system  whose  parts 
are  not  rigidly  connected.  The  simplest  way  of  seeing  this  is 
to  remember  that  the  whole  process  of  compounding  forces,  two 
by  two,  into  a  single  resultant  is  invalid  and,  indeed,  without 
any  meanings  unless  they  are  all  applied  to  one  and  the  same 
rigid  body.  This  was  pointed  out  at  the  very  outset  (see  p.  17). 
If  a  forcc^  P,  is  applied  at  a  point  to  a  bar  which  is  freely 
jointed  to  another  bar  to  which  a  force  P^  is  applied,  the  process 
of  finding  the  resaltant  of  P|  and  P^  consists  in  producing  their 
lines  of  action  to  meet  in  a  point  0,  and  then  assuming  that 
both  P^  and  P^  can  be  applied  at  0,  But  this  assumes  that 
0  is  at  once  rigidly  connected  with  both  bars,  i.e.,  that  the 
two  bars  are  rigidly  connected  with  each  other;  otherwise 
we  cannot  speak  at  all  of  the  resulfrant  of  P^  and  P^* 

Let  us  imagine,  then,  any  non-rigid,  or  deformable,  system — 
a  deformable  framework  of  freely  jointed  bars,  an  elastic  string, 
a  fluid,  &c. — at  rest,  and  suppose  that  we  are  about  to  apply  to 
this  system  a  system  offerees,  Pj,  P^,  P3, ...  at  specified  points ; 
what  conditions  must  these  forces  satisfy  in  order  that,  when  they 
are  applied,  the  material  system  will  continue  to  be  at  rest? 
Now,  although  we  cannot  completely  answer  the  question 
without  regard  to  the  special  features  and  structure  of  the 
material  system,  this  much  we  can  say,  that — if  we  imagine 
the  whole  system  to  be  suddenly  made  rigid,  and  if  the  forces 
will  not  keep  this  rigidified  system  at  rest,  they  will,  h  fortiori^ 
not  suffice  to  keep  the  given  deformable  system  at  rest;  for, 
rigidification  always  removes  restrictions  which  hamper  the 
action  of  the  internal  forces  of  the  system,  and  renders  these 
forces,  therefore,  more  capable  of  preserving  the  equilibrium  of 
the  various  connected  parts  against  the  action  of  external  forces. 

Hence  the  conditions  expressed  in  (a),  (3),  (y),  though  necessary 
for  the  equilibrium  of  forces  applied  to  a  deformable  system, 
are  not  sufficient. 

Analytical  expression  may  be  given  to  any  of  the  forms 
(a),  {fi)t  (y)  which  express  the  conditions  of  equilibrium.     Thus^ 
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to  express  (fi),  let  0  (Fig.  98)  be  the  point  about  which  we  take 
moments,  and  through  0  draw  any  two  rectangular  lines,  Oxy 
Oy^  which  we  may  employ  as  axes  of  co-ordinates  for  the  points 
of  application  of  the  various  forces.     Let  Pj  act  at  A^   and 

resolve  the  force  Pj  into  two  com- 
ponents, Xj  and  1\,  parallel  to  Ox 
and  Oy.  Now  (Art.  82),  the  moment 
of  P]  about  0  is  equal  to  the  sum 
of  the  moments  of  Xj  and  Yj^  about 
0,  But,  if  rotation  opposite  to  that 
of  a  watch-hand  is  considered  posi- 


Fig  98.  tive,  the  moment  of  }^  about  0  is 

7^ .  a?i ;  and  the  moment  of  X^  is 
—  Xi-yj,  where  a?i  and  y^  are  the  co-ordinates  of  A^  referred  to 
the  axes  Ox  and  Oy.     Hence  the  moment  of  P|  about  0  is 

Adding  together  the  moments  of  P^,  Pg^  ...,  we  get  the  total 

"^^'"^^^  e  =  S(Kr-Xy).  (1) 

If  the  sum  of  the  components  of  the  forces  along  Ox  is 
denoted  by  SX,  and  the  sum  of  the  components  along  Oy  by 
I,Yf  the  resultant  of  the  forces  (Art.  84)  is  given  by  the  equation 

i2«  =  (2X)2  +  (sr)^  (2) 

Now,  since  for  equilibrium  we  must  have  ^  =  0,  and  G  =  0, 
the  conditions,  analytically  expressed,  are 

2X=  0,2  7=0,  (3) 

2(ra?-Xy)=0.  (4) 

When  the  student  comes  to  the  study  of  the  kinetics  of  a  material 
system,  he  will  see  that  if  the  external  forces  applied  to  it  are  such 
that  R  =  0  and  6  =  0,  i.  e.,  are  such  that  if  they  acted  on  a  rigid 
system,  their  resultant  force  and  total  moment  round  any  axis  both 
vanish,  the  centre  of  mass  of  the  system  la  at  rest  (or  in  uniform 
motion  in  a  fixed  right  line)  and  there  is  no  resultant  moment  of 
mass-acceleration  round  any  axis.  This  is  true  for  all  kinds  of 
material  systems,  whether  they  are  gases,  liquids,  deformable  frame- 
works, natural  solids,  or  rigid  bodies. 

Now  the  destruction  of  resultant  linear  and  angular  acceleration 
will,  except  in  the  case  of  rigid  bodies,  be  quite  consistent  with  the 
existence  of  motions  of  parts  of  the  system  among  themselves,  negative 
momenta  cancelling  positive.  Hence,  tohenever  a  system  is  capable  of 
altering  tlie  relative  positions  of  its  parts,  the  complete  equilibrium 
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87.  Bedndiaa  of  a  vyslem  of  Forces.     We  have  sei^n  that 

ft  sjrstem   of   coplanar  forces    most   nltimat^ly   reduce   either 

to  a  fiingle  force  or  to  a  ooople.     It  can  be  reduced  to  a  single 

force  acting  at  amj  point,  0,  supposed  rigidly  connected  with 

the  body,  accompanied  by  a  couple.     For,  let  the  sy^em  reduce 

to  a  single  force,  S^  acting  in  a  line  (Z).     At  0  introduce  two 

fiorcefl  (i2,  —S)  parallel  and  equal  to  R  and  acting  in  op)Hi6ite 

sensea     Take  £  acting  in  the  line  (L)  and   —  R  acting  at  0 

to  make  a  couple  ;  then,  in  addition  to  this  couple,  wo  have 

the  force  i2  at  0.     I(  p  is  the  perpendicular  from  A  on  {LX 

the  moment  of  the  couple  is 

R.p, 

i.  e.,  it  is  the  sum  of  the  moments  of  the  given  forco8  alK>\it  (K 
Thus  the  force  at  0  is  constant  in  magnitude  and  direction 
whatever  point,  0,  is  chosen,  while  the  moment  of  the  c«u]>I« 
is  variable. 
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Fig.  99. 


The  same  thing  is  easily  seen,  less  directly,  by  replacing  each 
separate  force  Pj, ...  by  a  force  Pj,...  acting  at  0,  accompanied  by 
a  couple  (see  Theorem  VII.  p.  111). 

Thus,  take  the  special  case  in  which  all  the  forces  are  parallel 

(Fig-  99)- 

Take  any  point  0,  and  draw  through  it  a  right  line,  Oy,  parallel  to 

the  forces.     At  0  introduce  two  forces,  P^  and  Py\  each  equal  to 

Pj,  there  new  forces  being  directly  opposed  to  each  other  along  Oy. 

Now,  jPj  and  jP/'  form  a  couple  whose  moment  is  Pi^Pi,  if />i  is  the 

perpendicular  from  0  on  the  line  A^P^, 
Introducing  in  the  Fame  way,  two 
forces,  P/and  P/',  equal  to  P,,  directly 
opposite  to  each  otiier  along  Oy,  we 
have  Pj  at  A^  rej)laced  by  a  force  P/' 
acting  at  0  along  Oy^  and  a  couple 
whose  moment  is  —  Pg  .^'j*  Pt  ^^^S  the 
perpendicular  fiom  0  on  the  lihe  A^P^. 
The  —  frign  is  attached  to  this  couple 
because  the  couple  (P/,  P^)  tends  to 
produce  rotation  in  a  sense  opposite  to 
that  in  which  the  couple  (P/',  P,)  tends 
to  produce  rotation. 
Proceeding  in  this  way  with  all  the  forces  in   the  above  figure, 

we  have  the  whole  system  of  forces  at  ilj,  A^,  A^,  A^^ ...  equivalent 

to  a  single  force,  />^_/>^4./>^_p^4. ..., 

acting  at  0  in  the  direction  Oy,  and  a  couple, 

tending  to  turn  the  body  round  0  in  a  sense  opposite  to  that  of 
watch-hand  rotation. 

Denoting  the  resultant  force  by  B,  and  the  moment  of  the 
resultant  couple  by  G,  we  have 

7^  =  2P,  (1) 

G^^(P.p).  (2) 

Again,  let  the  forces  act  in  any  directions. 

At  0  (Fig.  100)  introduce  two 
opposite  forces,  P/  and  P/',  each 
equal  and  parallel  to  Pj.  Let 
P,  and  P/'  be  considered  as  form- 
ing a  couple.  Then  P,  at  A^  is 
equivalent  to  P,  acting  at  0,  and 
a  couple  whose  moment  =  i'l  •  l>i  • 
Replace  P^at  A^  in  the  tame  way 
by  P/'  (or  P,)  aciing  at  0,  and 
a  couple  (Pj,  P/)  whcse  moment 

Fig.  100.  is  ■"  ^9'P2'      Thus    the    whole 

system  of  forces  will  be  replaced 
by  forces  P,,  P^,  P3,  P^, ..  ,  acting  at  0,  and  a  number  of  couples 
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whose  moments  are  Pi  •  Pit  —PfPi^  -^s'l^s*  "P^'Paj'"  ('^®  forces 
acting  as  in  the  above  figure).  The  forces  acting  at  0  will  have  a 
single  resultant,  B,  and  the  couples  will  form  a  single  couple  whose 
moment,  G,  is  (Theor.  VIII,  Art.  80)  the  sum  of  the  moments  of  the 
couples. 

88.]  Equation  of  line  of  action  of  Resultant.  The  equation 
of  the  line  of  action  of  the  resultant  of  a  system  of  eoplanar 
forces  is  obtained  with  reference  to  any  assumed  axes  of  co- 
ordinates, Cartesian  or  Trilinear,  by  expressing  the  fact  that 
the  sum  of  the  moments  of  the  given  forces  round  any  point 
on  the  line  of  action  of  R  is  zero. 

Thus,  let  Ox,  Oy  (Fig.  98)  be  any  rectangular  axes  with 
respect  to  which  the  co-ordinates  of  the  points  of  application  of 

Pj,  P2»  •••  ^^®  (^i>  Vi)^  (•'^2»  ^2)*  •••>  *^^  '®^  (^»  y)  ^®  ^^®  ^" 

ordinates  of  any  point  in  the  plane.  Then  the  moment  of  P, 
about  (a?,  y)  is  evidently 

ri(j?,-a?)-Ji(5rj-y), 

or  Y^x^—X^y^—xY^  +^-^1. 

The  moment  of  Pg  about  (a?,  y)  is 

Y^x^--X^y.^--xY^JtyX^, 

and  similarly  for  the  other  forces.  Hence  the  total  moment,  G\ 
of  the  forces  about  the  point  is  given  by  the  equation 

G'=  (?-a?2r+y2X,  (1) 

where  G  is  the  sum  of  the  moments  of  the  forces  about  0  and 
stands  for  (}\x^-X^y^  +  {Y,^x.^~-X^y.^  +  .... 

If  (j?,  y)  is  any  point  on  72^  (r'  =  0,  so  that  the  equation  of 
the  line  of  action  of  U  is 

x^LY-y-^X^a.  (2) 

The  interpretation  of  equation  (l)  is  obviously  that — The 
ium  of  the  moments  of  a  system  of  eoplanar  forces  about  any 
point,  0,  is  equal  to  the  sinn  of  their  moments  about  any  other 
point,  Cfy  plus  the  moment  ahoitt  0  of  their  resultant  of  trans- 
latioH,  supposed  acting  at  (/ — a  result  which  is  evident  from  first 
principles. 

Examples. 

1.  0  is  any  point  inside  a  triangle  ABC)  a,  ff,  y  are  the  per- 
pendiculars from  0  on  the  sides ;  if  forces  act  along  the  sides  a,  b,  c 

k    k    k 
equal  to  - }  -}  -9  respectively,  and  all  in  the  same  cyclical  order,  find 
a   f^    y 

the  line  of  their  resultant. 
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Take  any  point  whose  trilinear  co-ordinates  with  reference  to  the 
triangle  ABC  are  x^  y^  z\  then  the  sum  of  the  moments  of  the  forces 

k         k        k 
about  it  is  -  x -{-  -^y  •{-  -  z.     Hence  the  equation  of  the  line  of  R  is 

X      y      z 
o      /3      y 

which  is  the  axis  of  homology  oi  ABC  and  the  triangle  A'B^C  formed 
by  the  points  in  which  A  0,  BO,  CO  intersect  the  opposite  sides. 

k    k 
If  two  of  the  forces,  -9-39  have  the  same  cyclical  order  while  the 

a    fi 

third  acts  in  the  reverse  order,  the  equation  of  R  is 

X     y     z      ^ 
a     fi     y 

i.  e.,  R  acts  in  the  line  A^B^, 

2.  A  triangular  plate,  ABC  (Fig.  loi),  is  acted  upon  at  each  angle 

by  forces,  along  the  two  sides  containing 
it,  represented  in  magnitudes  and  lines 
of  action  by  the  distances  between  the 
angle  and  the  feet  of  the  perpendiculars 
let  fall  from  the  other  two  angles  on 
these  sides.  Find  the  line  of  action  of 
the  resultant  force. 

Let  the  perpendiculars  let  fall  on  the 
vi  ^  "      three  sides,  a,  b,  c,  from  any  point,  F, 

on  the  resultant  be  a?,  y,  z,  respectively, 
and  let  i4',  B',  C^  he  the  feet  of  the  perpendiculars.  Then  the  force 
in  AB  in  the  sense  AB  is  AC^—BC^,  or  6  cos -4 —a  cos  A  Hence 
the  moment  of  this  force  about  P  is  z{b  coa  A— a  cos  B)^  and  since  the 
sum  of  the  moments  of  all  the  forces  (estimated  in  cyclical  order) 
round  P  is  =  0  (Art.  82),  we  have 

a;(ccosjB— 6  cos  (7) -fy  (a  cos  C—c  cos  il)  +  « (6  cos  il  — a  cos  jB)  =  0.  (1) 

Now,  one  set  of  values  of  a;,  y,  and  z^  which  will  satisfy  this  equa- 
tion, is,  evidently,  a,  6,  c.  Hence  the  resultant  passes  through  the 
point  the  perpendiculars  from  which  on  the  sides  are  proportional  to 
a,  b,  e.  This  point  is  thus  found : — Let  G  be  the  centre  of  gravity  of 
the  triangle  ;  from  A  draw  a  line,  AG^,  which  makes  LCA&  -=-  LBAG^ 
and  from  B  draw  a  line,  BG\  which  makes  LCBff  =  LA  BG.  These 
lines  intersect  in  ff,  the  required  point  which  is  called  the  isogonal 
conjugate  of  G^  or  the  Synimedian  poiiU, 

Again,  another  set  of  values  of  a?,  y,  «,  which  will  satisfy  (1),  is 
cos  A ,  cos  B,  cos  C ;  and  the  resultant  passes  through  the  point  whose 
perpendiculars  on  the  sides  are  proportional  to  these  quantities.  This 
point  is  the  centre  of  the  circumscribed  circle. 

Hence  the  line  of  action  of  the  resultant  is  known. 
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3.  Show  that  the  resultant  of  the  system  of  forces  in  the  last 
example  is  .  ^ 

abe 
where  A  is  the  area  of  the  triangle. 

4.  Forces  P,  Q,  E,  act  along  the  sides  of  a  triangle,  ABCy  and 
their  resultant  passes  through  the  centres  of  the  inscribed  and  circum- 
scribed circles :  prove  that 

^       ^       Q       =       ^ 

cos-B— cosC      cosC— cosil      cosil— cos^ 

(Wolstenholme's  Book  of  Mathematical  Problems). 

6.  If  from  a  point  C  on  a,  circle  there  be  drawn  two  choi-ds  CAy  CB, 
prove  that  two  forces  inversely  proportional  to  ^C  and  BC  acting 
along  these  lines  both  to,  or  both  from,  C,  have  a  resultant  passing 
through  the  Symmedian  point  of  ABC  and  inversely  proportional  to 
the  chord  through  this  point. 

6.  If  AD  and  BC  (A^  By  C,  D  being  in  cyclical  order)  are  any  two 
chords  of  a  circle  and  two  forces  inversely  proportional  to  them  act 
along  them  in  the  senses  AD,  BC^  their  resultant  passes  through  the 
intersection  of  AC  and  BD ;  but  if  tliey  act  in  the  senses  AD,  CB,  it 
passes  through  the  intersection  of  AB  and  DC, 

7.  If  forces  inversely  proportional  to  the  trilinear  co-ordinates 
of  any  point  on  the  circle  circumscribing  a  triangle  act,  in  cyclical 
order,  along  the  corresponding  sides,  prove  that  their  resultant 
will  always  pass  through  the  isogonal  conjugate  of  the  centroid  of 
the  triangle. 

8.  Find  the  relation  between  three  forces  such  that  if  they  act  along 
the  sides  of  a  triangle  in  cyclical  order,  their  resultant  will  always 
touch  the  circumscribed  circle. 

Ans,  If  the  forces  are  P,  Qy  B,  and  a,  by  c  are  the  sides, 

so  that  the  trilinear  co-ordinates  of  any  point  on  the  inscribed  conic 
which  touches  the  sides  at  their  middle  points  will  represent  all  such 
force  systems. 

9.  Find  the  relation  between  the  forces  if  their  resultant  always 
touches  the  inscribed  circle. 

COsUil       COB^iB       cosUC        ^ 

so  that  they  can  be  represented  by  the  trilinear  co-ordinates  of  any 
point  on  a  certain  conic  circumscribing  the  triangle. 

(These  results  can  be  obtained  purely  by  the  principle  of  moments, 
Art.  82.) 

10.  Generally,  if  the  resultant  of  forces  acting  in  cyclical  order 
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along  the  sides  of  a  triangle  touches  any  assigned  curve,  the  relation 
hetween  the  forces  is  expressed  by  the  tangential  equation  of  the 
curve  in  trilinear  co-ordinates. 

89.]  Centre  of  Parallel  Forces.  Theorem.  If  any  number  of 
par alhl  f orcein ^  Pi,  P^^,  P3,  ...  P^,  act  in  one  plane  at  points  A^, 

-^2>  ^3»  •••  ^»>  ^^^^^*'  i^^^^if^^^  passes  through  a  fixed  point  if  all 
the  forces  are  turned  in  the  same  sense  roufid  their  points  of 
application  through  an  arbitrary  but  common  angle. 

The  point,  g^  (Fig.  xo2)»  of  application  of  the  resultant  of  P^ 
and  P2  has  been  determined  (Art.  75)  by  dividing  the  line 
A-x  Aq  so  that  I  7) 

A.,g^      Pi ' 

on  the  supposition  that  the  forces  P^  and  P2  are  parallel,  bnt  no 

assumption  has  been  made  as  to 
their  common  direction.  Hence 
^1  will  be  a  point  on  their  resul- 
tant in  whatever  direction  they 
act,  and  the  force  at  this  point 
is  Pj  +  P2 .  The  point  of  applica- 
tion of  the  resultant  of  P^,  Pjj, 
and  P3,  is  determined  by  join- 
ing ^j  to  ^3,  and  dividing  it  in 
g^y  so  that 


Fig.  103. 


ffi/72  _  force  at  A^  _      P^ 


^3^2      force  at  gi      Pi  +  Pg 
and  the   force  at  g,^  is  P1  +  P2  +  P3.     Similarly,  the  point  of 
application  of  the  resultant  of  Pj,  Pg,  P3,  and  P^,  is  a  point,  G, 


on  ^2  ^4 )  ^^^^  that 


ff2G ^ 


A^G      P1+P2  +  P3 

and  the  force  at  G  =  P1  +  P2  +  P3  +  P4. 

We  thus  see  that  the  point,  6,  of  application  of  the  resultant 
of  the  system  is  determined  by  dividing  the  lines  ^1^43,^2-^45  ••• 
in  certain  ratios  which  depend  simply  on  the  magnitudes,  and 
not  on  the  common  direction,  of  the  forces  at  ^1,  Jgj  -^s»  •••  • 
The  theorem  is,  therefore,  evident. 

Of  course  no  one  point  on  the  line  of  action  of  a  force  which 
acts  on  an  indeformable  body  has  a  special  right  to  be  called  the 
point  of  application  of  the  force ;  and  if  we  are  given  a  parallel 
system,  P^,  P^,  P^,  ...  with  a  fixed  direction,  a  point  on  their 
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resultant  can  be  found  by  taking  anif  points^  J9^,  i?.^,  B^^  ...  on 
their  respective  lines  of  action  and  going  through  the  above 
process ;  but  the  point  so  determined  on  the  resultant  is  not  one 
through  which  this  resultant  would  continue  to  pass  if  the 
common  direction  of  the  parallel  system  were  changed  in  such  a 
way  that  the  forces,  respectively,  revolved  round  a  different  system 
of  points,  ^j,  ^2»  -^3'  •••  *  If  we  contemplate  such  a  revolution 
round  these  points,  the  point  0  is  appropriately  termed  thtf 
centre  of  the  system. 

90.]  Centre  of  Mean  Poeition.  Let  there  be  any  number 
of  points,  ^1,  ^2>  -^3>  •••  (^^ff*  ^^S)*  i^  ^^®  plane,  and  let  the 
line,  A^A^,  be  divided  at  ffi  so  that 

let  ^1^3  be  divided  at^2>  ^  ^^^ 

^2^3  _.   ^+«2. 

929i  M^      ' 

let  g^A^  be  divided  at  g^,  so  that 

g^A^    __     ^Ijf^g  +  Wg 

and  so  on,  until  by  a  final  construction  we  arrive  at  a  point  (L 
It  is  required  to  express  the  dis- 
tance of  G  from  an  arbitrary  line, 
Z,  in  the  plane  of  the  points  in 
terms  of  the  distances,  ^i^^^^^z^  •" 
of  Ai,  A29  A^,  ,..  from  this  line.* 
Draw  Ajmn  parallel  to  L,     Then 


m 


9\^  _  A^gi  _. 

A^       A1A2      m^  +  Wg 


^,w  = 


«, 


2 


wfj4"  ^2 


•  A^n  = 


w. 


fff^  4  ^2 


(*2"~^1/' 


But  the  distance  of  ^^  from  L  is  equal  to 


"^^  ^      f»i4-««2  m^-hn?^ 


*  All  this  holds  if  the  points  A^,  A^,  ...  aro  not  in  tho  same  piano  ami  L 
r^preaenta  any  plane  from  which  their  distances  are  measured. 
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Calling  this  distance  Zi,  we  have  the  distance  of  ^2  fi*om  L 
equal  to  ,  .  _ 

Wj  +  ^2  4"  Wtj  M^  +  W2  +  ^3 

since  ^^^3  is  divided  at  ^2  i*^  t^©  ratio —  •      Continuing  the 

Wj  +  ^2 

application   of  this   method,   we  have   evidently,   if  5  is   the 
distance  of  G  from  Ly 

^  +  ^2  4-  ^3+  . . .  +  W« 

.  =  — ,  (2) 

where  2  is  the  sign  of  summation. 

The  point  G  thus  arrived  at  is  called  TAe  Centre  of  Mean  Posi- 
tion of  the  given  points  for  the  system  of  multiples  m^fm^ifn^j ...»,». 

The  points  ^j,  ^2»  A'  •••  remaining  the  same,  and  the  system 
of  multiples  being  altered  to^^j,  j»2>  A>  •••  the  point  G  arrived  at 
would,  of  course,  be  different.     The  distance  of  the  new  point 

would  be  "^-— . 

In  particular,  the  distance,  i,  from  any  plane,  of  the  centre 
of  parallel  forces,  P^,  P^,  P^,  ...  applied,  respectively,  at  points 
whose  distances  from  the  plane  are  ^1,  ^'2,  -sTg,  ...  is  given  by  the 

-  -^1  •  ^1  +  ■*  2  •  ^2"^  "^Z  .  ^3  4"  •  • . 

.     i:Pz 

or  ^  =  YP' 

The  construction  given  in  this  Article  for  the  Centre  of  Mean 
Position  of  the  points  A^,  A^y  J^y  ...  holds  evidently  when  the 
points  do  not  all  lie  in  one  plane,  as  previously  remarked,  so 
that  if  ^1,  ^2>  ^3>  •••  denote  the  distances  of  the  points  from  an 
arbitrary  plane,  the  distance,  z,  of  the  centre  of  mean  position 
from  this  plane,  for  the  system  of  multiples  i»j,  m^,  «»3,  ..., 
is  given  by  the  equation  ^^ 

z  = • 

^m 

Centre  of  Mean  Position  is  a  generic  term  which  comprises 

under  it  particular  points  which  must  be  specially  noticed.     One, 

the   Centre    of  Parallel  Forces,    has    been    already  mentioned. 

Another  is  the  Centre  of  Mass,  called  also  the  Centre  of  Inertia. 
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If  at  the  points  congidered,  A^,  A^,  A^,  ...  there  be  placed 
material  particles  whose  masses  are  respectively  m,,  m^y  tn^,  ... 
and  we  find  the  centre  of  mean  position  of  these  points  for  the 
system  of  multiples  m^,  ^2)  %y  •■•  ^^  shall  arrive  at  the  Centre 
of  Mass  of  this  system  of  particles.  Nothing  is  here  assumed 
about  the  closeness  of  the  points  ^j ,  ^^^  ^3>  •••>  ^^  ^^^  particles 
placed  at  them,  and  the  process  of  arriving  at  the  point  G  will 
be  unaltered  if  these  particles  constitute  a  continuous  body. 
Hence  the  Centre  of  Mass  of  any  body  is  the  Centre  of  Mean 
Position  of  all  the  points  within  it  for  a  system  of  multiples  pro- 
portional to  the  masses  of  the  infinitely  small  particles  placed  at 
these  points  respectively. 

A  body  whose  points  do  not  suffer  any  relative  changes  of 
position  will  therefore  continue  to  possess  the  same  centre  of 
mass  no  matter  into  what  part  of  the  universe  the  body  may  be 
taken.  A  different  arrangement  of  its  particles,  would,  of  course, 
in  general  alter  its  centre  of  mass.  The  centre  of  mass  of  a 
rigid  body  is,  then,  something  which  it  possesses  absolutely, 
or  apart  from  all  contingency  of  position  in  space  or  relation  to 
other  bodies. 

The  distance  of  this  point  from  any  plane  is  given  by  the 
equation  last  written,  in  which  the  sign  2  is  to  be  replaced  by 
the  integral  sign  f,  and  the  element  of  mass  at  a  distance  z  from 
the  plane  denoted  by  dm.     Thus 

fzdm 

z  =  • 

fdm 

Again,  if  at  the  points  A^,  A^,  A^y..,  there  be  placed  particles 

whose   weights  are  lo^,  «72, 1^3, ...  these  weights  constituting  a 

system  of  parallel  forces,  the  centre  of  these  parallel  forces  is 

called  the  Centre  of  Gravity  of  the  given  particles. 

The  effect  of  altering  the  position  of  the  body  in  the  most 

general  manner  possible  is  merely  to  turn  the  forces,  ^^d  <^2>  ^3**" 

round  their  fixed  points  of  application  J^,  A^^ ,,,  through  the 

same  angle,  and  by  the  last  article  we  see  that  the  resultant  of 

the  weights  of  the  particles  will,  in  all  positions  of  the  body, 

pass  through  a  fixed  point,  G,  in  the  body.     The  resultant  of 

all  the  elementary  weights  is  equal  to  their  sum,  and  is  called 

the  weight  of  the  body.     We  may,  therefore,  define  the  centre  of 

gravity  of  a  body  thus — The  centre  of  gravity  of  a  body  is  that 

unique  point  in  it  through  which  passes^  in  all  possible  positions 

VOL.  L  K 
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4.  If  Z,  if,  N  are  the  sums  of  the  moments  of  a  system  of  coplanar 
forces  about  three  points  A,  B,  (7,  show  that  the  equation  of  the  line 
of  action  of  the  resultant  in  trilinear  co-ordinates  referred  to  the 

triancrle  ABC  is  ^       ,  ,^         .r        ^ 

*  aLx  +  bMy  +  cNz  =  0, 

where  a,  6,  c  are  the  lengths  of  the  sides  of  the  triangle. 

5.  Find  the  magnitude  of  the  resultant  in  terms  of  Z,  My  N. 

Ans.  K^  =  JL:^a\L-M)  {L-N), 

where  A  is  the  area  of  ABC,  whose  sides  are  a,  by  c. 

86.]  Conditions  of  Equilibriiun  of  a  Rigid  Body  acted  upon 
by  Coplanar  Forces.  When  a  rigid  body  is  acted  upon  by 
a  system  of  coplanar  forces,  this  system  is  reducible,  generally, 
to  a  single  force,  but  it  may  happen  to  reduce  to  a  couple. 
The  necessary  and  sufficient  condition  of  equilibrium  of  the 
body  evidently  is  that  this  resullant  of  the  forces  shall  be  of  zero 
inagnitude  without  acting  at  infinity ;  and  the  latter  part  of  this 
condition  will  be  guaranteed  by  the  vanishing  of  the  sum 
of  the  moments  of  the  forces  round  any  one  point  in  their  plane. 
Indeed,  if  the  forces  have  no  moment  round  any  three  points 
which  do  not  lie  in  one  right  line,  they  cannot  reduce  either 
to  a  single  force  or  to  a  couple ;  so  that  we  may  say  that — 
the  necessary  and  sufjicient  conditions  of  equilibrium  of  a  system  of 
coplanar  forces  acting  on  a  rigid  body  are  that  they  give  zero 
moment  rottnd  each  of  any  three  points  which  do  not  lie  in  one 
right  line.  (a) 

Their  equilibrium  will  also  be  guaranteed — i.e.,  they  must 
have  a  zero  resultant  without  reducing  to  a  couple — ^if  the  sums 
of  their  components,  rectangular  or  oblique,  vanish  along  any  two 
particular  lines  in  their  plane,  and  also  the  sum  of  their  moments 
about  any  one  point  vanishes.  [ff) 

For,  if  they  have  no  total  component  along  any  direction  (Z) 
and  also  no  total  component  along  any  other  direction  (I/), 
their  resultant  must  be  of  zero  magnitude,  since  its  component 
along  any  direction  is  equal  to  the  sum  of  the  components 
of  the  forces  in  that  direction ;  and  if,  in  addition,  their  total 
moment  round  any  one  point  vanishes,  they  cannot  reduce  to  a 
couple. 

When,  therefore,  a  system  of  coplanar  forces  acting  on  a  rigid 
body  is  in  equilibrium  we  have  the  result  that — 
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(1)  the  sum  of  lAeir  componenis  along  ever  if  line  =  0  ; ) 

(2)  the  sum  of  their  moments  about  every  point  =  0.  )  ^^^ 
The  conditions  which   have  just  been   enunciated  are  both 

necessary  and  suficiettt  for  the  equilibrium  of  any  rigid  material 
system  to  which  the  forces  may  be  a])piied ;  but  they  are  not 
sufficient  for  the  equilibrium  of  a  material  system  whose  parts 
are  not  rigidly  connected.  The  simplest  way  of  seeing  this  is 
to  remember  that  the  whole  process  of  compounding  forces,  two 
by  two,  into  a  single  resultant  is  invalid  and,  indeed,  without 
any  meanings  unless  they  are  all  applied  to  one  and  the  same 
rigid  body.  This  was  pointed  out  at  the  very  outset  (see  p.  17). 
If  a  force,  P,  is  applied  at  a  point  to  a  bar  which  is  freely 
jointed  to  another  bar  to  which  a  force  P^  is  applied,  the  process 
of  finding  the  resultant  of  P^  and  Pj  consists  in  producing  their 
lines  of  action  to  meet  in  a  point  0,  and  then  assuming  that 
both  Pi  and  P^  can  be  applied  at  0.  But  this  assumes  that 
0  is  at  once  rigidly  connected  with  both  bars,  i.e.,  that  the 
two  bars  are  rigidly  connected  with  each  other;  otherwise 
we  cannot  speak  at  all  of  the  resnltrant  of  P^  and  jPj* 

Let  us  imagine,  then,  any  non-rigid,  or  deformable,  system — 
a  deformable  framework  of  freely  jointed  bars,  an  elastic  string, 
a  fluid,  &c. — at  rest,  and  suppose  that  we  are  about  to  apply  to 
this  system  a  system  of  foix^s,  Pj ,  P^,  P3 , . . .  at  specified  points : 
what  conditions  must  these  forces  satisfy  in  order  that,  when  they 
are  applied,  the  material  system  will  continue  to  be  at  rest? 
Now,  although  we  cannot  completely  answer  the  question 
without  regard  to  the  special  features  and  structure  of  the 
material  system,  this  much  we  can  say,  that — if  we  imagine 
the  whole  system  to  be  suddenly  made  rigid,  and  if  the  forces 
will  not  keep  this  rigidified  system  at  rest,  they  will,  h  fortiori^ 
not  suffice  to  keep  the  given  deformable  system  at  rest;  for, 
rigidification  always  removes  restrictions  which  hamper  the 
action  of  the  internal  forces  of  the  system,  and  renders  these 
forces,  therefore,  more  capable  of  preserving  the  equilibrium  of 
the  various  connected  parts  against  the  action  of  external  forces. 

Hence  the  conditions  expressed  in  (a),  (3),  (y),  though  necessarij 
for  the  equilibrium  of  forces  applied  to  a  deformable  system, 
are  not  sufficient. 

Analytical  expression  may  be  given  to  any  of  the  forms 
(a),  (/3),  (y)  which  express  the  conditions  of  equilibrium.     Thus, 
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to  express  (y3),  let  0  (Fig.  98)  be  the  point  about  which  we  take 
moments,  and  through  0  draw  any  two  rectangular  lines,  Ox^ 
Cy,  which  we  may  employ  as  axes  of  co-ordinates  for  the  points 
of  application  of  the  various  forces.     Let  Pj  act  at  A-^   and 

resolve  the  force  P^  into  two  com- 
ponents, Xj  and  1\,  parallel  to  Ox 
and  Oif,  Now  (Art.  82),  the  moment 
of  P]  about  0  is  equal  to  the  sum 
of  the  moments  of  X|  and  7^  about 
0,  But,  if  rotation  opposite  to  that 
of  a  watch-hand  is  considered  posi- 


Fig  98.  tive,  the  moment  of  Y^  about  0  is 

7^ .  a?i ;  and  the  moment  of  X^  is 
— Jj.yj,  where  x^  and  y^  are  the  co-ordinates  of  A^  referred  to 
the  axes  Ox  and  Oy,     Hence  the  moment  of  P^  about  0  is 

■*  1^1  ""-^1^1* 
Adding  together  the  moments  of  P^,  Pg^  •••>  we  get  the  total 

^^^^^^  e  =  S(ra?-Xy).  (1) 

If  the  sum  of  the  components  of  the  forces  along  Ox  is 
denoted  by  2X,  and  the  sum  of  the  components  along  Oy  by 
SF,  the  resultant  of  the  forces  (Art.  84)  is  given  by  the  equation 

i2«  =  (2A7  +  (2r)2.  (2) 

Now,  since  for  equilibrium  we  must  have  ^  =  0,  and  G  =  0, 
the  conditions,  analytically  expressed,  are 

2J:=  0,2  7=0,  (3) 

S(ra?-J»=0.  (4) 

When  the  student  comes  to  the  study  of  the  kinetics  of  a  material 
system,  he  will  see  that  if  the  external  forces  applied  to  it  are  such 
that  ^  =  0  and  ^  =  0,  i.  e.,  are  such  that  if  they  acted  on  a  rigid 
system,  their  resultant  force  and  total  moment  round  any  axis  both 
vanish,  the  centre  of  mass  of  the  system  is  at  rest  (or  in  uniform 
motion  in  a  fixed  right  line)  and  there  is  no  resultant  moment  of 
mass-acceleration  round  any  axis.  This  is  true  for  all  kinds  of 
material  systems,  whether  they  are  gases,  liquids,  deformable  frame- 
works, natural  solids,  or  rigid  bodies. 

Now  the  destruction  of  resultant  linear  and  angular  acceleration 
will,  except  in  the  case  of  rigid  bodies,  be  quite  consistent  with  the 
existence  of  motions  of  parts  of  the  system  among  themselves,  negative 
momenta  cancelling  positive.  Hence,  whenever  a  system  is  capable  of 
altering  tJie  relcUit-e  positions  of  its  parts,  the  complete  equilibrium 
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ofikb  system  will  require  more  than  the  vanishing  of  the  resultants  of 
translation  and  rotation  of  the  forces  applied  to  it.  In  fact,  its 
internal  forces  will  have  to  be  taken  into  account.  In  rigid  bodies 
the  destruction  of  the  above-mentioned  motions  will  necessitate  the 
destruction  of  all  motion,  and  the  conditions  i?  =  0,  ^  =  0  are  both 
necessary  and  sufficient.  In  these  bodies  there  is  no  restriction 
placed  on  the  internal  forces,  so  that  they  are  always  capable  of 
assuming  such  magnitudes  and  directions  as  will  enable  them  to 
destroy  the  action  of  the  external  forces.  On  the  contrary,  in 
deformable  bodies,  there  are  restrictions  placed  on  the  internal  forces 
so  that  they  are  not  capable  of  preserving  equilibrium  against  all 
systems  of  external  forces.  For  example,  in  a  freely  jointed  frame- 
work, the  action  between  bar  and  bar  must  consist  of  a  single  force 
restricted  to  passing  through  the  joint.  This  is  the  reason  why 
two  equal  forces  applied  in  opposite  senses  in  the  same  line  to  two 
opposite  sides  of  a  set  of  parallel  rulers  will  not  hold  them  in 
equilibrium,  unless  the  rulers  are  placed  in  a  certain  configuration ; 
and  it  is  also  the  reason  why  two  equal  and  directly  opposed  forces 
applied  to  the  ends  of  a  string,  elastic  or  inelastic,  will  not  hold  it  in 
equilibrium,  until  it  has  assumed  a  certain  state. 

Hence    also  the    necessity   for  considering   the    internal    forces 
(pressures)  in  Hydrostatics* 

Nevertheless,  the  conditions  of  equilibrium  of  all  material  systems 
whatever — natural  solids,  liquids,  and  gases — are  completely  expressed 
by  the  single  principle  that — when  the  system  has  assumed  its  con- 
figuration of  equilibrium^  then  for  all  imaginable  small  derangements 
of  its  parts  the  whole  work  which  would  thereby  be  done  by  all  the  acting 
forces,  external  and  internal,  is  ;»^o~which  is  Lagrange's  great 
principle  of  Virtual  Work. 

87.  Beduotion  of  a  system  of  Forces.     We  have  seen  that 

a   system   of    eoplanar  forces    most  ultimately   reduce   either 

to  a  single  force  or  to  a  couple.     It  can  be  reduced  to  a  single 

force  acting  at  any  point,  0,  supposed  rigidly  connected  with 

the  body,  accompanied  by  a  couple.     For,  let  the  system  reduce 

to  a  single  force,  H,  acting  in  a  line  (L),     At  0  introduce  two 

forces  (72,  —H)  parallel  and  equal  to  R  and  acting  in  opposite 

senses.     Take  B  acting  in  the  line  (L)  and   — /Z  acting  at  0 

to  make  a  couple  ;  then,  in  addition  to  this  couple,  we  have 

the  force  iZ  at  0.     If  /?  is  the  perpendicular  from  A  on  (X), 

the  moment  of  the  couple  is 

R.p, 

i.  e.,  it  is  the  sum  of  the  moments  of  the  given  forces  about  0, 
Thus  the  force  at  0  is  constant  in  magnitude  and  direction 
whatever  point,  0,  is  chosen,  while  the  moment  of  the  couple 
is  variable. 


122 


COMPOSITION   AND   RESOLUTION   OF   FOECES. 


[87. 


Pig.  99. 


The  same  thing  ia  easily  seen,  less  directly,  by  replacing  each 
separate  force  jPi,  ...  by  a  force  Pj,...  acting  at  0,  accompanied  by 
a  couple  (see  Theorem  VII.  p.  111). 

Thus,  take  the  special  case  in  which  all  the  forces  are  parallel 

(Fig.  99). 

Take  any  point  0,  and  draw  through  it  a  right  line,  Oy,  parallel  to 

the  forces.     At  0  introduce  two  forces,  P{  and  P^\  each  equal  to 

jPj,  there  new  forces  being  directly  opposed  to  each  other  along  Oy. 

Now,  Pj  and  P/'  form  a  couple  whose  moment  is  Fi-p^j  if />|  is  the 

perpendicular  from  0  on  the  lino  A^P^, 

Introducing    in    the    Fame    way,   two 

forces,  P/and  P/',  equal  to  Pj,  directly 

opposite  to  each  other  along   Oy,  we 

have  Pj  at  A^  replaced  by  a  force  P/' 

acting   at    0  along  O'l/  and  a  couple 

whose  moment  is  —  Pj  •7>2>  7*j  l^i^g  *he 
perpendicular  fiom  0  on  the  line  A^P^, 
The  —  sign  is  attached  to  this  couple 
because  the  couple  (P/,  P^  tends  to 
produce  rotation  in  a  sense  opposite  to 
that  in  which  the  couple  (P/^  P,)  tends 
to  produce  rotation. 
Proceeding  in  this  way  with  all  the  forces  in   the  above  figure, 

we  have  the  whole  system  of  forces  at  A^^  A^,  A^,  A^y ...  equivalent 

to  a  single  force,  p^^p^^p^^p^^  ,,,^ 

acting  at  0  in  the  direction  Oy,  and  a  couple, 

tending  to  turn  the  body  round  0  in  a  sense  opposite  to  that  of 
watch-hand  rotation. 

Denoting  the  resultant  force  by  E,  and  the  moment  of  the 
resultant  couple  by  O,  we  have 

A*=2P,  (1) 

0-2(P.;>).  (2) 

Again,  let  the  forces  act  in  any  directions. 

At  0  (Fig.  100)  introduce  two 
opposite  forces,  P/  and  P/',  each 
equal  and  parallel  to  P^.  Let 
Pj  and  Pj"  be  considered  as  form- 
ing a  coujile.  Then  Pj  at  A^  is 
equivalent  to  P,  acting  at  0,  and 
a  couple  whose  moment  =  P^^Pi- 
Replace  Pjat  -4,  in  the  tame  way 
by  P/'  (or  P,)  acting  at  0,  and 
a  couple  (Pj,  P/)  whcse  moment 
Pig,  100.  is  —  Pg.pj.      Thus    the    whole 

system  of  forces  will  be  replaced 
by  forces  P,,  P,,  P,,  P^, ..  ,  acting  at  0,  and  a  number  of  couples 
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whose  momenis  are  P^^Pu  —P^-Pii  Ps-Pa  —P^'Pif'  {^^^  forces 
acting  as  iu  the  above  figure).  The  forces  acting  at  0  will  have  a 
single  refcultaiit,  R,  and  the  couples  will  form  a  single  couple  whose 
moment,  Gy  is  (Tlieor.  VIII,  Art.  80)  the  sum  of  the  moments  of  the 
couples. 

88.]  Equation  of  line  of  action  of  Besnltant.  The  equation 
of  the  line  of  action  of  the  resultant  of  a  system  of  eoplanar 
forces  is  obtained  with  reference  to  any  assumed  axes  of  co- 
ordinates, Cartesian  or  Trilinear,  by  expressing  the  fact  that 
the  sum  of  the  moments  of  the  given  forces  round  any  point 
on  the  line  of  action  of  72  is  zero. 

Thus,  let  Ox,  Oy  (Fig.  98)  be  any  rectangular  axes  with 
respect  to  which  the  co-ordinates  of  the  points  of  application  of 

Pi,  Pj*  •••  a*"®  (^i>  ^i).  (^2.  ^2)*  •••>  ^^^  'e*  (^»  .y)  ^^  ^^®  ^^- 

ordinates  of  any  point  in  the  plane.  Then  the  moment  of  P^ 
about  (a?,  y)  is  evidently 

or  ^1^1—^1.^1  -  a?  ^i  +^^v 

The  moment  of  Pg  about  (a?,  y)  is 

r2a?2-J2y2-a?72+J^-^2» 
and  similarly  for  the  other  forces.     Hence  the  total  moment,  G^' 
of  the  forces  about  the  point  is  given  by  the  equation 

(?'=  G^xir+y^X,  (1) 

where  G  is  the  sum  of  the  moments  of  the  forces  about  0  and 

stands  for  (l>i-Xiy,)  +  (I>2-^'2^2)  +  •••• 

If  (x,  y)  is  any  point  on  H,  G'  =  0,  so  that  the  equation  of 
the  line  of  action  of  R  is 

xI,r--ylX^  a,  (2) 

The  interpretation  of  equation  (1)  is  obviously  that — l^ie 
fum  of  lie  woments  of  a  system  of  eoplanar  forces  about  any 
point,  0,  is  equal  to  the  sum  of  their  vfoments  about  any  other 
pointy  (/,  plus  the  moment  about  0  of  their  resultant  of  trans- 
lation,  supposed  acting  at  (/ — a  result  which  is  evident  from  first, 
principles. 

Examples. 

1.  0  is  any  point  inside  a  triangle  ABC;  a,  0,  y  are  the  per- 
pendiculars from  0  on  the  sides ;  if  forces  act  along  the  sides  a,  6,  c 

k    k    k 
equal  to  ->  -1  ->  respectively,  and  all  in  the  same  cyclical  order,  find 
^  a   p    Y        "^ 

the  line  of  their  resultant. 
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Take  any  point  whose  trilinear  co-ordinates  with  reference  to  the 
triangle  A£V  are  x,  y,  z;  then  the  sum  of  the  moments  of  the  forces 

,    ,    k         k        k 
about  it  is  -a?  +  ^^  +  -^     Hence  the  equation  of  the  line  of  B  is 

a       ^       y 

X      y      z 
a      fi      Y 

which  is  the  axis  of  homology  of  ABC  and  the  triangle  A'B^C  formed 
by  the  points  in  which  A  0,  BO,  CO  intersect  the  opposite  sides. 

k    k 
If  two  of  the  forces,  -  >  -3  >  have  the  same  cyclical  order  while  the 

a    p 

third  acts  in  the  reverse  order,  the  equation  of  E  ia 

X     y     z      ^ 
a     p     y 

i.e.,  R  acts  in  the  line  A'ff, 

2.  A  triangular  plate,  ABC  (Fig.  101),  is  acted  upon  at  each  angle 

by  forces,  along  the  two  sides  containing 
it,  represented  in  magnitudes  and  lines 
of  action  by  the  distances  between  the 
angle  and  the  feet  of  the  perpendiculars 
let  fall  from  the  other  two  angles  on 
these  sides.  Find  the  line  of  action  of 
the  resultant  force. 

Let  the  perpendiculars  let  fall  on  the 
p.  ^^  "      three  sides,  a,  h,  c,  from  any  point,  /*, 

on  the  resultant  be  oj,  y,  «,  respectively, 
and  let  A%  j^,  C^  be  the  feet  of  the  perpendiculars.  Then  the  force 
in  AB  in  the  sense  ^^  is  AC^—BC,  or  6cos-4— acosA  Hence 
the  moment  of  this  force  about  F  v&zifi  cos  A— a  cos  B),  and  since  the 
sum  of  the  moments  of  all  the  forces  (estimated  in  cyclical  order) 
round  /*  is  =  0  (Art.  82),  we  have 

a;(ccos^— 6cosC)+y(acosC— ccos-4)  +  «(6cos-4  — acos^)  =  0.  (1) 

Now,  one  set  of  values  of  a;,  y,  and  «,  which  will  satisfy  this  equa- 
tion, is,  evidently,  a,  6,  c.  Hence  the  resultant  passes  through  the 
point  the  perpendiculars  from  which  on  the  sides  are  proportional  to 
a,  6,  c.  This  point  is  thus  found : — Let  G  be  the  centre  of  gravity  of 
the  triangle  ;  from  A  draw  a  line,  AG\  which  makes  LCA&  •=-  LB  AG, 
and  from  B  draw  a  line,  BG\  which  makes  LCBff  =  LABG.  These 
lines  intersect  in  ff,  the  required  point  which  is  called  the  isogonal 
conjugate  of  (?,  or  the  Symmedian  jxnnt. 

Again,  another  set  of  values  of  oj,  y,  z,  which  will  satisfy  (1),  is 
cos^,  cos  J?,  cos  C;  and  the  resultant  passes  through  the  point  whose 
perpendiculars  on  the  sides  are  proportional  to  these  quantities.  This 
point  is  the  centre  of  the  circumscribed  circle. 

Hence  the  line  of  action  of  the  resultant  is  known. 
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3.  Show  that  the  resultant  of  the  system  of  forces  in  the  last 
example  is  .  ^ 

cu>c 
where  A  is  the  area  of  the  triangle. 

4.  Forces  F,  Q,  jB,  act  along  the  sides  of  a  triangle,  ABC,  and 
their  resultant  passes  through  the  centres  of  the  inscribed  and  circum- 
scribed circles :  prove  that 

P       ^       Q       ^       s 

COS  ^  — COS  C         COSC?— COSil         COS  ^— COS  ^ 

(Wolstenholme's  Book  of  Mathematical  Problems). 

6.  If  from  a  point  (7  on  a  circle  there  be  drawn  two  chords  CA,  CB, 
prove  that  two  forces  inversely  proportional  to  AC  and  BC  acting 
along  these  lines  both  to,  or  both  from,  (7,  have  a  resultant  passing 
through  the  Symmedian  point  of  A  BC  and  inversely  proportional  to 
the  chord  through  this  point. 

6.  If  AD  and  BC  (A,  B,  C,  D  being  in  cyclical  order)  are  any  two 
chords  of  a  circle  and  two  forces  inversely  proportional  to  them  act 
along  them  in  the  senses  AD^  BCj  their  resultant  passes  through  the 
intersection  of  AC  and  BD ;  but  if  tliey  act  in  the  senses  AD^  CB,  it 
passes  through  the  intersection  of  AB  and  DC. 

7.  If  forces  inversely  proportional  to  the  trilinear  co-ordinates 
of  any  point  on  the  circle  circumscribing  a  triangle  act,  in  cyclical 
order,  along  the  corresponding  sides,  prove  that  their  resultant 
will  always  pass  through  the  isogonal  conjugate  of  the  centroid  of 
the  triangle. 

8.  Find  the  relation  between  three  forces  such  that  if  they  act  along 
the  sides  of  a  triangle  in  cyclical  order,  their  resultant  will  always 
touch  the  circumscribed  circle. 

Ans.  If  the  forces  are  P,  Q,  E,  and  a,  5,  c  are  the  sides, 

so  that  the  trilinear  co-ordinates  of  any  point  on  the  inscribed  conic 
which  touches  the  sides  at  their  middle  points  will  represent  all  such 
force  systems. 

9.  Find  the  relation  between  the  forces  if  their  resultant  always 
touches  the  inscribed  circle. 

cos*  1-4       COB^^B       cos*i(7 

Ans.  —^  +  —^-+—^ 0. 

80  that  they  can  be  represented  by  the  trilinear  co-ordinates  of  any 
point  on  a  certain  conic  circumscribing  the  triangle. 

(These  results  can  be  obtained  purely  by  the  principle  of  moments, 
Art.  82.) 

10.  Generally,  if  the  resultant  of  forces  acting  in  cyclical  order 
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along  the  sides  of  a  triangle  touches  any  assigned  curve,  the  relation 
between  the  forces  is  expressed  by  the  tangential  equation  of  the 
curve  in  trilinear  co-ordinates. 

89.]  Centre  of  Parallel  Forces.  Theorem.  If  any  number  of 
par alld  forces^  PiyP.yP^^  ...  P^^act  in  one  plane  at  points  A^^ 
Jgi  -^3>  ...  ^ny  ^fi^i^  resultant  passes  through  a  fixed  point  if  all 
the  forces  are  turned  in  the  same  sense  round  their  points  of 
application  through  an  arbitrary  but  common  angle. 

The  point,  ^j  (Fig.  102),  of  application  of  the  resultant  of  Pj 
and  Pj  ^^^  ^®^^  determined  (Art.  75)  by  dividing  the  line 
A^  A^  80  that  s  7> 

^i9i      Pi ' 
on  the  supposition  that  the  forces  P^  and  P^  are  parallel,  but  no 

assumption  has  been  made  as  to 
their  common  direction.  Hence 
g^  will  be  a  point  on  their  resul- 
tant in  whatever  direction  they 
act,  and  the  force  at  this  point 
is  Pj  +  Pg  •  Th®  point  of  applica- 
tion of  the  resultant  of  P^,  P^, 
and  P3,  is  determined  by  join- 
ing ^1  to  ^3,  and  dividing  it  in 
g^t  so  that 

g^g^  __  force  at  A^  _      P3 

A^g^      force  at  g^^  Py-\- P^' 

and  the  force  at  ^2  ^^  •Pi  +  P2  +  ^3-  Similarly,  the  point  of 
application  of  the  resultant  of  Pj ,  Pg,  P3,  and  P^,  is  a  point,  G, 


Fig.  102. 


on  ^2  ^4 '  ^^^  that 


ff^G P^ 


A^G      P,i-P^  +  P^ 

and  the  force  at  G  =  P1  +  P2  +  P3  +  P4. 

We  thus  see  that  the  point,  (7,  of  application  of  the  resultant 
of  tho  system  is  determined  by  dividing  the  lines  ^1^3,^2-^4'  ••• 
in  certain  ratios  which  depend  simply  on  the  magnitudes,  and 
not  on  the  common  direction,  of  the  forces  at  ^j,  -^2»  -^31  •••  • 
The  theorem  is,  therefore,  evident. 

Of  course  no  one  point  on  the  line  of  action  of  a  force  which 
acts  on  an  indeformable  body  has  a  special  right  to  be  called  the 
point  of  application  of  the  force ;  and  if  we  are  given  a  parallel 
system,  P^,  P^,  P3,  ...  with  a  fixed  direction,  a  point  on  their 
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resnltant  can  be  found  by  taking  any  points^  B^^  B,^^  B^,  ...  on 
their  respective  lines  of  action  and  going  through  the  above 
process ;  but  the  point  so  deterinined  on  the  resultant  is  not  one 
through  which  this  resultant  would  continue  to  pass  if  the 
common  direction  of  the  parallel  system  were  changed  in  such  a 
way  that  the  forces,  respectively,  revolved  round  a  different  system 
of  points,  ^j,  ^2»  -^3)  •••  •  If  we  contemplate  such  a  revolution 
round  these  points,  the  point  6  is  appropriately  termed  the 
centre  of  the  system. 

90.]  Centre  of  Mean  Position.     Let  there  be  any  number 

of  points,  ^1,  ^21  -^3>  •••  (^S*  ^^3)»  ^^  ^^®  plane,  and  let  the 
line,  A^  A,^,  be  divided  at  y^  so  that 


s^iA 


Wo 


let  ^]  ^3  be  divided  at  ^2  >  ^  ^^^^ 
let  ^2^4  ^  divided  at  ^3 ,  so  that 

^3^4  _  /^i  +  ^2  +  Wg 
/73^2  '^4 

and  so  on,  until  by  a  final  construction  we  arrive  at  a  point  (i. 
It  is  required  to  express  the  dis- 
tance of  G  from  an  arbitrary  line, 
Z,  in  the  plane  of  the  points  in 
terms  of  the  distances,  *i,  "ai-^a'  ••• 
of -^1,  -^2»  ^3>  •••  from  this  line.* 
Draw  A{mn  parallel  to  L.     Then 


m, 


A^n       A1A2      ffij  +  W2 


ff^m  = 


—       ^2 


•  ^2^'  = 


M, 


But  the  distance  of  ^j  from  L  is  equal  to 


+  r^^m  =  ri+  (^2-m;  =     ^    .  ^      • 


*  All  this  holds  if  the  points  A^^  A^,  ...  aro  not  in  the  same  plane  and  L 
represents  any  plane  from  which  their  distances  are  measured. 
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Calling  this  distance  z^,  we  liave  the  distance  of  ^2  f^om  L 
equal  to 

(ffll+ ^2)^1 +^3^3  _  *»3^i  +  »*2^2  +  ^S^3 

since  g^A^  is  divided  at  ^2  ^^  the  ratio  — ^ —  •      Continuing  the 

application   of  this    method,   we  have   evidently,   if  i  is   the 
distance  of  G  from  i/, 

f»j  +  ^2  +  '^a  "^  •  •  •  "^"  '^i* 

where  2  is  the  sign  of  summation. 

The  point  G  thus  arrived  at  is  called  The  Centre  of  Mean  Posi- 
tion of  the  given  points  for  the  system  of  multiples  m^^m^^m^y ...!«,,. 

The  points  A^^A^^A^^...  remaining  the  same,  and  the  system 
of  multiples  being  altered  to^j,  jOg*  A*  •••  the  point  G  arrived  at 
would,  of  course,  be  different     The  distance  of  the  new  point 

would  be  -^— . 

In  particular,  the  distance,  z^  from  any  plane,  of  the  centre 
of  parallel  forces,  P^,  P2,  P^,  ...  applied,  respectively,  at  points 
whose  distances  from  the  plane  are  ^1,  ^2>  -^a*  •••  ^^  given  by  the 

- -^1  *  ^1  "^  •*  2  *  ^2  "^  "^a  •  ^3  "^  *  •  * 

.      2Pz 

'  =  YP' 

The  construction  given  in  this  Article  for  the  Centre  of  Mean 
Position  of  the  points  .^j,  A^,  A^,  ...  holds  evidently  when  the 
points  do  not  all  lie  in  one  plane,  as  previously  remarked,  so 
that  if ;?!,  2^^,  ^3,  ...  denote  the  distances  of  the  points  from  an 
arbitrary  plane,  the  distance,  i,  of  the  centre  of  mean  position 
from  this  plane,  for  the  system  of  multiples  m^,  m^,  m^,  ..., 
is  given  by  the  equation  ^ 

z  = • 

Centre  of  Mean  Position  is  a  generic  term  which  comprises 
under  it  particular  points  which  must  be  specially  noticed.  One, 
the  Centre  of  Parallel  Forces,  has  been  already  mentioned. 
Another  is  the  Centre  of  Mass,  called  also  the  Centre  of  Inertia. 
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If  at  the  points  considered,  A^,  A^,  ^3,  ...  there  be  placed 
material  particles  whose  masses  are  respectively  m^,  m^t  tn^,  ... 
and  we  find  the  centre  of  mean  position  of  these  points  for  the 
system  of  multiples  m^,m2f  m^^ ...  we  shall  arrive  at  the  Centre 
of  Mass  of  this  system  of  particles.  Nothing  is  here  assumed 
about  the  closeness  of  the  points  A^^  A^^  A^^,.,^  or  the  particles 
placed  at  them,  and  the  process  of  arriving  at  the  point  G  will 
be  unaltered  if  these  particles  constitute  a  continuous  body. 
Hence  the  Centre  of  Mass  of  any  body  is  the  Centre  of  Mean 
Position  of  all  the  points  within  it  for  a  system  of  multiples  pro- 
portional to  the  masses  of  the  infinif-ely  small  particles  placed  at 
these  points  respectively, 

A  body  whose  points  do  not  suffer  any  relative  changes  of 
position  will  therefore  continue  to  possess  the  same  centre  of 
mass  no  matter  into  what  part  of  the  universe  the  body  may  be 
taken.  A  different  arrangement  of  its  particles,  would,  of  course, 
in  general  alter  its  centre  of  mass.  The  centre  of  mass  of  a 
rigid  body  is,  then,  something  which  it  possesses  absolutely, 
or  apart  from  all  contingency  of  position  in  space  or  relation  to 
other  bodies. 

The  distance  of  this  point  from  any  plane  is  given  by  the 
equation  last  written,  in  which  the  sign  2  is  to  be  replaced  by 
the  integral  sign  f  and  the  element  of  mass  at  a  distance  z  from 
the  plane  denoted  by  dm.     Thus 

fzdm 


fdm 

Again,  if  at  the  points  A^^  A^y  A^^,..  there  be  placed  particles 
whose  weights  are  w^^  w^^w^y  ...\!tis^  weights  constituting  a 
system  of  parallel  forces,  the  centre  of  these  parallel  forces  is 
called  the  Centre  of  Gravity  of  the  given  particles. 

The  effect  of  altering  the  position  of  the  body  in  the  most 
general  manner  possible  is  merely  to  turn  the  forces,  f^i,  tr^,  1^3,... 
round  their  fixed  points  of  application  A^^  ^2>  •••  through  the 
same  angle,  and  by  the  last  article  we  see  that  the  resultant  of 
the  weights  of  the  particles  will,  in  all  positions  of  the  body, 
pass  through  a  fixed  point,  (7,  in  the  body.  The  resultant  of 
all  the  elementary  weights  is  equal  to  their  sum,  and  is  called 
the  weight  of  the  body.  We  may,  therefore,  define  the  centre  of 
gravity  of  a  body  thus — The  centre  of  gravity  of  a  lody  is  that 
unique  point  in  it  through  which  passes,  in  all  possible  positions 
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of  the  hodyy  the  resultant  of  the  system  of  parallel  forces  formed  by 
the  weights  of  the  indefinitely  great  number  of  indefinitely  small 
particles  into  which  the  body  can  be  divided. 

The  centre  of  gravity  of  a  body  is,  then,  the  centre  of  the 
particnlar  set  of  parallel  forces  which  act  on  its  various  elements 
in  virtue  of  the  attraction  of  the  Earth.  The  existence  of  such 
a  point  depends  on  the  parallelism  of  the  forces  produced  by  the 
Earth  on  the  elements  of  the  body,  and  this  parallelism,  again, 
depends  on  the  minuteness  of  the  volume  of  the  body  in  com- 
parison with  that  of  the  Earth.  If  the  body  were  carried  to  the 
surface  of  the  Sun,  or  any  other  such  larg^e  attracting  mass,  the 
individual  weights  of  its  infinitesimal  elements,  and  therefore  its 
total  weight,  would  be  greater  than  they  are  at  the  Earth's 
surface,  but  the  position  of  the  centre  of  gravity  in  the  body 
would  remain  the  same.  On  the  other  hand^  if  the  dimensions 
of  the  body  were  comparable  \vith  those  of  the  attracting  mass, 
the  forces  of  attraction  on  its  elementary  portions  would  not  be 
a  parallel  system,  and  the  resultant  attraction  would  not,  in 
general,  pass  through  any  fixed  point  in  the  body  independently 
of  the  relative  positions  of  the  two  masses.  This  resultant 
attraction  on  the  body  would  not,  except  for  very  special  positions 
of  the  body,  pass  through  its  centre  of  mass.  The  term  weight  of 
a  body  is  used  to  signify  the  resultant  attraction  produced  on  the 
body  by  the  Earth,  or  other  planet,  on  whose  surface  the  body 
exists,  and  it  is  therefore,  unlike  mass,  a  mere  contingent 
property  of  the  body.  If  we  imagine  the  body  taken  out  into 
space  and  removed  (if  possible)  from  the  attractions  of  all  bodies, 
the  terms  weight  and  centre  of  gravity  would  cease  to  have  any 
meaning  with  reference  to  the  body  in  that  position  ;  while,  on 
the  contmry,  it  has  both  its  mass  and  centre  of  mass  perfectly 
unaltered.  Hence  the  centre  of  gravity  is  essentially  distin- 
guished from  the  centre  of  mass  ;  although,  since  the  force  with 
which  any  body.  A,  attracts  each  molecule  of  another  body,  B,  is 
proportional  to  the  mass  of  the  molecule,  if  these  forces  form  a 
parallel  system — as  they  do  in  the  case  of  a  planet  and  any 
comparatively  small  body  on  its  surface — the  centre  of  this 
gravitation  system  coincides  with  the  centre  of  mass  of  the 
attracted  body. 

In  considering  the  equilibrium  of  a  rigid  heavy  body  we  represent  its 
weight  as  a  single  force  acting  vertically  through  its  centre  of  gravity. 
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For  Uie  actual  process  of  calculating  the  distance  of  the  centre 
of  mass  of  a  given  system  of  masses,  or  the  centre  of  a  given 
system  of  parallel  forces,  from  any  plane  of  reference,  the  student 
will  often  find  it  useful  to  make  a  table  of  the  masses  or  the 
forces  and  the  distances  of  their  corresponding  points  from  the 
plane,  as  in  the  following  scheme : 


Masses. 

Distances 
from  plane. 

Products. 

•  •  • 

•  •  • 

•  •  • 

•  •  • 

•  •     • 

•  •     • 

M  P 

In  the  first  column  are  placed  successively  the  constituent 
masses  of  the  system  ;  opposite  each  mass  is  placed,  in  the  second 
column,  the  distance  of  its  centre  of  mass  from  the  reference 
plane ;  and  in  the  third  column  are  placed  the  products  of  the 
corresponding  elements  of  the  first  and  second  columns.  If  the 
sum  of  the  third  column  is  P  and  that  of  the  first  M, 

P 
M 

is  the  distance  of  the  centre  of  mass  of  the  system  from  the 
reference  plane.  We  shall  subsequently  refer  to  this  result  as  the 
theorem  of  ma^s-ffiomefiU  with  respect  to  a  plane. 

If  instead  of  a  system  of  masses  we  have  a  system  of  parallel 
forces,  the  heading  of  the  first  column  will  be  Forces. 

If  some  of  the  centres  of  mass  of  the  bodies  in^ ,  m,, ...  are  at 
one  side  of  the  plane  and  others  at  the  other  side,  the  corre- 
sponding distances  in  the  second  column  must  be  marked  positive 
and  negative.  In  the  case  of  a  system  of  parallel  forces  if 
those  in  the  same  sense  are  taken  as  positive,  those  in  the 
opposite  sense  must  be  marked  negative  in  the  first  column. 

A  single  typical  example  will  suffice. 

AJBC  is  a  triangle  whose  sides  a,  i,  c  are,  respectively,  13,  15, 

14  inches  long.      At   the   vertices  A^  B^  C  act   like  parallel 

K  7, 
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forces  of  12,  4,  and  10  pounds'  weight,  respeddvely ;  and  at  the 
middle  points  of  the  opposite  sides  act  forces  of  6,  8,  and  2 

pounds'  weight,  parallel  to 
the  first  system  and  all 
having  a  sense  opposite  to 
that  of  the  first  system. 

It  is  required  to  find  the 
distance  of  the  centre  of 
this  whole  system  from  the 
perpendicular,  CP,  drawn 
from  C  to  AJB. 

We  find  CP=12,  AP 
=  9,  £P  =  5,  and,  setting 
^-  '°^  down  in  a  table  the  mag- 

nitudes of  the  forces  and  the  distances  of  their  points  of  appli- 
cation from  CP  (i.e.,  in  reality,  from  a  plane  through  CP 
perpendicular  to  the  plane  of  the  figure)  we  have  : 


Foroei. 

Distances 
from  CP. 

Products. 

12 
-8 
10 
-6 
4 
-2 

9 

V 

0 

-f 
-5 

2 

108 

-36 

0 

15 
-20 

-4 

10 


63 


so  that  6.3  is  the  distance  of  the  centre  from  CP,  distances  from 
CP  towards  the  left  of  the  figure  having  been  taken  as  positive. 
If  we  wish  to  find  the  distance  of  the  centre  from  AB,  we 
join  a  column  of  distances  from  A£  to  the  above  table  and  a 
corresponding  column  of  products,  the  sum  of  which  products  we 
find  to  be  36,  so  that  the  centre  is  3.6  from  AB. 


Examples. 

1.  The  centre  of  mean  position  of  three  points.  A,  B,  G,  for  a 
S3r8tem  of  equal  multiples,  is  the  intersection  of  the  bisectors  of  the 
sides  of  the  triangle  A  BG  drawn  from  the  opposite  angles. 
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2.  The  centre  of  mean  position  of  three  point8,  A,  B,  (7,  for  a 
system  of  multiples  sin  2^1,  sin  2B,  sin  2C7,  is  the  centre  of  the  circle 
circumscribed  about  the  triangle  ABC. 

3.  The  sides  of  the  triangle  being  a,  by  c,  the  centre  of  mean 
position  of  il,  B,  C,  for  the  system  of  multiples  a,  h,  c,  is  the  centre 
of  the  inscribed  circle,  and  if  any  one  of  these  multiples  is  taken 
negatively,  the  mean  centre  is  the  centre  of  the  circle  exscribed  at  the 
corresponding  side. 

4.  For  the  system  of  multiples  tan^l,  tan^,  tanC7,  the  centre  of 
mean  position  is  the  intersection  of  perpendiculars. 

6.  For  the  system  of  multiples  a",  6*,  c*  the  mean  centre  of  A,  By  C 
is  the  isogonal  conjugate  of  (r,  i.e.,  the  Symmedian  point 

6.  0  is  any  point  inside  or  outside  a  triangle  ABC,  Show  that 
if  a  system  of  multiples  of  any  kind  proportional  to  the  areas 
BOCy  CO  Ay  and  AOB  be  placed  at  the  vertices  A,  By  (7,  respectively, 
the  point  0  is  the  mean  centre  of  the  system.  (If  0  is  outside,  one 
of  the  areas  above  must  be  considered  as  negative.) 

7.  0  is  any  point,  and  jP,  Q,  R  are  the  feet  of  the  perpen- 
diculars from  it  on  the  sides  a,  5,  c  of  a  triangle  ABC.  Show 
that  if  a  system  of  multiples  proportional  to  the  areas  QORf  ROF, 
FOQ  be  placed  at  Ay  B,  (7,  respectively,  the  mean  centre  is  the 
isogonal  conjugate  of  0  with  respect  to  the  triangle.  (If  (/  is  this 
point,  its  definition  is  that  ABAC/ =  LCAOy  LCBC/^  LABOy  &c.) 

8.  Hence  show  that  the  feet  of  the  perpendiculars  from  any  point 
on  the  circumscribed  circle  lie  in  a  right  line. 

(The  isogonal  conjugate  of  any  point  on  this  circle  is  at  infinity.) 

9.  0  is  any  point  inside  a  triongle  ABCy  and  the  lines  AOy  BOy  CO 

meet  the  opposite  sides  in  A!y  B'y  C\  respectively.     Show  that  it  is 

possible  to  determine  masses  m, ,  m, ,  m,  at  il ,  B,  (7,  so  that  if  they 

are,  respectively,  moved  to  P,  Q,  R  along  AA\  BB^,  CC^  such  that 

A  P       BO       CR 

— J-  =  — ^  =  y-^^  their  centre  of  mass  remains  unchanged  in  position, 

AA       BB^      CC 

and  that  _  ^_1^4.'    0^0^     OC.OC 

10.  Show  that  m^:m^\m^  will  have  the  following  values  if — 
0  is  the  centroid  of  ABC      .     .     .     1:1:1, 

isogonal  conjugate  of  centroid  of  ABC 

a«(6«+c') :  ft«(c«+a*) :  c»(a«+^), 

orthocentre a'  :  6' :  c', 

„    centre  of  inscribed  circle   .   a{b  +  e)  :  6  (c  +  o) :  c  («  +  ft), 
.,       „   isogonal  coi^jugate  of  any  point,  P, 

a /h     c\    b /c     a\    e /a     b\ 

where  a,  /9,  y  are  the  perpendiculars  from  P  on  the  sides. 
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11.  If  at  given  points,  A^,  A^^  A^,.,,  there  be  placed  a  Bystem  of 
multiples,  ytIj,  tn^,  titj)  *..  whose  mean  centre  is  P;  and  if  when 
multiples  /x^,  /i,,  Ms>---  &i*^  placed  at  the  same  points  the  mean 
centre  is  Q;  prove  that  for  a  system  of  multiples  m^-i-kn^f  fTi^  +  ifc/j^, 
m^+ib /!,,...  at  the  points  the  mean  centre  lies  on  the  line  PQy  dividing 
it  in  the  ratio  2m :  ^2/i. 

Hence,  with  the  aid  of  examples  5  and  6,  prove  that  the  centroid 
of  a  triangle  lies  on  the  line  joining  the  orthocentre  to  the  centre  of 
the  circumscribed  circle,  cutting  it  in  a  point  of  trisection.  (Observe 
that  the  orthocentre  and  centre  of  the  circumscribed  circle  are  isogonal 
conjugates.) 

91.]  Force  Polygon  and  Funicular  Polygon.     The  previous 


methods  of  this  chapter  for  the 
determination  of  the  magnitude 
and  line  of  action  of  the  resultant 
of  a  system  of  coplanar  forces 
have  been  analytical.  We  now 
proceed  to  show  how  the  re- 
sultant can  be  determined  by 
a  graphic  method  which  is 
constantly  employed  in  calcu- 
lations relating  to  various  en- 
fifineerinff  structures.  Let  there 
**     '"'  be  any  system  of  forces,  Pj ,  Pg . 

P3,  P^,  Pg,  (Fig.  105)  acting  in  one  plane  on  a  body.     Starting 
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with  any  point,  01,  draw  lines,  (01,  12),  (12,  23),  (23,  34), 
(34,  45),  (45^  56),  parallel  to  the  lines  of  action  of  the  forces 
and  respectively  proportional  to  them.  The  figure  formed  by 
these  lines,  (01,  12)^  (12,  23)^ ... ,  is  called  the  Force  Polyg<m  of 
the  given  system  of  forces.  Now  take  any  point,  0,  and  from 
it  draw  lines,  OOl,  Ol2,  0  23, ...,  to  the  vertices  of  the  force 
polygon.  From  any  point,  /j,  on  the  line  of  action  of  P,  draw 
two  lines, /i/q  and/i/j,  parallel  to  the  lines  OOl  and  012; 
fix)m  the  point  f^  in  which  y^  f^  meets  Pj  draw/j/j  parallel  to 
0  23  and  meeting  -P3  in/3  >  ^"^^  /s  draw /j  f^  parallel  to  0  34; 
and  so  on. 

The  system  of  lines  fisf\f'if%f\fbf^  parallel  to  the  radii 
drawn  to  the  vertices  of  the  force  polygon  from  any  point,  0,  is 
called  a  Funicular  Polygon  of  the  given  system  of  forces. 

The  point  0  the  radii  from  which  to  the  vertices  of  the  force 
polygon  determine  the  funicular  is  called  the  Pole  corresponding 
to  the  funicular. 

Let  any  other  pole,  0^,  be  chosen,  and  from  an  arbitrary 
point,/i',  on  Pj,  let/Z/o'  *^^  f\f%  ^  drawn  parallel  to  0'  01 
und  0^12,  respectively;  and  let  a  new  funicular,  /q  fi***/^^ 
be  constructed. 

Then  the  sides  (such  as  ^2/3  ^^'^  f2f^)  ^^  these  polygons 
which  reach  between  the  lines  of  action  of  the  same  two  forces 
are  called  corresponding  sides. 

Since  the  point  f^  may  be  taken  anywhere  on  P^  it  is  clear 
that  for  a  given  pole,  0,  we  may  construct  an  infinite  number  of 
funiculars  of  the  system,  but  the  corresponding  sides  of  them  are 
of  course  parallel. 

Now  observe  particularly  that — if  the  force  at  each  vertex  of  a 
fimicular  of  the  system  is  resolved  into  two  components  directed 
along  the  two  sides  of  the  funicular  which  meet  at  this  vertex, 
the  components  at  the  extremities  of  each  side  of  the  funicular 
are  equal  and  opposite.  For,  suppose  Ps  resolved  into  two 
components  in  f^f^  and  fzf^  \  then  these  components  are 
represented  by  the  lines  23  0  and  0  34  ;  also  if  P^  is  resolved 
into  components  in/g/j  and/g/j,  these  will  be  represented  by 
023  and  12  0,  respectively;  thus  the  components  in  the  side 
f^fz  are  equal  and  opposite. 

Hence  we  may  base  the  definition  of  a  funicular  on  this 
property,  thus: — A  funicular  polygon  of  a  given  system  of  forces  is 
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a  polygon  whose  vertices  lie  aiie  hy  one  on  the  lines  of  action  of  the 
given  forces^  and  is  also  such  that,  if  the  force  acting  at  each  vertex 
is  resolved  into  two  {oblique)  components  along  the  sides  of  the  polygon 
meeting  in  that  vertex,  the  forces  at  the  extremities  of  each  sid^  of 
the  polygon  are  equal  and  opposite. 

It  foUowB  therefore  that  if  the  sides  of  any  funicular  are  a 
system  of  bars  freely  jointed  to  each  other  at  the  vertices,  at  which 
the  forces  are  applied,  the  polygon  of  bars  will  be  kept  in  equilibrium 
by  the  forces,  the  ends  of  the  first  and  last  bars  at  which  no 
forces  are  applied  being  pivoted.  A  polygon  of  strings  instead 
of  bars  would  not  be  held  in  eqoilibrium,  unless  the  components 
in  the  sides  were  all  tensions,  not  pressures.  (The  primary  signi- 
fication of  funicular  polygon — derived  from  funiculus,  a  little 
rope — has  reference  to  strings,  and  has  been  extended  in  its 
application.) 

92.]  Theorem.  The  corresponding  sides  of  any  two  funiculars  oj 
a  given  system  of  forces  intersect  on  a  right  line,  which  is  parallel 
to  that  joining  the  poles  of  the  two  funiculars. 

At  the  points  /2  ^^'^  fi  ^^^  ^^o  equal  forces  (each  Pj)  ^ 
applied  in  opposite  senses  along  the  line  f^f%\  suppose 
them  to  act  away  from  both  of  these  points,  as  Pg  ^  represented 
in  Fig.  105.  Considered  as  acting  on  a  rigid  body,  these  forces 
are  in  equilibrium.  Now  let  F^  aty^  be  resolved  into  its  com- 
ponents along  /2/1  and /g/a-  These  components  will  be  re- 
presented in  magnitudes  and  senses  by  012  and  23  0, 
respectively.  Similarly,  resolve  F^  at  f^  along  f(f{  and 
f^fz  ;  and  these  components  will  be  represented  by  120' 
and  0^  23.  These  four  components  are  therefore  in  equilibrium. 
Take  the  sum  of  their  moments  about  the  point  of  intersection 
of  the  lines /^g/s  ^^^  f%fz*  Then,  since  this  sum  is  zero,  it 
follows  that  the  resultant  of  the  two  components  (012  and  12  O') 
in  the  lines  f^f^  and  f{fi  must  pass  through  the  point  of 
intersection  of /g/s  and /j'/s';  but  it  also  passes  through  the 
point  of  intersection  of /^/j  and /2V1' >  therefore  its  line  of 
action  is  the  line  joining  these  two  intersections.  Now  this  line 
of  action  is  parallel  to  the  line  OCf ;  for,  two  forces  represented 
by  0  12  and  12  0^  give  a  resultant  represented  by  OCf  in 
magnitude  and  sense. 

Hence  the  corresponding  sides  fxf^  and  f{ fi^  ftfz  *^d 
ftfz   intersect  on  a  line  parallel  to   OCf\  similarly  the  sides 
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/g/j  ^^^  fifz9  fzfi  ^^^  fz /a  ii^tereect  on  a  line  parallel  to 
OC/,  which,  of  course,  must  be  the  same  line  as  before.  This 
line  is  LM  in  the  fignre. 

Favaro  (Leziani  di  Statica  Grafi^a^  p.  409)  gives  a  purely 
geometrical  proof  of  this,  depending  on  the  property  that  if  in 
two  complete  quadrangles  five  pairs  of  corresponding  sides 
intersect  in  five  points  which  all  lie  on  a  right  line  (which  may 
be  a  line  at  infinity),  the  point  of  intersection  of  the  sixth  pair 
will  also  lie  on  this  line. 

In  Fig.  105  produce  fif^  and  fxf%  to  meet — in  N^  suppose ; 
and  consider  the  quadrangle  formed  by  the  points  Myf^^f(^  N^ 
and  also  that  formed  by  the  points  01,  12,  0,  0\  The  five  pairs 
of  corresponding  sides  {llf^y  01  0),  (3///,  01(7),  (/i//,  1201), 
(/i  N^  12  0),  and  (iV/"/,  CX  12)  intersect  in  points  which  lie  on 
the  line  at  infinity;  therefore  the  remaining  pair  of  sides  (i/JV^ 
0(y)  are  paralleL 

The  general  proposition — which  holds  equally  for  two  quad- 
rangles in  different  planes — ^is  easily  proved  from  the  property 
of  two  triangles  in  perspective  which  will  presently  be  given, 
and  which  is  not  restricted  to  two  coplanar  triangles. 

93.]  Problem.  Given  one  funicular  of  a  given  9y%tem  of  coplanar 
f orcein  to  eonstrucl  all  funiculars  of  the  system. 

Let  the  given  funicular  ^fafif^f^i  •••  •  Draw  any  line  LM 
in  the  plane  of  the  forces  ;  produce  the  ^^'^'^^fofyfifty  ...>  of 
the  given  funicular  to  meet  LM ;  from  the  point  of  intersection 
of  LM&nifQfi  draw  the  arbitrary  ]ine  f^fi,  which  meets  Pj  in 
fi  ;  join//  to  the  point  of  intersection  of  LM  and/^/j  >  this 
joining  line  will  meet  Pg  ^^/a^  which  is  the  second  vertex  of 
the  new  funicular ;  join/2^  to  the  point  of  intersection  of  LM 
and/2/3  ;  this  will  give/3^ ;  and  so  on.  Hence  a  new  funicular 
is  formed,  and  since  the  lines  LM  and  f^fl  were  drawn  at 
random,  an  infinite  number  of  funiculars  of  the  system  can  be 
described  in  this  way. 

94.]  Problem.  To  construct  tJie  Resultant  of  a  given  system  of 
coplanar  forces. 

On  any  scale  construct  a  force  polygon  01,  12,  23, ...  of  the 
given  system  ;  then  the  line  of  action  of  the  resultant  must  be 
parallel  to  the  side  (01,  56)  which  closes  the  force  polygon. 
Take  any  pole,  0,  and  construct  a  funicular yQ/i/j...  of  the 
system.     Then  the  resultant  must  pass  through  the  point  of 
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intersection  of  the  extreme  sides,  f^fi  and/a/g,  of  the  funicular. 
For,  by  resolving  each  force  into  components  along  the  two 
sides  of  the  funicular  which  start  firom  the  vertex  at  which  the 
force  may  be  supposed  to  act,  these  components  will  be  mutually 
destroyed,  with  the  exception  of  those  in  the  extreme  sides, /q/^ 
and/5  /q.  Hence  the  whole  system  of  forces  is  equivalent  to  two 
forces  acting  in  these  sides,  and  represented  in  magnitudes  on 
the  scale  adopted  by  the  lines  0  01  and  0  56.  The  line  of  action 
of  the  resultant  therefore  passes  through  the  intersection  of  the 
extreme  sides  and  is  parallel  to  the  line  joining  01  to  56,  and 
the  magnitude  is  represented  by  the  length  of  this  joining  line, 
its  sense  being  of  course  from  01  to  56. 

The  student  will  do  well  to  determine  by  this  method  the 
resultant  of  the  forces  in  Fig.  97,  and  also  that  of  the  parallel 
system  in  Fig.  104,  verifying  the  results  of  calculation. 

Cor.  1.  Whatever  be  the  path  described  by  the  pole,  the 
point  of  intersection  of  the  extreme  sides  of  the  funicular 
describes  a  fixed  right  line.  This  is  the  line  of  action  of  the 
resultant  of  the  given  system  of  forces. 

Cor.  2.  The  point  of  intersection  of  any  two  sides  of  a 
funicular  describes  a  fixed  right  line,  when  the  pole  varies  in  any 
manner.  Thus  the  sides /1/2  ^"^^fkfb  ^^  always  intersect  on 
the  line  of  action  of  the  resultant  of  the  forces  P^,  P3,  P^. 

95.]  Graphio  Conditions  of  Equilibrium.  When  a  system 
of  coplanar  forces  acting  on  a  rigid  body  is  in  equilibrium, 
the  forces  when  compounded  two  and  two  must  finally  reduce 
to  two  equal  forces  of  opposite  senses  acting  in  the  same  right 
line.  Since  the  resultant  is  proportional  to  the  line  required  to 
close  the  force  polygon,  this  line  must  be  zero  ;  hence  the  force 
polygon  of  the  system  must  close  up  of  itself.  Again,  since  the 
system  is  finally  reducible  to  two  forces  acting  in  the  first 
and  last  sides,  f^fx  and  /5/e,  of  any  funicular,  these  sides 
must  coincide ;  or,  in  other  words,  the  funicular  must  be 
dosed. 

Hence  the  conditions  of  equilibrium  are — 

1.  The  force  Polygon  of  the  system  must  be  closed. 

2.  Any  Funicular  Polygon  of  the  system  must  be  closed. 
Cor.  1.  If  any  one  funicular  of  the  system  is  closed,  every 

funicular  of  the  system  is  closed. 

CoK.  2.    If  the  system  is  equivalent  to  a  couple,   the  force 
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polvgtMi  is  dosed,  and  the  first  and  bkst  sides  of  all  funiculars 
are  paimlleL     (Apply  to  the  case  of  Art.  So.) 

96.]  Froblsm.  Tar  «  /tm  sytf^m  of  coplamar  ji^rcr*  jimti  (k^ 
iceus  of  the  pol€  cf  •  fmmiemlar  polyyom  fro  if  ri<»ti'  fiJ^*  /k»*f 
eaek  Uromgk  a  ^reu  poimi. 

It  is  obvious  fiom  Art.  92  that  the  locus  is  a  ri^t  line 
parallel  to  that  joining*  the  two  assigned  points  throoirh  which 
the  two  sides  pass,  and  the  line  will  be  determined  by  finding 
the  pole  of  any  one  fonicolar  satisfying  the  g^iven  condition ; 
and  such  a  pole  is  easily  found. 

Suppose,  for  example,  that  the  sides, /J^/j  and  f^f  pass  each 
through  a  given  point.  Now  these  sides  intersect  on  a  given 
line  (Art  94),  LS  (Fig.  106),  viz^  the  resultant,  By.^.  of  jPj, 
Pj,  Pj,  and  P4,  parallel  to  the  line  joining  01  to  45.  If,  then, 
f^fi  passes  through  the  given  point  2),  andy^y^  through  G. 
take  any  point,  S^  on  i?i2st  '^^  j^^  it  to  2)  and  G.  Then,  from 
the  vertices  01  and  45  of  the  force  polygon  draw  two  lines 
parallel,  respectively,  to  SD  and  SG,  These  lines  intersect  in  a 
point  0,  which  is  the  pole  of  a  funicular  satisfying  the  given 
conditions;  hence  we  have  the  locus  OM  which  was  sought. 
If  the  line  joining  01  to  45  were  not  parallel  to  LS^  the  point 
S  being  varied,  the  locus  of  the  corresponding  point  0  would  be 
a  hyperbola.  For  if  S^,  S^^  S^^  S^  are  any  four  positions  of  S 
on  the  right  line  Jij2^i  the  anharmonic  ratios  of  the  pencils 
D  (5^  S.^  8^  S^)  and  G  (^  S^  S^  S^)  are  equal ;  and  therefore  the 
pencils  01  {0^  0^  O3  0^)  and  45  {0^  0^  0^  0^  are  also  equal, 
which^  by  a  well-knoim  pro- 
perty, shows  that  the  points 
0  lie  on  a  conic  (which  is  a 
hyperbola)  passing  through 
both  the  points  01  and  45, 
its  asymptotes  being  parallel 


1234* 


to  the  lines  DG  and  R 

The  hyperbola  becomes  two 

right  lines  in  the  particular 

case  of  our  problem,  in  which 

the  line  joining  the  points  ^-  ^^' 

01  and  45  is  parallel  to  Z^S— 

these  lines  being  that  joining  01  to  45,  and  a  line,  03/,  parallel 

to  GD.     [Deduce  the  locus  also  from  Art.  36.] 
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97.]  Problem.  To  represent  iJie  moment  of  a  force  about  a  point. 

Let  it  be  required  to  re- 
present the  magnitude  of  the 
moment  of  a  force  P  about  a 
point  0  (Fig.  107).  Draw  db 
parallel  to  P  and  representing 
it  on  any  scale. 

Let  0  be  a  point  taken  at 
a  unit  distance  from  ah ;  draw 
oa  and  cib.  Assume  any  point, 
Q,  on  the  line  of  action  of  P, 
and  draw  Qlf  and  Q£  parallel 
to  oa  and  oh^  respectively. 
Prom  0  draw  a  line,  ZJ/, 
parallel  to  P.  Then  the 
length  LM  represents  the 
moment  of  P  about  0.  For,  the  triangles  oah  and  QJilL  are 
similar  ;    therefore  if  p  is  the  length  of  the  perpendicular  from 

0  on   LMy  we   have =  -r-  »  .\LM  =  P./?,   since  ah   re- 

P  1 

presents  P. 

Hence  LM  is  the  moment  on  the  scale  adopted. 

If  the  pole  0  is  at  a  distance  k  units  from  ad,  we  shall  have 
P.p^  LMxk, 

If  the  unit  force  is  cr,  and  the  unit  length  A,  the  moment 

k 
of  the  force  P  about  0  will  be  LM  x  tr  x  -- ;    for  fli  will  ob- 

P 

viously  be  —  A. 

98.]  Problem.  To  represent  the  sum  of  the  moments  of  any  system 
of  coplanar  forces  about  a  point. 

Let  A  (Fig.  105)  be  the  point  about  which  the  sum  of  the 
moments  of  the  forces  is  required. 

The  sum  of  their  moments  =  the  moment  of  their  resultant 
about  the  point.  Let  this  resultant  be  constructed  by  Art.  94, 
and  let  the  moment  of  the  resultant  be  constructed  by  last  Art. 
Now  the  resultant  is  represented  by  the  line  joining  01  to  56 
(Fig.  105),  and  if  0  is  a  pole  assumed  at  any  distance,  ky  from 
this  line,  we  are  to  draw  from  any  point  on  the  resultant  two 
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lines  parallel  to  0  01  and  0  56,  and  through  A  a  line  parallel  to 
the  reBultant,  R, 

Now  the  extreme  sides, /^  /j  and  /s/g,  of  the  funicular  intersect 
in  a  point  on  R,  and  are  parallel  to  the  lines  OOl  and  0 56.  Hence 
the  intercept  made  hy  the  extreme  sides  of  the  funicular  on  a  line 
drawn  throrigh  the  given  point  A  parallel  to  the  resultant  will 
represent  the  sum  of  the  moments  of  the  forces  about  the  point. 

This  intercept  multiplied  by  k  will  be  the  sum  of  moments. 

99.]  Property  of  Perspective  Triangles.  Two  triangles,  ABC 
and  A!£^C^  are  said  to  be  in  perspective  when  their  vertices  can 
be  joined  in  pairs  by  three  right  lines  which  meet  in  a  point.  If 
the  lines  joining  A  to  A^^  £  to  ffy  and  C  to  (/  meet  in  a  point, 
A  and  A^  are  called  corresponding  vertices,  as  are  also  R  and  R^, 
C  and  C;  and  the  sides,  AR  and  A^R',  &c.,  which  join  corre- 
sponding vertices  in  the  triangles  are  called  corresponding  sides. 

The  fundamental  property  of  triangles  in  perspective  is  that 
the  points  of  intersection  of  corresponding  sides  lie  in  one  right  line. 

To  prove  this  projective  property  it  is  sufficient  to  prove  it  for 
the  simplest  figure  into  which  the  two  triangles  can  be  projected. 
Let  the  line  CC  be  projected  to  infinity.  Then  AA^  and  RR' 
will  become  parallel  lines  ;  also  the  sides  AC  and  RC  of  the  first 
triangle  will  become  parallel,  as  will  A^C^  and  R'C  of  the  second. 
For  the  simple  figure  thus  obtained  there  is  no  difficulty  in 
proving  the  proposition. 

To  construct  a  triangle  whose  three  sides  shall  pass  each  through 
a  given  point,  and  whose  three  vertices 
shall  each  lie  on  one  of  three  concurrent 
lines. 

Let  it  be  required  to  construct  a 
triangle  whose  vertices.  A,  R,  C,  shall 
lie  on  three  concurrent  lines,  AO, 
ROj  CO,  and  whose  sides  shall  pass 
through  the  points  a,  b,  c,  (Fig.  io8). 
Suppose  it  done,  and  let  ARC  be  the 
triangle.  Take  any  point,  C,  on  CO, 
and  draw  C^a  and  C^b  meeting  RO 
and  AO  in.  R'  and  A'  respectively. 

Then  the  triangles  ARC  and  A'R'C^  ^'*-  '*'^* 

are  in  perspective,  therefore  the  sides  AR  and  A'ff  intersect  in 
P,  a  point  on  the  line  ab.     Hence  P  is  known,  since  it  is  the 
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intersection  of  ah  with  the  line  yi'JB'  which  is  constructed  by 
arbitrarily  assuming  C.  P  being  known,  join  it  to  e,  and  the 
vertices  A  and  B  are  determined,  and  C  follows  at  once.    Q.E.F. 

Examples  on  Funicular  Polygons. 

1.  When  three  forces  are  in  equilibrium,  any  triangle  whose 
vertices  lie  on  their  lines  of  action  is  a  funicular  of  the  system. 

(Imagine  its  sides  to  be  a  system  of  freely  jointed  bars.  They  must 
be  in  equilibrium.    See  end  of  Art.  91.) 

2.  A  heavy  rod,  or  beam,  is  supported  horizontally  on  two  smooth 
props  at  its  extremities,  and  loaded  with  given  weights  at  given  points 
in  its  length ;  find  the  pressures  on  the  props. 

Suppose  the  line  a^a^  (Fig.  35,  p.  50)  to  be  horizontal  and  to 
represent  the  loaded  beam,  the  loads,  Fj,  F^y  ...(including  its  weight 
among  them)  being  applied  at  the  points,  d^,  c2,,...,  and  let  the 
pressures  at  the  props  a^  and  a^  be  F^  and  F^.  Starting  from  any 
point  01  draw  a  vertical  downward  line  to  represent  on  any  scale  the 
force  F^,  and  let  this  line  terminate  at  the  point  12 ;  from  12  draw  a 
vertical  downward  line  representing  F^  on  the  same  scale,  and  let  this 
line  terminate  at  the  point  23 ;  from  this  point  draw  a  vertical  down- 
ward line  to  the  point  34  to  represent  P, ;  from  34  draw  a  vertical 
downward  line  to  the  point  45  to  represent  F^. 

Then  from  34  we  must  draw  a  vertical  uptvard  line  to  represent 
the  pressure  P,,  and  this  line  will  terminate  at  the  point  56,  which, 
however,  is  at  pi-esent  unknown.  The  pressure  F^  will,  of  course,  be 
represented  by  the  upward  line  between  56  and  01. 

To  determine  56,  assume  any  pole,  0,  and  join  this  pole  to  the 
points  01,12,....  Across  the  lines  of  action  of  the  forces  acting  on  the 
beam  draw  the  lines  A^A^,  A^A^, ...  parallel  to  the  lines  OOl,  012,..., 
and  draw  the  closing  line,  A^A^,  of  the  funicular  polygon.  Then 
the  line  through  0  parallel  to  this  closing  line  is  that  joining  0  to  the 
required  point,  56. 

3.  A  beam  is  supported  horizontally  at  its  extremities  on  two 
vertical  props  and  loaded  with  given  weights  at  given  points  in  its 
length ;  it  is  required  to  repreBent  the  Bending  Moment  at  any  point 
of  the  beam. 

JDe/,  When  a  beam  is  in  equilibrium  under  the  action  of  any  forces, 
the  .Bending  Moment  at  any  point  means  the  sum  (with  their  proper 
signs)  of  the  moments  about  this  point  of  all  those  forces  which  act  at 
one  side  (either  side  will  do)  of  the  point. 

Suppose  a^^a^  (Fig.  35,  p.  50)  to  represent  the  beam,  as  in  last  ex- 
ample, and  let  F  be  the  point  about  which  the  bending  moment  is 
required.  The  pressure  on  the  prop  a^  being  P^,  the  bending  moment 
at  F  is  the  sum  of  the  moment  of  F^,  F^,  and  F^ ;  and  if  we  con- 
struct any  funicular  of  the  system  this  moment  will,  by  Art.  98,  be 
the  intercept  on  a  vertical  line  through  F  made  by  the  extreme  sides 
of  the  funicular  of  the  forces  F^^F^^  and  P,.    But  these  extreme  sides 
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are  obvionsly  A^A^  and  A^A^.  Hence  the  bending  moment  at  any 
point  P  is  represented  by  the  yertical  ordinate,  mny  drawn  through  P. 
of  any  fonicular  polygon  of  the  Bystem. 

Of  course,  if  ib  is  the  distance  of  the  pole  of  the  assumed  funicular 
from  the  yertical  line  which  aeryes  as  the  force  diagram,  the  bending 

moment  will  be  mn  xkx-r-*     (See  end  of  Art.  97.) 

A 

4.  Of  five  coplanar  forces  in  equilibiium,  giyen  the  lines  of  action  of 
uU,  the  magnitude  of  one,  and  the  ratio  of  the  magnitudes  of  two 
others  ;  find  the  magnitudes  of  all. 

Let  I\  (Fig.  109)  be  the  force  which  is  completely  giyen,  and  let 
the  ratio  of  P,  to  P,  be  giyen. 


Fig.  109. 


Starting  with  any  point  a,  draw  06  parallel  and  proportional  to  P^ ; 
then  if  we  draw  any  two  lines  6c,  cdy  parallel  to  the  giyen  directions 
P,,  P,,  and  bearing  to  each  other  the  given  ratio,  the  line  hd  is  given. 
Suppose  be  and  ed  to  represent  P,  and  P, ;  then  let  de  and  ae  be  drawn 
parallel  to  P^  and  P^.  It  thus  appears  that  everything  would  be 
known  if  any  one  of  the  points  c,  dy  e  were  known. 

Now,  in  order  to  get  a  funicular  with  as  many  known  sides  as 
possible,  choose  h  for  pole;  and  for  further  simplification  start  the 
funicular  from  the  (given)  point,  w,  of  meeting  of  P,  and  P, .  "We  see, 
then,  that  we  have  to  draw  np  parallel  to  the  given  line  bd ;  and  ])qy 
which  is  parallel  to  be,  must  pass  through  the  point  of  meeting  of  P, 
and  Pg,  since  (for  the  closure  of  the  funicular)  the  last  side,  which  is 
parallel  to  ab,  must  be  parallel  to  P,,  and  pass  through  m.  Now  the 
points  m  and  n,  and  therefore  jp,  are  known ;  hence  pq  is  known,  i.e., 
be  is  known  in  direction,  .*.  the  point  e  is  known,  and  hence  the  force 
polygon  is  completely  known. 

5.  Of  four  coplanar  forces  in  equilibrium,  given  the  magnitude  of 
one  and  the  lines  of  action  of  all ;  find  the  magnitudes  of  all. 

6.  Show  how  to  resolve  a  force  acting  along  a  given  line  into  three 
components  acting  each  along  an  assigned  line. 
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[Let  the  given  force  act  in  the  line  Z,  and  let  the  other  assigned 
lines  be  A,  By  C.  Join  the  point  of  intersection  of  L  and  A  to  that  of 
B  and  C,  and  resolve  the  given  force  along  the  joining  line  and  along 
A.    Then  resolve  the  first  component  along  B  and  C] 

7.  To  construct  for  any  system  of  coplanar  forces  a  funicular  poly- 
gon three  of  whose  sides  shall  pass  each  through  a  given  point. 

Let  the  given  system  of  forces  be  Pj,  -P,,  P,,  P^,  P^  (Fig.  105,  Art. 
91),  and  let  it  be  required  to  construct  a  fiinicular  polygon  which  shall 
pass  through  the  points  D,  E,  P. 

Consider  the  triangle  formed  by  the  sides  ^^,yi^,  and^^,  of  the 
funicular  which  pass  through  the  three  given  points. 

The  vertex  formed  by  the  intersection  of  ^^  and  f^f^  lies  on  a  given 
line,  Pjj  (not  drawn  in  figure),  which  is  the  resultant  of  Pj  and  Pg 
(Cor.  2,  Art.  94) ;  the  vertex  formed  by  the  intersection  of  f^f^  and 
^/j  lies  on  a  given  line,  R^^,  which  is  the  resultant  of  P,,  P^,  and  P^; 
.  and  the  vertex  formed  by  the  intersection  of  f^f^  and  fj^^  lies  on  a 
given  line,  -ffjaws*  which  is  the  resultant  of  P,,  Pj,  P,,  P^,  and  Pg. 

Moreover  the  three  lines  -ftjj,  R^^y  and  Ri^rAb  obviously  meet  in  a 
point ;  for  the  resultant  of  Pj, ...  Pg  may,  if  we  please,  be  constructed 
by  first  finding  the  resultant  of  P,,  P,,  and  then  finding  the  resultant 
ofP3,P„P,. 

Hence  tlie  triangle  formed  by  the  sides  of  the  funicular  which  are 
to  pass  through  the  assigned  points  is  one  whose  vertices  lie  on  three 
concurrent  lines  and  whose  sides  pass  each  through  a  fixed  point. 

Let  this  triangle  be  constructed  by  Art.  99.  Then  knowing  the 
force  diagram  of  the  forces  and  drawing  two  lines,  010  and  23  0  say, 
parallel  to  the  two  sides  /,/,  and  f^f^,  the  pole  0  is  known,  and  thence 
the  whole  figure. 

8.  Construct  a  funicular  polygon  which  shall  pass  through  three 
given  points,  two  of  which  lie  on  one  side  of  the  polygon. 

Ans,  This  side  of  the  polygon  is  known,  and  it  intersects  the  side 
passing  through  the  remaining  point  in  a  point  lying  on  a  given  line. 
Hence  the  side  passing  through  the  remaining  point  is  known,  and 
hence  the  pole  of  the  funicular. 

9.  For  a  given  system  of  vertical  downward  forces.  Pi,  Pj,  ...P»_i, 
equilibrated  by  two  extreme  vertical  upward  forces,  P^,  P„,  let  any 
fiinicular  polygon   be    constructed.      Prove   that   the   area   of  this 

C  . 

polygon  =  --■ ,  where  C  is  constant  and  k  the  distance  of  its  pole  from 

ic 

the  vertical  line  which  is  the  force  diagram  of  the  forces. 

(The  value  of  C  is  obtained  by  multiplying  each  force  of  the  system 
by  half  the  product  of  the  distances  between  its  line  of  action  and  the 
lines  of  action  of  the  extreme  forces,  and  adding  all  such  products 

together,  and  multiplying  the  result  by  —  •     See  end  of  Art.  97.) 

10.  A  uniform  beam  is  supported  at  its  extremities  on  two  vertical 
props ;  find  the  bending  moment  at  any  point  in  it. 
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Ans,  If  y  is  the  distance  of  the  point  from  one  extremity,  the 
bending  moment  is  TT^^        ' ,  where  W  is  the  weight  of  the  beam. 

11.  In  the  last  example  what  is  the  curve  of  bending  moment  1 
Ans.  A  parabola  passing  through  the  ends  of  the  beam,  its  vertex 

lying  on  the  vertical  line  through  the  middle  of  the  beam  at  a  distance 

-  from  the  beam.     (The  bending  moment  at  any  point  is  the  product 

of  W  and  the  vertical  distance  of  the  point  from  the  parabola.) 

12.  For  any  assigned  system  of  forces,  construct  a  funicular 
polygon  such  that  if  it  were  actually  a  string  or  a  system  of  jointed 
bars  kept  in  equilibrium  (its  two  extremities  being  fixed)  by  the  given 
forces,  the  sum  of  the  squares  of  the  tensions  or  pressures  in  its  sides 
would  be  a  minimum. 

[Choose  for  pole  the  centroid  of  the  vertices  of  the  force-polygon.] 

100.]  Applioation  of  Statics  to  (Geometry.  Theorems  in 
geometiy  are  often  dedacible  from  simple  consideiations  with 
regard  to  the  circumstances  of  given  systems  of  forces.  Thus, 
Ptolemy's  theorem  that  tie  rectangle  under  the  diagonah  qf  a 
quadrilateral  inscribed  in  a  circle  is  equal  to  the  sum  of  the  rectangles 
under  the  opposite  pairs  of  sides  follows  (see  example  1 3,  p.  1 9)  from 
the  fact  that,  if  ABCD  is  such  a  quadrilateral,  two  forces  acting 
in  AB  and  AD  respectively  proportional  to  the  opposite  sides, 
DC  and  BC^  give  a  resultant  in  AC  proportional  to  the  other 
diagonal,  BD.  Expressing  the  fact  that  along  the  diameter 
of  the  circle  the  component  of  this  resultant  is  equal  to 
the  sum  of  the  components  of  the  forces  in  AB  and  AD,  we 
have  the  theorem  in  question. 

Again,  the  well-known  result  that  the  feet  of  the  perpendiculars 
on  the  sides  of  a  triangle  from  any  point 
on  the  circumscribing  circle  are  coUinear 
follows  from  example  7,  p.  133,  be- 
canse,  since  the  itsogonal  conjugate  of 
any  point  on  this  circle  is  at  infinity, 
the  algebraic  sum  of  the  three  mul- 
tiples placed  at  A,  B,  C  is  zero,  i.e., 
the  area  of  the  triangle  PQR  =  0. 

Also  the  theorem  that  the  middle 
points  of  the  diagonals  of  any  complete 
quadrilateral  all  lie  on  a  right  line 
follows  by  taking  the  following  system  of  forces,  supposed  acting 

VOL.  I.  L 
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on  a  rigid  body:  two  forces  represented  by  DA  and  DC  in 
magnitades  and  senses,  and  two  represented  by  BA  and  BC 
(Fig.  I  lo). 

Now  the  resultant  of  the  first  pair  passes  through  a,  the 
middle  point  of  AC ;  so  does  the  resultant  of  the  second  pair ; 
therefore  the  resultant  of  the  four  forces  passes  through  a.  Also 
the  resultant  of  DA  and  BA  passes  through  )3,  the  middle  point 
of  BD ;  so  does  the  resultant  of  DC  and  BC ;  hence  the  re- 
sultant of  the  four  forces  also  passes  through  /3.  We  shall  now 
show  that  it  passes  through  y,  the  middle  point  of  EF,  For 
this  purpose  introduce  a  force  ED  and  a  force  DE  which,  de- 
stroying each  other,  do  not  alter  the  given  system.  Introduce 
also  forces  CE,  EC\  CF,  FC\  FB,  BF.  Hence  the  given  system 
is  equivalent  to  forces  EA,  FA  ;  DF,  DE-,  BE,  BF;  EC,  FC;  and 
it  is  obvious  that  the  resultant  of  each  of  these  pairs  passes  through 
y;  hence  the  resultant  of  the  whole  system  passes  through  y. 
Now  as  the  resultant  of  the  given  system  acts  in  a  right  line, 

and  as  a,  /3,  y  have  been  inde- 
pendently shown  to  be  points 
on  this  resultant,  these  points 
are  collinear. — Q.  E.  D. 

The  method  of  this  example 
ought  to  be  kept  in  view  for 
application  to  similar  cases.  Of 
course  the  whole  difficulty  in 
such  cases  consists  in  discover- 
ing the  appropriate  force  system. 
Another  example  is  the  fol- 
lowing: if  a  fuadrilaUral  u  m- 
9cribed  in  a  circle,  the  tangenti 
at  the  opposite  vertices  intersect  on  the  third  diagonal.  Imagine  a 
system  of  forces  acting  in  cyclical  order  along  the  sides,  each 
force  being  inversely^  proportional  to  the  length  of  the  side  in 
which  it  acts  (Fig.  iii). 

Now,  example  1 2,  p.  19,  the  resultant  of  ^7-7  and  -reacts  in  the 

JJA  An 


Fig.  III. 


tangent  at  A ;  the  resultant  of  -=—;  and  -p^j^  acts  in  the  tangent 

at  C\  and  if  these  tangents  intersect  in  I,  the  resultant  of  the 
whole  system  passes  through  L.     Similarly  if  the  tangents  at 
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B  and  1)  intersect  in  J/,  the  resultant  passes  through  M,     But 

k 
the  resultant  acts  in  the  line  EF\  for  the  resultant  of  -j-j  and 

k 
^  passes  through  jF,  and  it  also  passes  through  F^  because 

these    forces    are    easily    seen    to    have    equal    and    opposite 

k 
moments  about  F\  and  as  the  resultant  of  the  forces -7-^  and 

,  A3 

k 
-pj:  passes  through  Fy  the  resultant  of  the  whole  system  passes 

through  F\  and  similarly  through  E,  Hence  FF  is  the  line 
of  action  of  the  resultant  of  the  system  and  must  contain  the 
points  L  and  it. 

The  property  of  perspective  triangles  (Art.  99)  can  also  be 
deduced  either  from  the  theorem  of  Art.  92,  or  from  the  very 
elements  of  Statics.  For,  along  the  three  concurrent  lines  OA, 
OB,  OC,  (Fig.  108)  let  three  equilibrating  forces  act.  Then 
bince  (example  1,  Art,  99)  each  of  the  two  triangles  ^^^C,  A'B^C 
is  a  funicular,  their  corresponding  sides  intersect  in  three 
collinear  points.  The  result  may  also  be  deduced  thus:  let 
the  system  of  equilibrating  forces  in  OA,  OB,  OC  be  P^,  Po,  P^; 
let  Pi  be  applied  at  A  and  —Pj  at  A';  P^  at  B  and  — Pg  **  -^5 
P3  at  C  and  —P^  at  (/;  resolve  each  force  into  two  components 
along  the  two  sides  which  meet  in  the  vertex  at  which  the  force 
is  applied ;  let  the  components  of  P3  be  a,  /3  in  CB,  CA,  re- 
spectively ;  let  those  of  —  P3  at  C  be  a,  /3'  along  Cff,  CA\ 
respectively;  those  of  Pj  being  —a,  y\  etc.  Then  since  the 
forces  Pg,  —P^^P^,  —P^BJre  in  equilibiium,  their  components 
—  a,  y,  -  a,  y,  a,  /3,  a',  ^  are  equilibrium,  that  is,  y,  y\  /3,  /3' 
are  in  equilibrium,  .*.  the  resultant  of  y,  y  is  equal  and  opposite 
to  that  of  /3,  p^,  ,\  each  must  act  in  the  line  Pb.  Similarly  by 
taking  the  forces  Pg,  —P^,  /i,  —Pi  we  find  that  a,  a',  p,  p^ 
must  be  in  equilibrium ;  but  the  resultant  of  a,  a  acts  through 
the  point  a,  .•.  aPb  must  be  a  right  line. 

Finally,  Pascal's  Theorem,  that  tie  intersections  of  the  opposite 
mhs  of  a  hexagon  inscribed  in  a  circle  lie  in  a  right  line  is  easily 
exhibited  as  a  case  of  the  funicular  property  in  Art.  92. 

Let  the  lines  BA,  EB,  PC  (Fig.  112)  be  lines  of  action  of  three 
forces,  P,  Q,  R  such  that  if  P  is  resolved  at  A  into  two  com- 
iwnents  along  AB,  AF^  or  into  two  at  B  along  BC^  BE ;  if  Q  is 

L  2 
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resolved  into  two  at  £  along  BA,  ]K\  or  into  two  at  E  along 
EL,  EF\  and  if  72  is  resolved  at  C  along  CB,  CD,  or  at  i^  along 
FE,  FA^  the  two  components  thus  obtained  along  any  side  are 

equal  and  opposite.  Ob- 
viously such  conditions  are 
consistent,  on  account  of 
the  equality  of  angles  in  the 
same  segment  of  a  circle. 
Now  if  P,  Q,  li  are  ap- 
plied at  Ay  Bf  Cy  by  the 
^  nature  of  the  case  a  polygon 
FABCB  of  jointed  bars 
jrivoted  at  F  and  I)  would 
be  kept  in  equilibrium,  i.  e., 
this  is  a  funicular  of  the 
forces. 

Again,  let  P,  Q,  72  be 
applied  at  J9,  J5',  7^,  to  a 
polygon  CDEFA  of  jointed 
bars  pivoted  at  C  and  A. 
This  polygon  would  be  in 
equilibrium,  and  a  funicular 
of  the  forces.  The  two  polygons,  therefore,  are  two  funiculars 
of  the  same  forces,  and  therefore  the  intersections,  a,  )3,  y,  of 
their  corresponding  sides  (AB,  BE),  {BC,  EF),  {CD,  FA)  arc 
collinear. — Q.  E.  D. 

The  ratios  P:  Q  :  72  =  sin  //  sin  7> :  siu-B  sin  £:  sin  C  sin  F, 


Fig.  112. 


Example. 

If  a  circle  be  described  about  any  triangle,  ABC^  and  the  Symmedian 
chords  of  the  circle  through  A,  B,  and  G  be  drawn,  prove  that  the 
length  of  each  chord  is  inversely  proportional  to  the  sine  of  the 
angle  between  the  other  two.  (Mr.  M<^Cay,  F.T.C.D.)  (See  example 
5,  Art.  88.) 

101.]  Astatio  Equilibrium.  When  any  number  of  forces,  P^ , 
Pg,  ...,  acting  at  points,  A^,  i4.,,  ...,  in  a  body  keep  this  body  in 
equilibrium,  these  forces  will  not,  in  general,  continue  to  preserve 
equilibrium  when  the  body  is  displaced  in  any  manner,  each 
force  still  retaining  its  magnitude,  direction,  and  point  of 
application  in  the  body.     If  for  all  displacements  of  the  body 
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the  forces  continae  to  preserve  equilibrium,  the  body  is  suid 
to  be  iu  astatic  equilibrium. 

The  simplest  example  of  astatic  equilibrium  is  furnished  by  a 
heavy  body  suspended  by  a  vertical  string  attached  at  its  centre 
of  gravity.  Here  the  system  of  forces  consists  of  the  weights 
of  the  particles  of  the  body  and  the  tension  of  the  string ;  and 
however  the  body  may  be  displaced  about  its  centre  of  gravity, 
all  these  forces  will  retain  their  individual  magnitudes,  direc- 
tions, and  points  of  application,  and  the  body  will  remain  at 
rest. 

Again,  a  system  of  two  equal  reversed  magnets  rigidly  con- 
nected by  au  axis  through  their  centres  is  astatic  for  displace- 
ments round  this  axis. 

When  a  system  of  forces  applied  to  a  body  is  not  in  equi- 
librium, it  happens  that  in  certain  cases  this  system  can  be 
astatically  equilibrated  by  a  single  applied  force ;  i.  e.,  in  all 
displacements  which  the  body  can  receive,  each  force  acting  on 
it  with  invariable  magnitude,  direction,  and  point  of  application, 
it  may  be  possible  to  equilibrate  the  system  by  one  force  of 
constant  magnitude,  direction,  and  point  of  application. 

It  is  evident  that  this  is  always  the  case  for  a  system  of 
parallel  forces.  A  single  force  equal  and  opposite  to  their  re- 
sultant, applied  at  their  centre,  will  astatically  equilibrate  them. 

Into  the  general  discussion  of  astatic  equilibrium  we  do  not 
at  present  enter.  Suffice  it  to  say  that  a  system  of  (non-coplanar) 
forces  must  in  general  be  astatically  equilibrated  by  three  forces ; 
and  if  the  forces  are  all  parallel  to  one  plane,  by  two.  When  (as 
in  the  present  chapter)  the  forces  are  all  coplanar  we  shall  prove 
that  for  displacements  of  their  points  of  application  in  their 
plane  the  system  can  be  astatically  equilibrated  by  a  single  force. 

In  this  case  it  is  clear  that  instead  of  considering  the  body  to 
which  they  are  applied  as  displaced,  we  may  consider  the  body 
fixed  and  each  force  rotated  in  a  fixed  sense  round  its  point  of 
application  through  a  constant  angle — a  motion  of  translation 
of  the  body  or  points  having  obviously  no  eficct  on  the  system 
of  forces. 

We  shall  now  prove  that — if  all  the  forces  in  a  coplanar  system 
are  rotated  in  the  same  sense,  through  the  same  angle^  iu  their 
filanCj  round  their  points  of  application^  their  resultant  (unaltered 
in  magnitude,  of  course)  pasees  through  a  fixed  point  in  the  body. 
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Let  two  forces,  P  and  Q,  act  at  two  fixed  points,  A  and  B, 
(Fig.  113)  in  the  directions  OA  and  OB,  0  being  the  point  of 
intersection  of  their  lines  of  action  ;  and  let  the  forces  be  turned 
in  the  same  sense  round  A  and  B  through  the  same  angle,  so 
that  the  point  of  intersection  of  their  new  lines  of  action  is  (/. 
Now,  since  LOAC/  =  LOBCf,  a  circle  described  through  A,  B, 

and  0  will  pass  through  0^,  and  the  angle 
ACfB,  between  P  and  Q  when  they  are 
turned  round,  is  equal  to  the  original  angle, 
A  OB,  between  them.  Also,  the  forces  being 
unaltered  in  magnitude,  it  follows  that  the 
angles  which  the  resultant  at  ff  makes 
with  them  are  the  same  as  the  angles  which 
it  makes  with  P  and  Q  at  0.  If,  then,  OC 
is  the  direction  of  the  resultant  at  0,  (fC 
must  be  the  direction  of  this  resultant  at 
0'.  Hence,  the  resultant  of  P  and  Q  passes  through  the 
fixed  point  C  In  exactly  the  same  way  it  is  proved  that 
the  resultant  of  three  forces  passes  through  a  fixed  point 
when  the  forces  are  turned  round  their  fixed  points  of  applica- 
tion through  a  constant  angle ;  and  so  on  for  any  number  of 
forces. 

This  point  may  be  called  the  asMic  centre  of  the  system  of 
forces*. 

102.]  To  find  the  Astatio  Centre  of  a  System  of  Coplanar 
Forces.  Taking  an  arbitrary  origin  and  arbitrary  axes,  the 
point  required  lies  on  the  resultant  whose  equation  is  (Art.  88) 

a2r-/32X-G=0,  (1) 

(a,  P)  being  the  running  co-ordmates. 

Now,  if  the  force  P^  acting  at  the  point  (a?,,  y,)  is  turned 
round  in  the  plane  of  xy  through  an  angle  w^  its  component 
X^  becomes  p  «^o  //i  ^    \ 

*  -Tj  cos  (^1  +  O)), 

where  B^  is  the  original  angle  made  \\dth  the  axis  of  x  by 
Pj ,  or  Xj  cos  o)  —  I'i  sin  o) ;  Fj  becomes  X^  sin  o)  +  Fj  cos  a> ;  and 
l\xy^  —  Xj^i  l)ecomes  (Yy^x^  —  X^y,)  cos  a>  +  {X^x^  +  l\^i)  sin  o>. 


*  Of  course  it  is  understood  throughout  this  discussion  and  in  the  examples 
at  the  end  of  this  chapter  that  the  displacements  of  the  body  or  forces  are 
alwajs  supposed  to  take  place  in  the  plane  of  the  forces. 
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Hence,  2X  becomes  cos  w  .  2  A'— sin  o) .  2 1',  \ 

Sr        „         8ina».2Jr+cofla).2r,  I  (A) 

G         ,j  G  cos  0)  +  r  sin  o),       ) 

where  F  =  2  (Xx  +  Yy),  This  quantity  is  called  the  Virial  of 
the  forces. 

The  equation  of  the  new  resultant  is,  therefore, 

(a2  7-.^2X-  G)  cos  a)  +  (a2Z  +  )82]'-.r)  sina>  =  0,        (2) 

and  the  astatic  centre  of  the  system  of  forces  is  the  intersection 
of  the  lines  given  by  equations  (1)  and  (2).  This  point  may 
evidently  be  determined  by  (1)  and  by  the  equation 

a2Jr+i827-.r=0.  (3) 

Hence  for  the  co-ordinates  of  the  astatic  centre  we  have 

r2Z+C2r    ^    r2r-.(?2X  ,  . 

a= ^ >    ^= j^ (4) 

If  the  astatic  centre  were  the  origin,  a  and  p  would  be  each  =  0, 
and  G  would  =  0,  since  the  point  is  on  the  resultant  (Art.  82). 
Hence  for  the  centre  of  the  forces  we  have 

C  =  0,     r  =  0.  (5) 

If  the  co-ordinates  of  A,  the  point  of  application  of  a  force, 
P,  (Fig.  1 14),  with  respect  to  rectangular  axes,  Ox  and  Oy,  are 
X  and  y,  the  quantity  Xv+  Yy  is  equal  to 
P  (x  cos  6  '\-y  sin  0\  0  being  the  angle 
whicli  P  makes  with  Ox,  Now  if  CM  is 
r^  and  AM  is  y,  it  is  evident  that  x  cos  0 
+y  sin  ^  =r  ANy  N  being  the  foot  of  the 
perpendicular  from  0  on  the  line  of  action 
of  P.  Denoting  AN  by  ^,  we  have,  then, 
for  the  Virial  T  =  2(Pq). 

Hence,  if  any  number  of  coplanar  farces  he  turned  each  round 
a  fixed  point  of  application  through  an  arbitrary  but  common  angle, 
there  exists  a  point  in  the  plane  of  the  forces  such  that  both  the 
Virial  and  the  sum  of  the  moments  of  the  forces  about  it  continue 
f-o  vanish  for  all  displacements. 

It  is  easy  to  see  that  if  AN  be  the  sense  in  which  P  acts,  the 
sign  of  the  product  Pq  will  be  changed. 

The  value  of  F  with  respect  to  axes  through  a  point  (a,  fi) 
parallel  to  Ox  and  Oy  is  evidently  2  { ^(2?  — a)+ Jr(^— /9)},  or 
T—a^X—P'2Y.  Hence  the  locus  of  ]X)ints  for  which  this  quantity 
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vaniBhes  is  given  by  equation  (3)^  which  denotes  a  right  line 
passing  through  the  astatic  centre^  and  evidently  perpendicular 
to  the  resultant. 

103.]  Theorem.  If  any  number  of  cojilanar  forces  are  in  equili-- 
brium,  and  if  the  forces  he  turned^  each  round  a  fixed  jpoint^  in  the 
same  sense  through  any  common  angle,  the  new  system  is  equivalent 
to  a  couple. 

For,  from  equations  (A)  of  Art.  1 02,  it  appears  that  if  2  Jf  =  0 
and  2  F  =  0  before  the  rotation,  they  will  be  zero  after  it ;  hence 
the  new  system  has  no  resultant  of  translation,  and  it  must, 
therefore,  be  a  couple.  Now,  since  by  hypothesis  (7=0,  the 
axis  of  the  new  couple  is  by  equations  (A)  equal  to 

Fsin  0). 

We  see,  then,  that  the  system  of  forces  will  remain  in  equi- 
librium, whatever  be  the  angle  through  which  they  are  turned,  if 

r  =  0. 

Examples. 

1.  If  a  system  of  coplanar  forces  applied  at  fixed  points  is  in  equi- 
librium, the  co-ordinates  of  the  astatic  centre  become  indeterminate. 
Explain  this. 

Ans,  In  this  case  the  system  must  be  astatically  equilibrated  by 
two  equal  and  opposite  parallel  forces. 

2.  In  the  last  case  show  how  to  find  an  astatically  equilibrating 
couple  for  the  system. 

Ans.  Take  the  astatic  centre  of  any  number  of  the  forces,  and 
also  the  astatic  centre  of  the  remaining  forces.  These  will  be  the 
points  of  application  of  the  forces  of  the  required  couple  (whose 
moment,  of  course,  varies  with  the  displacement  of  the  body  or 
forces),  and  the  forces  of  the  couples  are  equal  to  the  resultants  of 
the  two  partial  sets. 

3.  Three  forces  are  applied  at  the  middle  points  of  the  sides  of 
a  triangle,  ABC,  perpendicular  to  the  sides  and  proportional  to  them 
respectively ;  find  a  couple  which  will  astatically  equilibrate  them. 

Ans.  A  couple  one  of  whose  forces  is  applied  at  the  middle  point 
of  any  one  side,  AB,  and  the  other  applied  at  the  point  of  intersection 
of  a  parallel  to  AB  drawn  through  C  with  the  perpendicular  to  AB 
at  its  middle  point. 

4.  When  a  system  of  coplanar  forces  in  equilibrium  continues  in 
equilibrium  for  all  displacements  in  the  plane  of  the  forces,  show 
that  the  astatic  centre  of  any  number  of  them  must  be  coincident 
with  that  of  the  remainder. 
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APPLICATION    0¥  THE   CONDITIONS   OF   EQUILIBRIUM   OP   A   BODY. 

104.]  Condition  of  Equilibrium  of  a  Body  under  the 
Action  of  two  Forces  in  a  Plane,  i/'  ^too  forces  maintain  a 
body  in  equilibrium^  they  must  be  equal  and  opposite  in  the  same 
right  line. 

For,  take  moments  round  any  point  on  the  line  of  action  of 
one  of  them,  P.  The  sum  of  the  moments  most  (Art.  86)  be 
=  0.  Hence  the  other  force,  Q,  must  pass  through  the  assumed 
point.  Agaiu,  take  any  other  point  od  P,  and  take  moments 
round  it.  The  sum  must  be  =  0,  and  Q  must,  therefore,  pass 
through  this  point.  Hence  P  and  Q  act  in  the  same  line.  Now 
their  sum  must  =  0  (Art.  86).  Therefore  P  and  Q  are  equal 
and  opposite. — Q.  E.  D. 

105.]  Ck>ndition  of  Equilibrium  of  a  Body  under  the 
Action  of  three  Forces  in  one  Plane.  If  three  forces  maintain 
a  body  in  equilibrium,  their  lines  of  action  must  meet  in  a  pointy 
or  be  parallel. 

For,  take  moments  round  the  point  of  intersection  of  two  of 
them,  P  and  Q.  The  sum  must  (Art.  86)  =  0  ;  therefore,  either 
the  third  force,  J?,  is  zero,  or  it  passes  through  the  intersection 
of  P  and  Q.     If  R  is  not  =  0,  it  must  pass  through  this  point. 

The  three  forces  may  then  be  supposed  to  act  at  this  point, 
and  to  keep  it  at  rest.  Hence,  each  force  must  be  equal  and 
opposite  to  the  resultant  of  the  other  two ;  and  if  the  angles 
between  them  in  pairs  be  p,  q,  r,  the  forces  must  satisfy  the 

conditions      ^     P:  Q  :  J?  =  sinjo  :  sin  ^  :  sin  r.  (/3) 

If  two  of  them  are  parallel,  the  third  must  be  parallel  to  them 
and  equal  and  directly  opposed  to  their  resultant. 
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vaniBhes  is  given  by  equation  (3)^  which  denotes  a  right  line 
passing  through  the  astatic  centre^  and  evidently  perpendicular 
to  the  resultant. 

103.]  Theorem.  If  any  number  of  coplanar  forces  are  in  equili- 
brium, and  if  the  forces  be  turned,  each  round  a  fixed  j)oint,  in  the 
same  sense  through  any  common  an^le,  the  new  system  is  equivalent 
to  a  couple. 

For,  from  equations  (A)  of  Art.  102,  it  appears  that  if  2 X  =  0 
and  2  F  =  0  before  the  rotation,  they  will  be  zero  after  it ;  hence 
the  new  system  has  no  resultant  of  translation,  and  it  must, 
therefore,  be  a  couple.  Now,  since  by  hypothesis  (7  =  0,  the 
axis  of  the  new  couple  is  by  equations  (A)  equal  to 

Fsin  0). 

We  see,  then,  that  the  system  of  forces  will  remain  in  equi- 
librium, whatever  be  the  angle  through  which  they  are  turned,  if 

r  =  o. 

Examples. 

1.  If  a  system  of  coplanar  forces  applied  at  fixed  points  is  in  equi- 
librium, the  co-ordinates  of  the  astatic  centre  become  indeterminate. 
Explain  this. 

Ans,  In  this  case  the  system  must  be  astatically  equilibrated  by 
two  equal  and  opposite  parallel  forces. 

2.  In  the  last  case  show  how  to  find  an  astatically  equilibrating 
couple  for  the  system. 

Ans,  Take  the  astatic  centre  of  any  number  of  the  forces,  and 
also  the  astatic  centre  of  the  remaining  forces.  These  will  be  the 
points  of  application  of  the  forces  of  the  required  couple  (whose 
moment,  of  course,  varies  with  the  displacement  of  the  body  or 
forces),  and  the  forces  of  the  couples  are  equal  to  the  resultants  of 
the  two  partial  sets. 

3.  Three  forces  are  applied  at  the  middle  points  of  the  sides  of 
a  triangle,  ABGy  perpendicular  to  the  sides  and  proportional  to  them 
respectively ;  find  a  couple  which  will  astatically  equilibrate  them. 

Ans,  K  couple  one  of  whose  forces  is  applied  at  the  middle  point 
of  any  one  side,  AB,  and  the  other  applied  at  the  point  of  intersection 
of  a  parallel  to  AB  drawn  through  C  with  the  perpendicular  to  AB 
at  its  middle  point. 

4.  When  a  system  of  coplanar  forces  in  equilibrium  continues  iu 
equilibrium  for  all  displacements  in  the  plane  of  the  forces,  show 
that  the  astatic  centre  of  any  number  of  them  must  be  coincident 
with  that  of  the  remainder. 


CHAPTER  VI. 


APPLICATION    0¥  THE   CONDITIONS   OF   EQtILIBRIUM   OP   A   BODY. 

104.]  Condition  of  Equilibrium  of  a  Body  under  the 
Action  of  two  Forces  in  a  Plane.  J^'  two  forces  maintain  a 
body  in  equilibrium^  they  must  he  equal  and  opposite  in  the  same 
right  line. 

For,  take  moments  roand  any  point  on  the  line  of  action  of 
one  of  them,  P.  The  sum  of  the  moments  most  (Art.  86)  be 
=  0.  Hence  the  other  force,  Q,  must  pass  through  the  assumed 
point.  Again,  take  any  other  point  on  P,  and  take  moments 
round  it.  The  sum  must  be  =  0,  and  Q  must,  therefore,  pass 
through  this  point.  Hence  P  and  Q  act  in  the  same  line.  Now 
their  sum  must  =  0  (Art.  86).  Therefore  P  and  Q  are  equal 
and  opposite. — Q.  E.  D. 

105.]  Condition  of  Equilibrium  of  a  Body  under  the 
Action  of  three  Forces  in  one  Plane.  If  three  forces  maintain 
a  body  in  equilibrium^  their  lines  of  action  must  meet  in  a  pointy 
or  be  parallel. 

For,  take  moments  round  the  point  of  intersection  of  two  of 
them,  P  and  Q.  The  sum  must  (Art.  86)  =  0  ;  therefore,  either 
the  third  force,  J?,  is  zero,  or  it  passes  through  the  intersection 
of  P  and  Q.     If  R  is  not  =  0,  it  must  pass  through  this  point. 

The  three  forces  may  then  be  supposed  to  act  at  this  point, 
and  to  keep  it  at  rest.  Hence,  each  force  must  be  equal  and 
opposite  to  the  resultant  of  the  other  two ;  and  if  the  angles 
between  them  in  pairs  be  p,  q,  r,  the  forces  must  satisfy  the 

conditions      ^      P:  Q  :  72  =  sinjt? :  sin  y  :  sin  r.  (/3) 

If  two  of  them  are  parallel,  the  third  must  be  parallel  to  them 
and  equal  and  directly  opposed  to  their  resultant. 


154  APPLICATION  OF  THE  CONDITIONS  OF  EQUILIBRIUM.  [105. 


Examples. 

1.  Three  forces,  P,  Qy  R  (Fig.  115),  act  at  the  middle  points  of  the 
sides  of  a  triangular  plate,  each  force  heing  perpendicular  and  pro- 
portional to  the  side  at  which  it  acts.  If 
the  forces  all  act  inwards,  or  all  outwards, 
they  are  in  equilihrium.  For  (a)  they 
satisfy  the  first  condition  of  equilihrium 
of  three  forces,  namely,  that  of  meeting 
in  a  point  (Art.  105);  and  {fi)  they  are 
proportional  to  the  sines  of  the  angles 
between  them  in  pairs,  since 

P :  Q  :  7?  =  a  :  6  :  c  =  sin  ii :  sin  ^ :  sin  C 

=  ein  qOR :  sin  ROP  :  sin  POQ. 

They,  therefore,  satisfy  both  of  the  conditions  of  Art.  105. 

In  exactly  the  same  way  it  is  proved  that  if  three  forces  act  per- 
pendicularly to  the  sides  of  a  triangle,  and  be  proportional  to  them, 
they  will  be  in  equilibrium,  provided  that  they  pass  through  any 
common  point,  and  all  act  outwards  or  all  inwards. 

2.  Three  forces  acting  along  the  perpendiculars  of  a  triangle  keep 
it  at  rest ;  find  the  relations  between  them. 

They  satisfy  the  first  condition  of  equilibrium,  namely,  that  of 
meeting  in  a  point.  Then  if  the  forces  perpendicular  to  the  sides 
a,  6,  c,  be  P,  $,  R,  respectively,  the  relations  (/3)  of  Art.  105  give 

P :  Q :  7?  =  sin  il :  sin  ^ :  sin  C  =  a :  6  :  c, 

as  might  have  been  concluded  from  the  remark  at  the  end  of  the  last 
example. 

3.  Three  forces  acting  along  the  bisectors  of  the  angles  of  a  triangle, 
all  either  from  or  towards  the  vertices,  keep  it  at  rest ;  find  the  relations 
between  them. 

The  forces  evidently  satisfy  the  condition  of  meeting  in  a  point. 
Let  P,  Qy  R,  be  the  forces  in  the  bisectors  of  A,  By  C,  respectively. 

A4-  B 
Then  the  angle  between  P  and  Q  is  easily  seen  to  be  ir —  • 

Hence  P  :Q:  R  =z  cos  — ■ :  cos  -r- :  cos  — -  • 

2  2  2 

4.  Three  forces  acting  in  the  bisectors  of  the  sides  of  a  triangle 
drawn  from  the  opposite  vertices  maintain  equilibrium;  find  the 
relations  between  them. 

They  satisfy  the  first  condition. 

Let  the  lengths  of  the  bisectors  of  the  sides  a,  6,  e  (Fig.  116)  be 
/Sj,  /3,,  nnd  /3,,  and  let  p  and  q  be  the  perpendiculars  from  C  on 
Pand  Q. 

Take  moments  round  (7  fcr  the  equilibrium  of  the  forces.     Then 

Pp^Qq-  (1) 
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15r) 


Then 


Fig.  1 1 6. 


(The  moments  of  P  and  Q  with  i^espect  to  C  have  opposite  signs, 
since  Q  tends  to  turn  the  body  round  C  in  the  sense  of  watch-hand 
rotation,  while  P  tends  to  turn 
it  in  the  opposite  sense.) 

Again,        p^^  =  7/3,,         (2) 

each  side  of  this  equation  being 
the  area  of  the  tiiangle.  Dividt' 
the  sides  of  (1)  by  the  correspond- 
ing sides  of  (2). 

/^i     ft' 

Hence    P:  $: /?  = /3,  :^,:^,. 

or  the  forces  are  proportional  to 
the  bisectora. 

5.  At  the  middle  points  of  the  sides  of  any  indeformahle  polygon 
(Fig.  117)  forces  act  perpendicularly  to  the  sides,  each  force  being 
proportional  to  the  side  at  which  it 
acts.  If  the  forces  all  act  inwards 
or  outwards,  they  form  a  system  in 
equilibrium. 

For  (example  1)  the  resultant  of 
Pj  and  P,  is  a  force  acting  at  the 
middle  point  of  AC,  perpendicular  and 
proportional  to  AC.  Again,  this  force 
and  P,  may  be  replaced  by  a  force 
acting  at  the  middle  point  of  AD,  per- 
pendicular and  proportional  to  AD, 

Beplacing  the  given  forces  in  this 
manner,  the  resuJt  follows  by  ex- 
ample 1. 

6.  If  from  any  point  perpendiculars 
be  drawn  to  the  sides  of  a  polygon,  and  forces  act  along  those  perpen- 
diculars, either  all  inwards  or  all  outwards,  each  force  being  proportional 
to  the  side  to  which  it  is  perpendicular,  the  system  is  in  equilibrium. 

This  follows,  exactly  as  in  the  last  example,  by  dividing  the  polygon 
into  triangles,  and  attending  to  the  remark  at  the  end  of  example  1 . 

7.  From  any  point,  0,  inside  (or  outside)  a  triangle,  ABC(¥ig.  118), 
are  let  fall  perpendiculars,  Oa,  Op,  Oy,  on  the  three  sides.  At  the 
points  a,  /3,  y,  are  applied  forces  P,  Q,  R^  each  of  which  is  proportional 
and  perpendicular  to  the  side  at  which  it  acts.  The  forces  are  then 
all  turned  round  their  points  of  application  in  the  same  sense,  so 
as  to  make  equal  angles  with  the  perpendiculars  Oa,  OP,  and  Oy. 
Show  that  in  this  latter  case  the  resultant  of  the  system  of  forces  is 
a  couple  whose  moment  is  proportional  to  the  square  root  of  the  area 
of  the  triangle  A'WC^,  enclosed  by  their  lines  of  action. 

(The  forces  act  all  outwards  or  all  inwards.) 


Fig.  117. 
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Let  the  sides  of  ABC  be  a,  6,  c,  and  let  P  =  ^,  ^  =  A:6,  i?  =  ifcc, 
k  being  a  constant  coefficient. 

Let  0  be  the  angle,  OaB^, 
between  F  and  the  perpen- 
dicular Oa,     Then 

Eeplace  P  by  two  com- 
ponents, one  along  BC  and 
the  other  perpendicular  to  it. 
Similarly,  replace  Q  and  R. 
Then  tlie  perpendicular  com- 
ponents are  Im  cos  6,  kb  cos  0^ 
and  he  cos  0 ;  and  since  they 
meet  in  a  point,  0,  and  are 
proportional  to  the  sides  at 
which  they  act,  they  are 
in  equilibrium  (example  1). 
Hence  the  forces  are  equi- 
valent to  three,  ka  sin  d,  kb  siu  d,  and  kc  sin  d,  acting  along  the  sides 
of  ABC  in  cyclical  order,  and  therefore,  their  equivulent  is  a 
couple  =  2^  A  sin  ^,  A  denoting  the  area  of  the  triangle  ABC.  (See 
Art.  103,  p.  152.)  Now  the  triangle  A'B'C  is  similar  to  ABC.  For, 
since  the  angles  OaB  and  OyB  are  right,  and  the  tingles  OaB'  and 
OyB'  are  equal,  a  circle  will  go  round  the  points  OB^aBy.  Hence 
LyOa^  LyBfa\  therefore  their  supplements,  B  and  ^,  are  equal. 
Similarly,  A  =z  A\  and  C  =  C^. 

Again,   the    side    A'B'  =^  AB  .t^mB.      For,    in   the   circle   round 
yOB^  aB^  yj?^  is  a  chord  making  an  angle  6  with  a  chord  yO,  and  an 

angle  -^  —  ^  with  the  perpendicular  chord,  yB,     Therefore 

yff  =  y  0 .  cos  d  +  yB  .  sin  Q. 
Similarly,  in  the  circle  round  yA'  O^Ay  we  have 

yA'  -szyO ,  cos  d— yil .  sin  Q. 
Subtracting  (2)  from  (1)  we  have 

A'B^  =  (yBJf-yA) .  sin  ^  =  i45.  sin  Q, 

Now  if  A'  be  the  area  of  A'B^C, 

A'      .A'ff^       .    ,^ 


(1) 
(2) 


i^in^ 


=V^' 


and  therefore  the  moment  of  the  forces  =  2A;  v  AA'. 

8.  If  the  triangle  be  replaced  by  a  polygon  of  any  number  of  sides, 
prove  that  the  equivalent  of  the  forces  is  a  couple  whose  moment  is 
proportional  to  the  square  root  of  the  area  of  the  (similar)  polygon 
enclosed  by  their  lines  of  action. 
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Fig.  119. 


9.  A  heavy  beam,  AB  (Fig.  119),  rests  against  a  smooth  horizontal 
plane,  (7-4,  and  a  smooth  vertical  wall,  CBy  the  lower  extremity,  Ay 
being  attached  to  a  cord  which  passes  over  a  smooth  pulley  at  C, 
and  sustains  a  given  weight,  P, 

Find  the  position  of  equilibrium, 
and  the  pressures  on  the  plane 
and  wall. 

Let  0  be  the  inclination  of  the 
beam  to  the  horizon  in  the  posi- 
tion of  equilibrium ;  let  TT  = 
weight  of  the  beam  :  and  let  the 
centre  of  g^ravity,  G,  divide  the 
beam  into  two  portions,  AG  =^  a, 
and  BG  =  b. 

Now,  the  reactions,  B  and  S, 
of  the  wall  and  plane  are  normal 
to  these  surfaces ;  and  since  they 
are  both  unknown,  we  shall  obtain  an  equation  for  $  which  will 
contain  neither  of  them,  by  taking  moments  about  0,  their  point  of 
intersection.  Hence,  since  the  force  P  acta  on  the  beam  along  AC, 
and  tends  to  turn  it  in  a  ^ense  opposite  to  that  in  which  W  tends  to 
turn  it  round  0,  we  have 

P(a  +  b)  sin  6—  Wa  cos  d  =  0, 

•••  *''"^=p^-  ^^) 

Again,  resolving  forces  vertically,  we  have 

B=iW.  (2) 

And  resolving  horizontally,       S  =  P,  (3) 

10.  If  the  beam  rest,  as  in  the  last  example,  against  a  smooth 
vertical  and  a  smooth  horizontal  plane,  and  a  cord  be  attached 
firmly  to  the  point  C,  and  to  a  point  in  the  beam,  find  the  limit  to 
the  position  of  this  latter  point  consistent  with  equilibrium. 

Let  Fig.  1 20  represent  the  beam  in  any  position,  and  let  m  be  the 
middle  point  of  the  beam. 
Suppose  the  cord  attached  to 
C,  and  to  a  point,  n,  in  the 
upper  half  of  the  beam.  Then 
the  forces  acting  on  the  beam 
are  TF,  T  (the  tension  of  the 
cord  nC),  B,  and  S.  Let  p  be 
the  point  of  intersection  of  W 
and  T,  Now,  the  resultant  of 
W  and  T  must,  for  equilibrium, 
be  equal  and  opposite  to  the 

resultant  of  B  and  S ;  hence  the  p.     ^  ^^ 

resultant  of  B  and  S  must  act 
in  the  line  Op ;  but  this  line  is  not  between  the  lines  of  action  of  T 
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and  Wf  that  is,  inside  the  angle  WjpC;  therefore  the  resultant  of  B 
and  S  cannot  be  equal  and  opposite  to  that  of  W  and  T  with  such  a 
position  of  the  cord,  and,  therefore,  equilibrium  is  impossible,  no 
matter  what  the  inclination  of  the  beam  may  be.  Hence,  in  order 
that  equilibrium  may  be  ]K)ssible,  the  cord  must  be  attached  to  some 
point,  such  as  F,  between  A  and  m. 

11.  In  the  last  example,  given  the  point  of  attachment  of  the 
cord,  find  the  tension  in  it. 

It  is  easy  to  see  that  if  P,  the  point  of  attachment,  be  given,  and 
also  /,  the  length  of  the  cord,  CP,  the  position  of  the  beam,  is  given. 
For,  if  6=  IBACy  we  have 

P  =  BP^,  cos«d-f  iiP«.  sin«^, 

an  equation  which  determines  6, 

The  angle*PC-4  is  also  known.  Denote  it  by  i^.  To  determine  jT, 
the  tension  of  the  cord,  without  bringing  R  and  S  into  our  equation, 
take  moments  round  0,  their  intersection.  Hence,  a  and  b  being  the 
segments  of  the  lieam  made  by  the  centre  of  gravity,  we  have 

Waco&e=^T.OC sin  OOP  =  T.  (a  +  6) sin (^-i^), 

(a  +  6)sin(^-(^)' 

It  will  be  a  good  exercise  for  the  student  to  find  72,  5,  and  T  by 
graphic  statics.     [See  example  5,  p.  14 3. J 

Note,  If  d  =  <^,  T=z  Qo.  In  this  case  the  cord  is  attached  to 
m,  the  middle  point  of  the  beam,  and  therefore  its  direction  always 
passes  through  0,  the  intersection  of  R  and  S,  Now,  it  is  easy  to  see 
that  in  this  case  the  conditions  of  equilibrium  are  theoretically  satis- 
fied, because  the  resultant  of  2^  and  W  acts  along  T,  whose  direction 
passes  through  0,  But  if  <f>  >  d,  no  value  of  T  can  even  theoretically 
satisfy  the  conditions  (see  last  example). 

12.  ABC  is  any  triangle,  of  which  C  is  the  vertex.  It  is  acted  on 
by  the  forces  CA,  CB,  and  AB.  Prove  that  it  will  be  kept  in  equi- 
librium by  a  force  equal  to  2  BC,  acting  parallel  to  BC,  at  the  middle 
point  of  AB. 

Id.  In  example  12,  it  is  clear  that  two  positions  of  equilibrium  of 
the  beam  are  a  vertical  and  a  horizontal  position  ;  explain  why  these 
positions  are  not  given  by  the  equation  (1)  which  determines  the 
position  of  equilibrium. 

14.  Explain  why  the  proof  in  example  5  would  not  hold  for  a 
polygon  formed  of  bars  freely  jointed  together  and  therefore  capable 
of  turning  about  the  joints. 

106.]  Action  of  a  Hinge  or  Joint.  Among  the  internal 
forces  of  a  system,  the  action  of  a  cylindrical  axis  is  one  of 
frequent  occurrence.  If  the  axis  is  smooth,  the  reaction  be- 
tween two  bars  or  beams  connected  by  it  consists  of  a  single 
force   passing   through  its  centre.     For,  let  PQ8  (Fig.   I2i) 
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Fig.  12  a. 


represent  a  section  of  the  joint  connecting  two  beams :  then, 
since  their  surfaces  are  in  contact,  either 
throughout  the  whole  of  the  circumference 
or  a  part  of  it,  there  will  be  (since  the  joint 
is  smooth)  normal  reactions  at  the  points  of 
contact,  P,  Q,  ....  Now,  since  all  these 
pass  through  the  centre  of  the  circle,  they 
have  a  single  resultant  through  this  point. 
Consequently,  the  action  in  this  case  con- 
sists of  a  single  force  through  the  centre  of  the  joint. 

But,  if  the  joint  be  rough,  the  reactions  at  the  points  of  con- 
tact will  not  be  normal,  that  is,  their  lines  of  action  will  not 
meet  in  a  point,  and,  therefore,  they  may 
reduce  to  a  couple,  or  to  a  single  force. 
When  slipping  is  about  to  ensue  at  the 
joint,  it  is  easy  to  see  that  the  total  resist- 
ances at  the  points  of  contact  envelop  a 
circle  (or  rather  a  cylinder).  For,  at  any 
]K)int,  P,  of  contact  (Fig.  122),  draw  PR^ 
making  the  angle  of  friction,  \,  with  the 
normal,  P(7,  to  the  surface  of  contact.  The  perpendicular  from 
C,  the  centre  of  the  joint,  is  equal  to  PC ,  sin  A,  and  is,  therefore, 
constant.     Hence  PR  envelops  a  circle  whose  radius  =  PC .  sin  A. 

If  PC  =  tf ,  and  ds  is  the  element  of  the  surface  of  contact  at 
P,  it  is  evident  that  the  sum  of  the  moments  of  the  reactions 
about  £7  is  (J2  being  the  reaction  per  unit  of  surface) 

a  %\Tik/Rd8, 

As  an  example,  let  us  con- 
sider the  equilibrium  of  two 
equal  bars  which  are  con- 
nected by  a  joint,  (7,  and  rest 
on  a  smooth  horizontal  cylinder, 
in  a  vertical  plane  at  right 
angles  to  the  axis  of  the  cylinder. 

Firstly,  let  the  joint  be  rough, 
and  suppose  the  contact  to  be 
complete  all  over  its  surface  : 
then  it  is  clear  that  such  a  posi- 
tion  as  that  represented  in  IHg. 
J  23  is  a  possible  position  of  equilibrium  if  the  joint  is  sufficiently 
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rough.  Let  Fig.  124  represent  an  enlarged  view  of  the  cipcle 
which  is  enveloped  by  the  total  resistances  at  the  various  points 
of  the  sur&ce  of  contact  at  the  hinge,  C.  Then,  if  the  total 
resistances  at  the  lower  portion  of  the  joint  be  considerably 
greater  than  those  at  the  upper  portion,  it  is  possible  that  the 
resultant  of  the  whole  set  may  be  a  horizontal  force,  B,y  acting 
through  a  point,  -P,  below  the  joint. 

In  the  position  of  equilibrium  of  the 

bars    represented    in     Fig.    123     the 

weight,   7r,  of  the  bar  CB^y  and  the 

normal    reaction,    5,   of    the    smooth 

cylinder,  meet  in  a  point  A^^  through 

which  point  the  force  produced  by  the 

action   of    the   other    bar    must  pass. 

^     In   the   same   way  the   action   of  the 

bar   CZ>i  on  CB^  must   pass   through 

the   point  A^,      Hence   the    resultant 

action  of  each  bar  on  the  other   must  be  directed  in  the  line 

A^A^\   and  we  have  seen  that  if  the  contact  along  the  joint 

extend  over  its  surface,  this  is  a  possible  line  of  action,  though 

it  docs  not  intersect  the  joint. 

Secondly,  let  the  joint  be  rough,  and  let  the  contact  take 
place  at  only  one  point,  N  (Fig.   125).     Suppose  the  joint  to 

consist  of  a  pin,  BN^  which  forms 
part  of  the  bar  CB^  (Fig.  123), 
and  let  this  fit  loosely  into  the 
bar  CB^,  It  is  clear,  then,  that 
the  action  between  the  bars 
consists  of  a  single  force,  i?,  acting 
at  Ny  and  making  the  angle  of 
friction,  A,  with  the  radius  CiV",  if 
slipping  is  about  to  take  place.  As  before,  this  force  must  pass 
through  the  points  ^1,  A^, 

In  this  case,  then,  the  point  of  contact  of  the  bars  is  con- 
structed by  drawing  a  radius,  CN^  of  the  cylindrical  axis  consti- 
tuting the  joint,  inclined  to  the  horizon  (since  Ay^A^\%  horizontal) 
at  the  angle  of  friction. 

Thirdly^  let  the  joint  be  smooth.  In  this  case  the  bars  mnst 
assume  such  a  position  that  the  line  A-^  A^  passes  through  the 
centre  of  the  joint ;  and  this  position  is  practically  the  same  as 
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that  in  the  last  case,  because  since  the  dimensions  of  the  joint 
are  negligible  compared  with  those  of  the  bars,  the  line  of 
resistance  RN  (Fig.  125)  may  be  supposed  to  pass  through 
the  centre,  C7,  of  the  joint. 

A  similar  explanation  is  to  be  given  in  the  case  of  two  equal 
beams  rigidly  connected,  and  forming  one  piece,  the  system  resting, 
as  in  the  previous  example,  on  a 
smooth  cylinder.  In  this  case  the 
beams  can  take  only  one  position, 
which  must  be  a  position  of  equili- 
brium, and  the  action  between  them 
must  accommodate  itself  to  the 
geometrical  necessity  of  the  figure. 
(In  the  following  figure  the 
cyb'nder  is  not  drawn.)  If  we  con- 
sider the  equilibrium  of  one  of  the 
beams,  CD  (Fig.  126),  by  itself,  we 

shall  have  to  supply  to  it  whatever  force  is  actually  produced  upon 
it  by  the  other  beam.  Now,  if  BC  is  the  section  along  which 
the  system  is  considered  as  divided  by  the  removal  of  the  second 
beam,  it  is  clear  that  the  internal  forces  in  the  neighbourhood  of 
B  tend  to  tear  the  beams  apart,  if  A  is  below  the  section  BC, 
while  those  about  C  tend  to  press  the  beams  more  closely 
together.  Hence  the  action  of  the  second  beam  on  CD  consists 
of  a  number  of  forces  whose  horizontal  components  near  B  act 
from  left  to  right,  as  the  force  BF,  and  whose  horizontal  com- 
ponents near  C  act  from  right  to  left,  as  the  force  CF^,  If, 
therefore,  the  forces  near  B  are  greater  than  those  near  C,  the 
resultant  of  the  whole  system  will  consist  of  a  horizontal  force, 
AR,  acting  outside  the  section  CB,  so  as  to  pass  through  the 
point.  A,  of  intersection  of  the  weight  and  the  normal  reaction 
of  the  cylinder.  In  this  case,  then,  the  action,  over  a  section  BC, 
between  two  rigidly  connected  pieces  consists  of  a  force  outside 
the  section ;  which  force  may,  of  course,  be  replaced  by  one  at 
any  point  in  the  section,  together  with  an  accoippanying  couple 
(see  Art.  80). 

In  all  cases  in  which  contact  over  a  finite  surface  takes  place 
between  two  bodies,  the  student  must  be  careful  to  examine  the 
nature  of  the  forces  exerted  between  them  at  the  individual  points 
of  contact  with  a  view  to  ascertaining  whether  the  resultant  action  of 
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one  on  the  other  consists  of  a  single  force  at  all;  or^  if  so,  whether 
it  can  be  assumed  to  act  at  any  jmnt  in  the  surface  if  cofUaei 
or  must  be  assumed  to  act  wholly  outside  it, 

107.]  Gteometrioo  -  statical  Problems.  In  many  statical 
problems  which  relate  to  the  positions  of  equilibrium  of  bodies 
the  result  is  independent  of  the  magnitude  of  some  given  force, 
and  such  independence  can  be  perceived  i  priori.  Thus,  suppose 
the  question  to  be^What  is  the  limiting  inclination  to  the 
liorizon  of  a  heavy  uniform  beam  which  rests  against  a  rough 
vertical  and  a  rough  horizontal  plane  ?  In  this  problem  we  may, 
if  we  please,  assume  W^  the  weight  of  the  beam,  and  2a^  its 
length  ;  but  it  is  evident  a  priori  that  the  result  cannot  involve 
either  of  these  quantities.  For,  if  the  angle  which  the  beam 
makes  with  the  ground  be  d,  the  position  of  equilibrium  will  be 
defined  by  some  of  the  trigonometrical  functions  of  0,  such  as 
sin  6  or  tan  6>  Now,  the  trigonometrical  functions  of  an  angle 
are  mere  numbers,  or  ratios  of  quantities  of  the  same  kind.  Hence, 
if  the  expression  for  tan  0  (suppose)  involve /bre^,  it  must  involve 
the  ratio  <f  one  force  to  another  force^  and  if  there  is  only  one 
force  given  in  the  problem,  we  have  no  other  force  to  combine 
with  it  in  the  form  of  a  ratio  or  a  mere  number.  Consequently, 
the  weight  of  the  beam  can  in  no  way  influence  its  limiting  in- 
clination. Precisely  similar  remarks  hold  with  r^^ard  to  the 
only  linear  magnitude  in  the  question,  viz.,  the  length  of  the 
beam.  There  is  no  other  quantity  of  the  same  kind  with  which 
to  compare  it.  Therefore,  we  are  enabled  to  state  h  priori  that 
the  inclination  of  the  beam  to  the  horizon  in  its  limiting  position 
of  equilibrium  depends  simply  on  the  coefficients  of  friction  for 
the  beam  and  the  two  rough  planes,  or  that 

fi  and  \if  being  these  coefiicients,  and  /  denoting  some  (as  yet) 
unknown  function. 

Again,  suppose  the  question  to  be — What  force  applied  to  one 
of  the  handles  of  a  table  drawer  will  pull  the  drawer  out  ?  *  It 
is  evident  that  the  answer  must  be  either — no  force,  however 
great,  will  pull  it  out,  or — any  force,  however  small,  will  pull  it 
out.     And   the   result  will   depend   simply  upon   the   relation 


*  The  friction  of  the  bottom  is  neglected. 
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between  the  coeiRcient  of  friction  for  the  drawer  and  the 
table,  and  the  ratio  of  the  side  of  the  drawer  to  the  distance 
between  the  handles.  This  is  evident,  becaase  there  is  no 
given  force  in  terms  of  which  the  required  force  coidd  be  ex- 
pressed. 

Nomeroos  examples  of  this  class  of  questions  will  be  given  in 
the  sequel.  Such  problems,  then,  in  which  the  result  is  in- 
dependent of  a  force  magnitude,  we  shall  classify  as  Geometrico- 
statical  Problems,  because,  though  they  involve  principles  con- 
cerning the  directions  of  forces,  they  do  not  involve  their 
magnitudes.  In  all  such  problems,  once  the  requisite  theorems 
concerning  the  directions  of  forces  are  made  use  of,  the  result 
follows  at  once  from  the  geometry  of  the  figure ;  and  a  solution 
by  the  method  of  resolving  forces  and  taking  moments  is,  in 
reality,  an  illogical  process. 

In  connexion  with  the  class  of  geometrieo-statical  problems, 
the  theorem  of  Art.  96  will  be  found  extremely  useful. 


Examples. 

1 .  A  heavy  bar  rests  on  two  smooth  inclined  planes  whose  inter- 
section is  a  horizontal  line,  the  bar 
lying  in  a  vertical  plane  perpendicular 
to  this  line  of  intersection ;  find  the 
position  of  equilibrium  and  the  pres- 
sures on  the  plnnes. 

Let  a  and  h  be  the  segments,  AG 
and  BOy  of  the  bar,  made  by  its  centre 
of  gravity,  G ;  0  the  inclination  of  the 
bar  to  the  horizon,  a  and  ^  the 
inclinations  of  the  planes,  R  and  Bf 
the  pressures  on  these  planes,  re- 
ipectively,  and  W  the  weight  of  the 
bar. 

Then,  since  the  bar  is  in  equilibrium 
under  the  action  of  only  three  forces,  they  must  meet  in  a  point,  0. 
Now  the  angles  GOA  and  GOB  are  equal  to  a  and  )8,  respectively, 

and  BGO  =  ^  -  ^.     Hence 

(a+ 6)  cot  BGO  =  a  cot  GOA  -  h  cot  GOBy 
or  (a  +  ft)  tan  d  =  a  cot  a— 6  cot  ^, 

which  determines  the  position  of  equilibrium. 


Fig.  127. 
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Again,  by  the  relations  between  three  forces  in  equilibrium, 

xf  —    rr  -I — ; —9 

8m(a+p) 


ir=  w 


sin  a 


sin{a  +  ^) 


(2) 
(3) 


Hence,  if  t  =  ■: :>  the  bai*  will  rest  in  a  horizontal  position. 

6       t&nfi  ^ 

Suppose  that  a  cot  a— 6  cot  ^  is  positive,  and  that  (a +  6)  tan/3< 
a  cot  a— 6  cot  0.  Then,  d  foriiari  (a  +  h)  tan  ^<  a  cot  a— 6  cot  ^,  since 
6,  the  angle  made  with  the  horizon  by  the  bar  in  any  such  position  as 
AB^iB  necessarily  </3. 

Hence,  the  only  position  of  equilibrium  possible  is  either  one  of 
continuous  contact  with  the  plane  (/3),  or  one  of  continuous  contact 

with  the  plane  (a).  Suppose  the  first,  as 
in  Fig.  128.  To  find  in  this  case  the  point 
through  which  the  resultant  pressure  of 
the  plane  (/3)  on  the  bar  acts,  draw  AO 
perpendicular  to  the  plane  (a) ;  then  AO 
is  the  line  of  action  of  the  pressure  on  this 
plane. 

Let  AO  meet  the  vertical  through  Q  in 
0,  and  from  0  draw  OP  perpendicular 
to  the  plane  (/3).  Evidently,  P  is  the 
point  at  which  the  resultant  pressure  of 
the  plane  (/3)  acts. 
But  it  may  now  be  shown  that,  with  the  two  inequalities  supposed, 
tliis  position  is  impossible.     For  if  AP>a  +  b,  it  will  be  impossible  ; 

Lu  ».  •     T     cos^sin(a  +  ^) 

that  IS,  if  a  —      .     >a  +  b; 


or 


Bin  a 


asin/3co8^(cota— tan/3)>6;  or  atan)9(cota— tan;3)>6  +  6tan'/3;  or 
a(cota— tan/5J)>6cot^  +  6tan^;  or  acot  a— 6cot/3>(a  +  ft)tanj3. 
But,  by  supposition  a  cot  a— 6  cot /3  is  positive  and  >(a  +  6)tanj3, 
therefore  AP>AB,  which  is  manifestly  impossible.     Hence  the  only 

position  of  equilibrium  in  this  case  is 
one  of  continuous  contact  with  the 
plane  (a).  [We  have  supposed  all 
through  that  the  end  A  of  the  bar 
is  to  rest  on  the  plane  (a).]  The 
least  inclination  of  the  plane  (a)  which 
will  allow  of  a  position  of  continuous 
contact  with  (/3)  is  found  by  drawing 
at  i?  a  perpendicular  to  the  plane  (fi) 
and  joining  its  point  of  intersection 
with  the  vertical  through  O  with  A, 
The  joining  line  is  the  normal  to  the  plane  of  least  inclination  (a). 

2.  A  uniform  heavy  bar,  AB  (Fig.  1 29),  rests  with  one  extremity, 


Pig.  129. 
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A ,  against  the  internal  surface  of  a  smooth  fixed  hemisphere  while  it 
is  supported  at  some  point  in  its  length  by  the  rim  of  the  hemisphere ; 
find  the  position  of  equilibrium,  the  plane  of  the  rim  being  horizontal. 

It  is  d  priori  evident  that  the  result  must  be  independent  of  force, 
since  the  weight  of  the  bar  is  the  only  force  that  may  be  supposed  to 
be  given ;  and  it  is  also  evident  that  the  result  depends  on  the  only 
two  linear  magnitudes  which  may  be  supposed  to  he  given — viz.  the 
length  of  the  bar,  2  a,  and  the  radius,  r,  of  the  sphere. 

Draw  the  three  forces  which  keep  the  bar  in  equilibrium.  They 
are  the  weight,  a  reaction  at  A  perpendicular  to  the  surface  of  carUaet, 
and  therefore  perpendicular  to  the  sphere,  and  a  reaction  at  C  which 
for  the  same  reason  is  perpendicular  to  the  bar.  These  must  meet  in 
a  point,  0.  Let  6  =  the  inclination  of  the  bar  to  the  horizon  = 
ZACD.  Let  the  line  OG  meet  the  semicircle  DAC  in  the  point  Q. 
Then  AQ  is  &  horizontal  line.  Also  LQAG  =  IDC  A  =  0,  therefore 
lOAQ  =  26.  Hence  AQ  =  AO  cos  20,  and  also  AQ  =  AG  cos  ^; 
therefore  2  r  cos  2  ^  =  a  cos  0, 


or 


4rcos'^— acos^  — 2r  =  0. 


This  equation  gives  two  values  of  cos  6,  one  of  which  supposes  the 
hemisphere  to  be  completed  into  a  sphere,  the  end  A  of  the  bar  to 
rest  against  the  upper  portion  of  the  sphere,  and  the  action  of  the 
sphere  on  ii  to  consist  of  a  pvU.  The  student  will  have  no  difficulty 
in  representing  this  position,  or  in  proving  that  the   reaction   at 

2r 

3.  Find  the  position  of  equilibrium  of  a  uniform  heavy  bar,  one 
end   of  which   rests  against  a  smooth 
vertical  plane,   and   the   other  against 
the  internal   surface   of  a  given  fixed 
smooth  sphere. 

Let  the  length  of  the  bar,  AB,  =  2  a, 
r  =  the  radius  of  the  sphere,  c  =  the 
distance  of  the  centre,  C,  of  the  sphere 
from  the  vertical  wall,  DB\  also  let 
0  =  the  required  inclination  of  the  bar 
to  the  horizon,  and  <f>  =  tlie  inclination 
of  the  radius  CA  to  the  horizon. 

The  statics  of  the  problem  is  exhausted  in  drawing  the  figure  so 
that  the  weight  of  the  bar  and  the  two  reactions  at  A  and  B  shall 
meet  in  a  point,  0,     Geometi-y  then  gives 

2  cot  0GB  =  cot^067-cot  GOB  =  cot  ^  W, 

or  2tand  =  tan<f>.  (1) 

Again,  the  perpendicular  distance  between  A  and  DB  is  2  a  cos  0 ; 
but  it  is  also  evidently  equal  to  the  horizontal  projection  of  CA  +  the 
distance  of  C  from  BD ;  that  is, 

2aco6^  =  rcos^+c.  (2) 


Fig.  130. 
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From  (1)  and  (2)  a  value  of  d  can  be  obtained,  and  hence  the 
position  of  equilibrium.  These  equations  give  $  and  <f>  by  the  inter- 
8ectioa  of  a  right  line  with  a  quasi-magnetic  curve  (see  p.  55).  Thus : 
draw  a  right  line  AB=:c;  produce  il^  to  C  so  that  BC=^e; 
round  A  as  centre  describe  a  circle  of  radius  2a;  round  B  describe 
one  of  radius  r ;  draw  any  line  perpendicular  to  AC  cutting  the  first 
circle  in  P  and  the  second  in  <? ;  as  this  line  varies,  trace  the  locus 
of  the  point  of  intersection  of  AP  and  BQ  (a  small  portion  of  it  will 
suffice) ;  if  this  locus  cuts  the  perpendicular  to  AC  drawn  at  C  in  the 
point  M,  the  angles  $  and  <l>  are  if  A  C  and  MBC. 

If  the  bar  rest  on  the  convex  surface,  the  only  change  in  the 
equations  will  be  a  change  of  the  sign  of  r  in  (2). 

4.  The  extremities  of  a  bar  rest  at  two  given  points  against  two 
given  smooth  curves  in  the  same  vertical  plane;  the  bar  is  to  be 
sustained  by  a  cord  attached  to  its  centre  of  gravity  and  to  a  fixed 
point.  Determine  the  position  of  this  point  so  that  the  cord  may  be 
the  weakest  possible. 

Let  AB  (Fig.  131)  be  the  bar,  G  its  centre  of  gravity,  0  the  point 
of  intersection  of  the  normal  reactions  of  the  curves  A  and  B ;  k  the 

length  of  the  perpendicular  from  O  on 
the  line  of  action  of  the  weight,  IT,  of 
the  bar ;  p  the  perpendicular  from  0 
on  the  direction,  GP^  of  the  cord,  and 
T  the  tension  of  the  coid. 

Then,  taking  moments  about  0, 

T,p=z  W.k, 


vr 


Fig.  131- 


P 
Hence,  since  W  and  k  are  given,  T 
will  be  a  minimum  when  j>  is  a  maximum.     But  the  maximum  value 

of  the  perpendicular  from  0  on  a  right  line 
through  G  is  OG ;  hence  the  cord  must  assume 
a  direction  perpendicular  to  OG. 

5.  A  heavy  uniform  trap-door,  AB  (Fig. 
132),  is  moveable  about  a  hinge-line  repre- 
sented by  A  ;  and  to  the  middle  point,  B, 
of  the  opposite  edge  is  attached  a  rope,  BC^ 
the  extremity  C  of  the  rope  l>eing  fastened  to 
the  point  occupied  by  B  when  the  door  is 
horizontal.  Given  the  length  of  the  rope, 
find  the  magnitude  and  direction  of  the  pres- 
sure on  the  hinge-line,  and  the  tension  of  the 
rope. 

Produce  the  line  of  the  rope  to  meet  the 
line  of  action  of  the  weight  in  a  point,  0. 
Then,  since  the  door  is  in  equilibrium  under 
the  infiuence  of  only  three  forces,  they  must  meet  in  a  point.  Hence 
the  pressure  on  the  hinge-line  must  pass  through  0,  and  since  the  plane 
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of  the  tenBion,  jT,  and  the  weight,  IT,  intersects  the  hinge-line  ut  Aj 
the  pressure,  B,  must  act  through  A  (the  hinge  being  smooth). 

To  determine  Ty  take  moments  about  A.     Then,  if  |>  =  the  per- 
pendicular from  A  on  BC, 

T.p=  W.AD, 

Let  the  angle  BAC  '=-2a,  and  let  AB  =  2a.     Then  |>  =  2a  cos  a, 
AD  '=•  a  cos  2a,  therefore 


r=  jr 


cos  2a 
cos  a 


Again,  by  the  triangle  of  forces  we  have 

B?^  ir*  +  ^*-2rTrcosa; 
and  substituting  the  above  value  of  T^  this  gives 

B^\  fryisinV+se^a. 
The  ?alues  of  T  and  B  can  be  at  once  found  in  terms  of  the  lengths 

AB  and  BC,     Denoting  the  latter  by  2/,  we  have  sin  a  =  —  >  there- 
fore, Ac.  2  ^ 

6.  If  in  the  last  example  the  rope,  instead  of  being  attached  to  (/, 
passes  over  a  smooth  pulley  at  that  point,  and  sustains  a  given  weight, 
find  the  position  of  equilibrium,  and  the  pressure  on  the  hinge-line. 

Let  F  be  the  weight  of  the  suspended  mass,  and  Q  =  /.CAB;  then 
the  position  of  equilibrium  is  defined  by  the  equation 


and 


.OF      e     I      ^ 

cos COB =  0. 

2       H         2      2 
B'=F*--2FWcoa^+W\ 


(1) 


(^) 


Equation  (1)  gives  two  positions  of  equilibrium,  and  since  it  shows 

that  one  of  the  values  of  cos  —  is  negative,  one  position  corresponds  to 

a  value  of  d  greater  than  180^     Such  a  position,  of  course,  supposes 
the    door    capable    of    revolving    freely 
about  its  hinge-line  through  four  right 
angles. 

The  student  will  have  no  difficulty 
in  representing  the  position  of  the  door 
in  this  case,  or  in  explaining  why  no 
linear  magnitude  enters  into  the  equations. 

7.  A  uniform  heavy  bar,  AB,  rests 
against  a  smooth  peg,  P,  and  against  a 
smooth  vertical  wall,  AD ;  find  the 
position  of  equilibrium  and  the  pressures 
on  the  wall  and  peg. 

This,  so  far  as  it  relates  simply  to  the  position  of  equilibrium,  is 
another  geometrioo-statical  problem.     We  have  merely  to  draw  AB  in 


Fig.  133. 
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such  a  maimer  that  the  vertical  through  G  and  the  perpendiculars  at 
A  and  F  to  the  wall  and  har  shall  intersect  in  a  common  point,  0, 

Let  2  a  =  the  length  of  the  bar,  and  c  =  the  perpendicular  distance 
of  the  peg  from  the  wall.  Then  the  position  must  evidently  be  expressed 

as  a  function  of  -  •    Let  Q  =  the  inclination  of  the  bar  to  the  vertical. 

a 


Thm  AP=^ 


,  and  ilO  = 


But  i4  0  =  AG .  sin  ^ ;  therefore 


sin  Q 8in'(^ 

=  o  sin  0,  .'.    sin  0  =  T— \ 

;Sr.sin^=  F, 

/S'cos^=  R, 


8in«(^ 
Resolving  vertically, 


(1) 


(2) 


Resolving  horizontally, 


R^W'J^^. 


c» 


(3) 


8.  A  triangular  board,  BCA  (Fig.  134),  of  uniform  thickness,  rests 
on  two  smooth  pegs,  P  and  Q,  at  a  given  distance  from  each  other,  in 

the  same  horizontal  line. 
Find  its  position  of  equili- 
brium. 

The  position  of  equilibrium 
will  evidently  be  known  if 
the  inclination  of  AB  to  the 
horizon  is  known. 

Let  this  inclination  be  0\ 
let  the  angles  of  the  triangle 
be  denoted  by  ii,  ^,  (7 ;  let  a 
':^LAMGy  which  the  bisector, 
Cif,  of  the  base  makes  with 
the  base ;  let  CM  •=.  {,  and 
let  FQ  =  h. 
Then,  since  no  force  is  given  except  the  weight  of  the  board,  Q  will 
depend  simply  on  ii,  ^,  (7,  ?,  and  hy  and  the  problem  is  geometrical. 
The  reactions  of  the  pegs  F  and  Q  are  perpendicular  to  AC  and  BG^ 
respectively,  and  they  must  meet  the  weight  of  the  board  acting 
through  its  centre  of  gravity,  ^,  in  a  point  0.  The  geometry  which 
gives  the  solution  will  express  that 


Fig.  134- 


Now, 


GO  .tanCOV ^  CG .^GGO. 


(1) 


IS 


LGGO:=z--\-e-a,  and  COr=  COQ-VOQ;   but  COQ  =  QFG 

(since  the  quadrilateral  QOFG  is  inscribable  in  a  circle)  =  A+6; 
and    FO©  evidently  =  i?-^:    therefore  COT  =.( -i?+ 2^.     Also 
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CO  is  the  diameter  of  the  circle  round  QOPC,  a  circle  in  which  the 
chord  FQ  subtends  at  the  circumference  an  angle  =  C ; 

PQ         k 


C0  = 


sin  C      sin  C 


Then,  since  CG  =  -I,  (1)  becomes 


ifesin  (ii-i?+2^)  =  |ZsinC.coe(a-^), 


(2)    • 


an  equation  which  determines  6,  and  which  is  easily  solved  graphically 
by  the  method  of  example  30,  p.  83. 

9.  Two  heavy  uniform  rods,  AB  and  BC  (Fig.  135),  are  connected 
by  a  smooth  joint  at  B,  and,  by  means  of  rings  at  A  and  C,  are  also 
connected  with  two  smooth  rods,  AD  and  CD,  fixed  in  a  vertical 
plane.  Find  the  reaction  at  the  joint,  the  pressures  at  the  rings,  and 
the  inclinations  of  the  rods  to  the  vertical  in  the  position  of  equi- 
librium. 

D 


HT'      B     T 


♦  P 


iQ 


Fig-  135. 


Pig.  136. 


Starting  from  any  point,  0  (Fig.  136),  draw  a  force  diagram  of  the 
system.  Let  Oa  be  parallel  and  proportional  to  the  reaction,  By  at 
A;  let  ab  represent  P,  the  weight  of  i^^:  then  bO  represents  T,  the 
reaction  at  B,  In  the  same  way  let  be  and  cO  represent  Q,  the 
weight  of  BC,  and  S  the  reaction  at  C,  Let  a  and  /3  be  the  in- 
clinations of  AD  and  DC  to  the  horizon,  0  and  <f>  the  inclinations  of 
AB  and  BC  to  the  vertical. 

Then  we  have  (from  Fig.  136) 

R  =  {F  +  Q)   .  '^^^,>  (1) 

^  '  sin(a-f/3)  ^  ' 


S  =  {P+Q) 


sma 


sm  {a +  fiy  ^^^ 

Also  r^rsP*— 2P7?cosa  +  -K",  which,  by  the  substitution  of  the 
value  of  E  from  (1),  becomes 
2^Bin«(o  +  /8)  =  i*8in*a-2jP$sinaBin/3cos(a+/3)  +  ^Bin«/3.    (3) 


(4) 
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Again,  0  =  UGB,  and  evidently  (Art.  36), 

2  cot  ^  =  cot  A  HG  -  cot  GIIB 

=  cot  a— cot  a50  (Fig.  136). 

P — Rcoaa       Pcotfi — Qcota 

Now,      cot  ahO  =  — r;-^ = ii — 77 >  by  equation  (1). 

UBina  P-f-Q  ^  ' 

P(cota~coi3)-\-2Qcota 
Hence  cot  0  = 2(i>  +  (2)       ' 

and  wc  find  a  sitnilar  expression  for  cot  <f>. 

10.  A  board,  ABC,  ...(Fig.  137),  in  the  shape  of  a  regular  polygon 

of  n  sides,  rests  at  one  comer,  A,  against  a  smooth  vertical  wall, 

AP,  the  adjacent  comer,  B,  being  attached 
to  Uie  wall  by  a  string  whose  length  is  equal 
to  the  side  of  the  polygon.  Find  the  position 
of  equilibrium. 

Let  0  be  the  inclination,  BAP,  of  the  side 
^^  to  the  vertical;  and  let  0  be  the  point 
in  which  the  lines  of  action  of  the  normal 
pressure  at  il,  the  weight  of  the  board,  and 
the  tension  of  the  string  meet.  Then,  to 
determine  0,  we  have 

OA  =AP  tan  e, 
and     OA  =  AG  cos  GAG  ==  AG  sin  GA  P, 
.-.     APt&ne  =  AGBbiGAP. 

Now,   GAP  =  GAB  +  e=:l--  +  e;   and 

2      n 


Fig.  137 
if  a  =  the  side  AB,  AP  =  2acos  ^  ;  AG  = 


a 


2  cos  GAB 

4sin^sin-  =  cosf ^V 

n  Vn        / 


;  therefore 


or 


tan  ^  =  -  cot  -  • 
3       n 


This  equation  determines  the  position  of  equilibrium. 

W  IT 

The  pressure  at  A   is  evidently  equal  to  -—  cot  -  >  W  being  the 

3         n 

weight  of  the  board. 

1 1.  A  heavy  plane  body,  ABC  (Fig.  138),  of  any  shape,  is  suspended 
from  a  smooth  peg,  fixed  in  a  vertical  wall,  by  means  of  a  string  of 
given  length,  the  extremities  of  which  are  attached  to  two  fixed  points, 
F  and  F^,  in  the  body.     Determine  the  positions  of  equilibrium. 

Let  the  ellipse  P^PJ[^^  be  described  with  foci  F  and  JP^,  and  axis 
nugor  equal  to  the  length  of  the  string.  The  peg  will  then  be  some- 
where on  this  ellipse,  suppose  at  P^,     Now,  when  the  body  is  sus- 
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peiided  from  the  peg,  it  is  kept  iu  equilibrium  bj  its  own  weight 
acting  vertically  through  the  centre  of  gravity,  and  the  two  tensions 
in  P^F  &nd  F^F\  But  since  the  peg  is  smooth,  these  tensions  are 
equal,  and  their  resultant  must  bisect  the  angle  FP^F' \  its  line  of 
action  is,  therefore,  normal  to  the 

ellipse.     And  if  (?  is  the  centre  of  '^.^       \ 

gravity  of  the  body,  the  resultant        ^^ 'Y' ' \v      \ 

tension  must  pass  through  (?,  and      /    f^/  y      L 

be    equal    and    opposite    to    the  -.j^...-..-.-...-.^.-..,,...j.;.j 

weight  of  the  body.     Hence  the     V  \    / 

problem    is     solved    by    drawing       \v  \/  J 

normals  from  O  to  the  ellipse,  and  A"^-.^        *        ^^....^^^ 

then  hanging  the  figure  from  the  ^ -""^^ 

peg  in   such  a  manner  that  any  Fig.  138. 

one  of  these  normals  is  vertical. 

Now,  if  O  is  inside  the  e volute,  four  normals  can  be  drawn  to  the 
ellipse;  but  it  is  easy  to  see  that  only  three  are  relevant  to  the 
solution  \iG  is  inside  the  lower  half  of  the  evolute  (as  in  Fig.  138), 
or  only  one  if  67  is  inside  the  upper  half.  For,  the  tangents  drawn  to 
the  lower  half  of  the  evolute  belong  to  the  upper  half  of  the  ellipse ; 
and  in  order  that  the  str'ngs  should  be  stretched,  it  is  necessary 
that  the  peg  should  lie  somewhere  in  the  upper  half  of  the  ellipse. 
If  GP^y  OP^,  and  GP^^  are  the  normals  drawn  from  G,  the  figure  must 
be  placed  iu  a  poEition  in  which  any  one  of  these  lines  is  vertical. 

12.  A  rod,  whose  centre  of  gravity  divides  it  into  two  segments 
a  and  6,  is  placed  inside  a  smooth  sphere ;  find  the  position  of  equi- 
librium. 

An9.  Let  0  be  the  inclination  of  the  rod  to  the  horizon,  and  2  a 
the  angle  subtended  by  the  rod  at  the  centre  of  the  sphere ;  then 

y»     a — 6 

tan  0  = 7  tan  a. 

a  +  6 

13.  A  heavy  carriage  wheel  is  to  be  dragged  over  an  obstacle  on  a 
horizontal  plane  by  a  horizontal  force  applied  to  the  centre  of  the 
wheel ;  find  the  magnitude  of  the  required  force. 

Ans.  Let  fTbe  the  weight  and  r  the  radius  of  the  wheel,  A  the 
height  of  the  obstacle,  and  F  the  requisite  force  :  then 


F^  W         \      ♦ 
r— A 

14.  If  it  be  attempted  to  drag  the  wheel  over  a  smooth  obstacle  by 
means  of  a  force  whose  line  of  action  does  not  pass  through  the  centre, 
what  happens  1  Is  the  lesult  in  last  example  modified  if  there  is 
friction  between  the  wheel  and  the  obstacle  f 

16.  A  heavy  uniform  beam,  A  By  rests  with  one  end,  B,  against  a 
smooth  inclined  plane,  while  the  other  end,  A,  is  connected  with  a 
rope  which  passes  over  a  pulley  and  supports  a  given  mass ;  find  the 
position  of  equilibrium. 
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Ans.  If  Oj  6y  and  <f>,  are  the  inclinations  of  the  plane,  beam,  and 
ix)pe  to  the  horizon,  W  and  F  the  weights  of  the  beam  and  the 
suspended  mass,  respectively,  the  position  of  equilibrium  is  defined 
by  the  equations  p  cos  (<fr-  a)  =  r  sin  a, 

2  tan  0  =  tan  <^ — cot  a. 

The  student  will  easily  explain  why  no  linear  magnitude  enters 
into  the  result. 

16.  A  rectangular  board  (or  parallelepiped)  is  sustained  on  a 
smooth  inclined  plane  by  a  string  attached  to  its  upper  corner ;  the 
string  passes  over  a  smooth  pulley  and  sustains  a  weight.  Find  the 
magnitude  of  tliis  weight  corresponding  to  a  given  direction  of  the 
string,  and  find  also  the  pressure  on  the  plane. 

Ans.  Let  t  be  the  inclination  of  the  plane,  6  the  angle  made  by 
the  string  with  the  plane,  Wihe  weight  of  the  board,  F  the  weight 
of  the  suspended  mass,  and  B  the  pressure ;  then 

cos a  COS  0 

17.  Show  that  a  rectangular  board  (or  parallelepiped)  cannot  be 
sustained  on  a  smooth  inclined  plane  by  a  string  attached  to  its  upper 
comer,  if  the  inclination  of  the  plane  is  greater  than  the  angle  made  by 
the  diagonal  of  the  board  with  one  of  the  sides  perpendicular  to  the  plane. 

18.  A  heavy  uniform  beam,  moveable  in  a  vertical  plane  about  a 
smooth  hinge  fixed  at  one  extremity,  is  to  be  sustained  in  a  given 
position  by  means  of  a  rope  attached  to  the  other  extremity ;  find, 
geometrically,  the  least  value  of  the  pressure  on  the  hinge,  and  the 
corresponding  direction  of  the  rope. 

Ana.  The  least  pressure  on  the  hinge  =  |  TTsino,  TT  being  the 
weight  of  the  beam  and  a  its  inclination  to  the  vertical.  Also  if  $  is 
the  angle  made  by  the  rope  with  the  vertical  when  the  pressure  is  least, 

cot  0  =  2  cot  a  +  tan  a. 

19.  A  vertical  post,  loosely  fitted  into  the  ground,  is  exposed  to  a 
uniform  gale  of  wind ;  a  rope  of  given  length  is  to  be  attached  to  the 
post  and  to  the  ground ;  find  how  the  attachment  is  to  be  made,  in 
order  that  the  rope  may  be  least  likely  to  break. 

Ans.  If  h  is  the  height  of  the  post  and  if  the  length  of  the  rope 

is  <hV2,  the  rope  must  make  an  angle  of  45^  with  the  horizon ;  but 

if  the  length  is  >AV^i  the  rope  must  be  attached  to  the  top  of  the 
post.     (See  example  4.) 

20.  A  heavy  uniform  bar,  ABy  is  moveable  in  a  vertical  plane  round 
a  smooth  horizontal  axis  fixed  at  ii  ;  to  the  end  B  is  attached  a  cord 
which,  passing  over  a  pulley  fixed  at  C  vertically  over  A  sustains  a 
mass  of  weight,  F;  find  the  position  of  equilibrium. 

Ans,  II AB  =  2a,  AC  =  bf  weight  of  bar  =  TK,  0  =  inclination 
to  the  vertical,  (4i»- F«)6«-4irV 

"*''= iir^ 


107.]  EXAMPLES.  173 

• 

21.  A  ladder,  moveable  in  a  vertical  plane  about  one  extremity,  A, 
is  to  be  lowered  into  a  vertical  position  by  means  of  a  rope  attached 
to  a  given  point,  P,  of  the  ladder,  the  rope  passing  over  a  pulley,  (7, 
which  is  vertically  above  A;  find  the  tension  of  this  rope  in  any 
position,  and  supposing  that  the  rope  will  just  sustain  a  tension  Q 
without  breaking,  find  whether  or  not  it  will  break  in  the  operation 
of  lowering  the  ladder. 

Ana,  If  IF  is  the  weight  of  the  ladder,  whose  centre  of  gravity  is 
distant  a  from  A  ;  AC  =  c;  AP  =  6 ;  CP  =  r  in  any  position  of  the 
ladder ;  T  ==  tension  of  rope  in  this  position, 

be 

and  the  rope  will  break  if  ^<  W — 

be 

22.  A  heavy  bar,  AB,  rests  with  one  extremity,  A,  placed  at  the 
line  of  intersection  of  a  smooth  horizontal  and  a  smooth  inclined  plane, 
a  given  point,  (7,  in  the  bar  being  attached  to  a  rope  which,  passing 
over  a  smooth  pulley  at  a  given  point,  /),  in  the  inclined  plane, 
bustains  a  given  mass,  P;  find  the  position  of  equilibrium. 

Ans.  Let  6  be  the  inclination  of  the  bar,  a  the  inclination  of 
the  plane,  and  <f>  the  inclination  of  the  rope,  to  the  vertical ;  a  the 
distance  of  the  centre  of  gravity  of  bar,  b  the  distance  of  the  pulley, 
from  A;  c  =  AC ;  TF=  mass  of  bar.  Then  the  position  of  equi- 
librium is  defined  by  the  equations 

irasin^  =  P6Bin(<^-a), 

csin(^— <^)  =  6  sin  (<^— a), 

which  may  be  solved  graphically  thus :  draw  a  line  LM  =  6;  at  Jf 
draw  the  line  JUy  making  the  angle  LMN  =  a ;  round  L  as  centre 
describe  a  circle  of  radius  c ;  round  M  as  centre  describe  one  of  radius 

T>JL 

— 7— -c:  tuke  a  point  R  on  this  circle  such  that  if  RL  meets  the 
Wa 

first  circle  in  Qy  the  perpendicular  from  R  on  MN  =  the  perpen- 
dicular from  Q  on  ML  ;  then  RML  =•  <[>  and  RLM  =  0. 

23.  If  the  two  inclined  planes  were  removed,  a  smooth  horizontal 
axis  substituted  at  A^  round  which  axis  the  bar  could  turn,  would  the 
problem  be  in  all  respects  the  same  ? 

24.  A  bar,  AB,  whose  weight  is  negligible,  passes  through  two  fixed 
rings,  C,  D,  which  fit  it  tightly  and  presses  at  its  end  B  against  a 
fixed  surface,  a  given  force,  P,  being  ap2)lied  to  the  bar  at  its  end  A 
in  the  direction  AB;  find  the  pressures  on  the  rings  and  on  the 
surface  at  B. 

Ans,  If  BC  =  a,  BD  =  6,  t  =  angle  between  AB  and  surface 
pressed,  N  =  pressure  &i  B,  S  =  pressure  at  (7,  /?  =  pressure  at  Z), 

6  cot  i  ^  a  cot  t 

N=PcoBect;        S  =  P -^  ;         y^  =  P^±^. 

a— 6  a— 6 

25.  A   heavy   uniform  circular   board   is   freely   moveable   in  a 
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vertical  plane  round  a  horizontal  axis  fixed  at  a  point  0  on  its  cir- 
cumference ;  from  two  given  points  A  and  B  on  its  circumference 
two  masses,  P  and  Q,  respectively,  are  suspended ;  find  the  position 
of  e<^uilibrium. 

Ans,  If  (7  is  the  centre,  OCC/  the  diameter  through  0,  and  if 
LAC(y^  a,  ABC(y=^  y3,  0  the  required  inclination  of  OC  to  the 
vertical,  and  Yr=  mass  of  board, 

Psina— Qsin;3 


tand=: 


2Pcos«^  +  2Qco8«|+ir 


26.  A  rectangular  board,  ABCD^  of  uniform  thickness,  is  moveable 
in  a  vertical  plane  about  a  smooth  hinge,  P,  in  the  side  AD ;  the  side 
AB  is  to  rest,  at  a  given  inclination  to  the  horizon,  against  a  smooth 
peg,  Q :  find  the  position  of  this  peg  when  the  pressure  on  the  hinge 
is  equal  to  the  weight  of  the  board. 

Ans,  Let  0  be  the  point  of  meeting  of  the  forces  which  keep 
the  board  in  equilibrium,  and  O  the  centre  of  gravity  of  the  board. 
Then  QO  must  bisect  the  angle  POG.  Hence  from  P  draw  a  line, 
PO,  making  the  same  angle  with  the  side  AB  &a  AB  makes  with  the 
vertical ;  and  from  the  point,  0,  of  intersection  of  this  line  with  the 
vertical  through  G  draw  a  perpendicular,  OQ,  on  AB,  This  deter- 
mines Q, 

27.  Find  the  position  of  the  peg  when  the  pressure  on  it  is  equal 
to  the  weight  of  the  board,  the  inclination  being  fixed. 

Ans.  Let  PH  be  the  horizontal  line  through  P  meeting  AB 
in  H;  produce  AH  to  if  so  that  HK  =  HP ;  then  KP  is  the  direc- 
tion of  pressure  on  hinge ;  therefore,  &c. 

28.  A  heavy  body  of  any  form  is  moveable  round  a  smooth  axis 
perpendicular  to  the  vertical  plane  passing  through  the  centre  of 
gravity,  and  is  sustained  in  a  given  position  by  a  rope  whose  weight 
may  be  neglected.  If  the  pressure  on  the  axis  bears  a  constant  ratio 
to  the  weight  of  the  body,  prove  that  the  direction  of  the  rope  must 
be  a  tangent  to  a  conic  whof  e  directrix  is  the  vertical  line  through  the 
centre  of  gravity,  and  focus  the  point  in  which  the  axis  of  suspension 
cuts  the  above-mentioned  vertical  plane. 

If,  in  the  last  example,  QO  be  the  direction  of  the  rope,  the  ratio 

—, — 777777  is  given,  and  the  envelope  of  QO,  as  the  direction  PO  varies, 
sin  QOG      °  r        ^    y 

is  a  conic  whose  focus  is  P,  directrix  GO,  and  eccentricity  the  given  ratio. 

29.  In  example  26,  if  the  hinge  is  at  the  comer  A,  and  the  position 
of  the  peg  is  given,  find  the  magnitude  of  the  pressure  on  the  hinge. 

Ans,  Let  e  =  half  the  length  of  the  diagonal,  a  =  angle  between 
the  diagonal  and  the  side  AB,  x  =  the  distance  of  peg  from  A,  fi  s^ 
inclination  of  il^  to  the  vertical ;  then  the  pressure  on  the  hinge  is 


>„  A/«*-2caJ8in/3sin(a  +  /3)  +  c«dn»(a-h/J) 

X 
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30.  In  the  last  example,  find  the  position  of  the  peg  when  the 
pressure  on  the  hinge  is  a  minimum,  and  the  minimum  value. 

Ana.  At  the  point  in  AB  vertically  under  the  centre  of  gravity 
on  the  hoard.     The  minimum  pressure  =  TTcos/d. 

It  is  easily  seen  that  if  the  hinge  is  anywhere  along  the  side  AD, 
the  pressure  on  it  will  he  least  when  the  direction  of  this  pressure  is 
parallel  to  AB,     [By  triangle  of  forces.] 
Hence  the  position  of  the  peg. 

31.  A  rectangular  hoard  of  uniform 
thickness  rests  in  a  vertical  plane, 
with  two  of  its  adjacent  sides  in  contact 
with  two  smooth  pegs  in  the  same 
horizontal  line;  find  the  position  of 
equilihrium. 

Ana.  If  P  and  Q  (ste  Fig.  134)  be 
the  two  pegs,  CA  and  CB  the  sides  in 
contact  with  F  and  Q^  respectively,  a 
the  angle  made  by  the  diagonal  CD  Fig.  139. 

with   CB,   $  the    inclination    of   this 

diagonal  to  the  horizon,  c  half  the  length  of  the  diagonal,  and  I  the 
distance  FQ,  the  position  of  equilibrium  is  given  by  the  equation 

ccoaO  =  IcoB  2  {0—a)y 

which  is  solved  graphically  by  the  aid  of  two  circles,  as  in  example 
30,  p.  83. 

32.  A  triangular  board  (or  prism),  ABC  (Fig.  139),  of  uniform 
thickness,  is  placed  with  its  base  on  a  smooth  inclined  plane,  its 
vertex  being  connected  with  a  string  which  passes  over  a  smooth 
pulley  and  sustains  a  weight.     Find  the  conditions  of  equilibrium. 

Ana.  Assuming  the  inclination  of  the  plane  to  be  fixed,  the 
string  must  take  such  a  direction  that  the  perpendicular  let  fall  on 
the  plane  from  the  point  of  intersection  of  the  string  with  the  vertical 
line,  Gfn,  through  the  centre  of  gravity  of  the  board,'  falls  inside  the 
base.  Hence,  if  Bp  be  the  perpendicular  at  the  extreme  point  of  the 
base,  and  if  the  string  cannot  cross  the  surface  of  the  board,  all 
possible  directions  of  the  string  are  included  between  Cm  and  Cp. 
Again,  supposing  the  string  to  have  a  direction,  Cn,  consistent  with 
the  possibility  of  equilibrium,  the  weight  F  and  the  reaction  of  the 
plane  are  thus  found :  From  n  let  fall  a  perpendicular  on  AB,  meeting 
it  in  a  point,  q,  suppose.  Then  qn  is  the  line  of  action  of  the  reaction 
on  the  plane :  and,  resolving  along  the  plane,  we  have  ITsin  t  =  jPcos  0, 
i  being  the  inclination  of  the  plane,  and  0  the  angle  which  the  string 
Cn  makes  with  the  plane.  Tlds  equation  determines  the  magnitude 
of  F  corresponding  to  the  direction,  Cn,  of  the  string.  If  P  is  a  little 
greater  than  the  value  thus  found,  the  board  will  begin  to  slip  up,  and 
if  P  is  less  than  this  value,  the  board  will  begin  to  slip  down  the  plane. 

33.  If  in  the  last  example  the  string  is  parallel  to  the  plane,  find 
the  greatest  inclination  of  the  plane  consistent  with  equilibrium. 

Ana.  Tan"*  (i  cot  ii  +  cot  J?). 
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34.  If  in  the  same  example  the  string,  instead  of  passing  over  a 
pulley  and  sustaining  a  weight,  is  knotted  to  a  fixed  peg,  how  are  the 
previous  conditions  of  equilibrium  modified  f 

Arts.  The  only  condition  to  be  satisfied  is  that  which  has 
reference  to  the  direction  of  the  string.  This  direction  must  be 
somewhere  between  Cm  and  Cp, 

35.  If  a  rectangular  picture  be  hung  from  a  smooth  peg  by  means 
of  a  string,  of  length  2  a,  attached  to  two  points  symmetrically  placed 
at  a  distance  2  c  from  each  other  on  the  upper  side  of  the  frame,  show 
that  the  only  position  of  equilibrium  is  one  in  which  this  side  is 
horizontal    if    the    adjacent    side    of    the   frame    is    greater    than 

2c« 

36.  A  rod  whose  centre  of  gravity  is  not  its  middle  point  is  hung 
from  a  smooth  peg  by  means  of  a  string  attached  to  its  extremities ; 
find  the  positions  of  equilibrium. 

Ans,  There  are  two  positions  in  which  the  rod  hangs  vertically, 
and  there  is  a  third  thus  defined :  let  F  be  the  extremity  of  the  rod 
i*emote  from  the  centre  of  gravity,  k  the  distance  of  the  centre  of 
gravity  from  the  middle  point  of  the  rod,  2  a  the  length  of  the  string, 
and  2  c  the  length  of  the  rod  ;  then  measure  on  the  string  a  length  FF 

from  F equal  to  af  1  +  -  J>  and  place  the  point  F  over  the  p^.    This 

will  define  a  third  position  of  equilibrium. 

37.  A  bar,  BCy  moveable  round  a  smooth  horizontal  axis  at  a  point 
A  in  it,  has  a  cord  attached  to  its  upper  end  J?,  the  other  end  of  the 
cord  being  fixed  at  a  point  D  in  the  horizontal  line  through  A  ; 
the  cord  carries  a  small  ring,  capable  of  sliding  freely  along  it,  from 
which  a  given  mass,  F,  is  suspended;  find  the  position  of  equi- 
librium. 

Ans.  Jjet  6  =  inclination  ofBC,  and  <f>  =  inclination  of  cord  at  2>, 
to  the  horizon ;  W  =  weight  of  bar  whose  centre  of  gravity  is  distant 
a  from  A  ;  BA  =  b ;  DA  =  c ;  ?  =  total  length  of  cord.     Then 

^     ,       ^  tan^       2Wa'-Fb 

6  COB  a  -f  i  cos  ©  =  c  : 7  = =57 J 

tan  9  Fo 

which  at  once  give  0  and  <f}  by  the  intersection  of  a  right  line  with  a 
quasi-magnetic  curve  (see  p.  55). 

38.  A  heavy  regular  polygon  of  any  number  of  sides  is  attached 
to  a  smooth  vertical  wall  by  a  string  which  is  fastened  to  the  middle 
point  of  one  of  its  sides ;  the  plane  of  the  polygon  is  vertical  and 
perpendicular  to  the  wall,  and  one  end  of  the  side  to  which  the  string 
is  attached  rests  against  the  wall.  For  a  given  position  of  the  poly- 
gon, find  the  requisite  direction  of  the  string,  and  show  that  in  all 
positions  of  equilibrium  the  tension  of  the  string  and  the  pressure  on 
the  wall  are  constant. 
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Ans.  Let  A  be  the  vertex  of  the  polygon  in  contact  with  the 
wall,  O  the  centre  of  gravity,  0  the  point  in  which  the  weight  and 
the  reaction  of  the  wall  meet,  and  M  the  middle  point  of  the  side  to 
which  the  string  is  attached.  Then  the  direction  of  the  string  is  OM, 
and,  the  quadrilateral  OOMA  being  inscribable  in  a  circle,  the  angle 
between  the  string  and  the  vertical  is  constant  and  equal  to  half  the 
angle  of  the  polygon. 

39.  A  square  board  rests  with  one  corner  against  a  smooth  vertical 
wall,  the  aiijacent  comer  being  attached  to  the  wall  by  a  string  whose 
length  is  equal  to  the  side  of  the  board ;  prove  geometrically  that  the 
distances  of  the  comers  from  the  wall  are  proportional  to  1,  3,  and  4. 

40.  One  end,  ii,  of  a  heavy  uniform  bar  rests  against  a  smooth 
horizontal  plane,  and  the  other  end,  By  rests  against  a  smooth  inclined 
plane;  a  cord  attached  to  B  passes  over  a  smooth  pulley  situated 
in  the  inclined  plane,  and  sustains  a  given  mass;  find  the  position 
of  equilibrium. 

Let  0  be  the  inclination  of  the  bar  to  the  horizon,  a  the  inclination 
of  the  inclined  plane,  W  the  weight  of  the  bar,  and  P  the  weight 
of  the  suspended  mass ;  then  the  position  of  equilibrium  is  defined  by 
the  equation  ^^ ^  ^^^.^  a-2i>)  =  0.  (1) 

Hence  we  draw  two  conclusions : — 

(a)  If  the  given  quantities  satisfy  the  equation  YTsin  a— 2  P  =  0, 
the  bar  will  rest  in  all  positions. 

(6)  There  is  one  position  of  equilibrium,  namely,  that  in  v  hich 
the  bar  is  vertical ;  but  this  position  will  be  impossible  unless 

jP>fr8ina. 

This  position  reqnires  that  both  planes  be  conceived  as  prolonged 
through  their  line  of  intersection. 

41.  A  uniform  beam,  AB^  moveable  in  a  vertical  plane  about  a 
smooth  horizontal  axis  fixed  at  one  extremity.  Ay  is  attached  by 
means  of  a  rope  BCy  whose  weight  is  negligible,  to  a  fixed  point,  (7, 
in  the  horizontal  line  through  A ;  show  that  as  the  point  C  varies, 
the  position  of  the  beam  being  always  the  same,  the  magnitudes  and 
lines  of  action  of  the  pi  essure  on  the  axis  will  be  represented  by  lines 
drawn  from  il  to  a  certain  ri^^ht  line  parallel  to  AB\  and  if  the 
position  of  the  beum  varies,  while  AC  is  always  equal  to  AB,  find  the 
curve  whose  radii  vectores  will  represent  the  pressure  on  the  axis?. 

42.  A  thin  hemispherical  bowl  of  uniform  thickness  rests  on  a 
horizontal  plane,  and  a  uniform  bar  rests  partly  inside  and  partly 
outside  the  bowl,  being  entirely  supported  by  it ;  find  the  position  of 
equilibrium.     (College  Examination,  Cambridge,  1887.) 

Ans,  If  IT  =  weight  of  bowl,  w  =  weight  of  bar,  r  =  radius  of 

bowl,  2  a  =  length  of  iMir,  6  =  inclination  of  bar,  and  ^  =  inclination 

of  the  plane  of  the  rim  of  the  bowl  to  the  horizon, 

W 
acos^  =  2rcos(2^+<f>)  =  — rsin*^,  (a) 

VOL.  I.  N 
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which  give  the  following  construction  for  0:  on  AB  (=:  2a)  as 
diameter  describe  a  circle,  centre  C;  on  the  diameter,  CD,  perpen- 
dicular to  AB  take  D  such  that  CD  =  ^p  •  a ;  then  if  P  is  the  point 

on  the  circle  such  that  DF.coad  =  2r,  where  6  =  /LPAB,  this  is 
the  required  angle.     It  is  obvious  that 

AF,DF  =  4ar, 

which  shows  that  P  is  a  point  of  intersection  of  the  circle  with  a 

Cassinian  Oval  whose  foci  are  A  and  Z>,  its  equation  referred  to 

them  beinff  /        . 

^  pp  =  4ar. 

Obtain  by  the  aid  of  circles  alone  a  graphic  representation  of  both 
the  unknown  angles  in  equations  (a). 


CHAPTER  VII. 

THE   EQUILIBBIUM    0¥   SYSTEMS  DEDUCED   FROM   THE  PKIKCIPLE 
OP   VntTUAL   WORK.       [COPLANAR   PORCES.] 

108.]  Theorem.  If  a  particle  in  eqailibrium  under  the  action 
of  any  forces  be  constrained  to  maintain  a  fixed  distance  from  a 
given  fixed  point,  the  force  due  to  the  constraint  (if  any)  in 
directed  towards  the  fixed  point. 

Let  J3  be  the  particle,  and  A  the  fixed  point.  Then  the 
string  or  rigid  rod  which  connects  J3  with  A  may  be  removed  if 
we  enclose  the  particle  in  a  smooth  circular  tube  whose  centre 
ia  A'y  for  evidently  the  preservation  of  the  constancy  of  the 
distance  AB  receives  sufficient  expression  in  this  manner.  Now, 
in  order  that  J3  may  be  in  equilibrium  inside  the  tube,  it  is 
necessary  that  the  resultant  of  the  forces  acting  upon  it  should 
be  normal  to  the  tube,  i.  e.,  directed  towards  A. 

Cob.  1.  If  ^  and  J3  be  two  particles  in  equilibrium,  con- 
nected by  a  rigid  rod  whose  weight  is  neglected,  the  reactions  of 
A  and  JS  on  the  rod  are  two  forces  equal  in  magnitude  and 
opposite  in  direction. 

Ck)R.  2.  If  any  body  be  in  equilibrium  under  the  action  of  two 
forces  only,  these  forces  must  be  equal  and  opposite  in  the  same 
right  line. 

CoR.  3.  If  a  particle  in  equilibrium  under  the  action  of  any 
forces  is  constrained  to  maintain  a  fixed  distance  from  each  of 
a  number  of  other  particles  or  points,  the  forces  corresponding  to 
these  constraints  are  directed  in  the  right  lines  joining  the 
particle  to  each  of  the  other  particles  or  points. 

This  is  evidently  true  whether  the  invariable  distances  are 
maintained  by  straight  rigid  bars  or  by  crooked  bars. 

109.]  System  of  Partioles  rigidly  oonneoted.  Let  there  be 
any  number  of  particles,  Wj,  m^,  Wg, ...  (Fig.  140),  each  acted  on 
by  any  forces^  and  connected  with  the  others  in  such  a  way  that 
the  figure  of  the  system  is  invariable. 

N  2 
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Then,  by  the  last  Article,  the  force  proceeding  from  the 
connection  of  m^  and  Wg  ^^  ^^  ^^^  ^^^^  ^  %>  which  we  may 
imagine  to  be  a  rigid  bar.  Let  this  force  be  denoted  by  T^^. 
Similarly^  let  the  forces  in  the  bars  m^  m^  and  m^  m^  be  denoted 
by  ^23  ^^^  ^31  respectively.  These  internal  forces  may  tend 
either  to  increase  the  distances  between  the  particles  or    to 


Fig.  140. 

diminish  them.  In  the  figure  we  have  supposed  the  lattei:  to 
be  the  case,  but  the  result  will  be  the  same  if  the  former  sup- 
position is  made. 

Imagine  that  the  system  is  slightly  displaced  bo  as  to 
occupy  the  position  abc.  Now,  it  has  been  already  proved 
(Art.  71)  that  the  equation  of  virtual  work  for  two  particles 
rigidly  connected  will  not  involve  the  force  due  to  the  connection ; 
but,  for  clearness,  we  reproduce  the  proof  here. 

Let  &11   the  perpendiculars  aa2  and  aa^  on  the  lines  mjm^ 

and  WjWg  >  ^^1  *^^  ^^3>  ^^  ^2^s  *^^  ^'1^2  ;  ^^'i  and  cc^  on  iw^^^s 
and  m^niy  Let  the  sum  of  the  virtual  works  of  the  external 
forces  (not  including  T^^  and  T^^)  acting  on  »4  be  denoted  by 
2Pdj9,  and  let  iQbq  and  Elibr  denote  similar  quantities  for  w^ 
and  m^.     Then  the  equation  of  virtual  work  for  nij  is  evidently 

2Pd/?  +  yi,.w,tf3+yi3./;fi«2=  0;  (1) 

that  for  f»2  ^3 

2Q«!7-y,2-«'2*8  +  ^23-«2*i=  0;  (2) 

and  that  for  tn^  is 

^Rhr—Ti^.m^c^^T^.tn^c^^i  0.  (3) 

Now  (Art.  69)     m^a^  =  m^b^ ;  w^aj  =  w^c^;  w^^i  =  ^^s^i- 
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Hence,    by   addition,   the  internal    foioee    disappear,   and    the 
equation  of  virtaal  work  for  the  whole  system  is 

or  2{Pbj)-hQ^q-h2ibr)=0.  (4) 

The  same  restdt  is  evidently  true,  whatever  be  the  number  of 
particles  forming  the  system;  and  it  is  well  to  note  that  we 
have  been  enabled  to  obtain  equation  (4)  connecting  the  external 
forces  acting  on  the  system,  by  choosing  a  virtual  dUpIacement 
compatible  wit  A  the  geometrical  coiuVdioM  of  the  sifstem^  that  is, 
in  the  present  case,  a  virtual  displacement  which  allows  the 
mutual  distances  of  the  particles  to  remain  unaltered  ;  or,  again, 
auch  a  virtual  displacement  as  might  be  an  actual  one  ;  for  the 
system  could  actually  occupy  the  position  abc, 

110.]  Elimination  of  the  Internal  Forces  of  a  System.  By 
the  Internal  Forces  of  a  system  it  is  already  sufficiently  clear 
that  we  mean  forces  proceeding  from  the  internal  connections  of 
the  parts  of  the  system  among  themselves.  Such  forces  are 
directed  from  particle  to  particle,  and  will  contribute  nothing  to 
the  equation  of  virtual  work  of  the  system,  if  in  the  virtual 
displacement  the  distance  between  every  two  particles  remains 
the  same  as  before. 

It  is  evident  that  if  the  virtual  displacement  violates  any 
geometrical  condition  of  the  system,  the  corresponding  internal 
foroe  will  appear  in  the  equation  of  virtual  work.  Thus,  if  in 
fig.  140  the  distance  ab  is  not  equal  to  the  distance  between  m^ 
and  i»2>  we  shall  have  by  addition  the  term 

or  "^12*  ^('^i  ^2)' 

where  b  {m^  mj)  denotes  the  change  or  variation  of  the  distance 

between  m^  and  m^. 

111.]  General  Equation  of  Virtual  Work  for  Forces  acting 
in  one  Plane  on  a  Rigid  Body  *.     If  the  particles  m^,m^,m^,,.. 


*  We  formaUy  confine  the  dieeussion  for  the  present  to  Rigid  Bodies, 
althoogh  it  is  clear  from  last  Article  that  what  follows  is  applicable  to 
systems  such  as  freely  articulated  bars  which,  without  being  rigid  systems, 
satisfy  certain  geometrical  conditions  that  are  not  violated  in  the  virtual 
displacement ;  and  it  is  equally  clear  that  these  conditions  may  be  violated 
if  we  include  in  our  equations  the  work  of  internal  forces. 
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form  a  continuous  body,  on  which  forces  P^,  Pj)  -^S' '--  ^^^  ^^  ^^^ 
plane  at  different  points  A^^  A.^,  A^^  ...  of  the  system  (Fig.  141), 


the  condition  necessary  and  sufficient  for  the  equUibrium  of  the 
iyst'Cm  is  that  the  sum  of  the  virtual  worts  of  the  piven  forces  is  equal 
to  zero  for  every  virtual  displacement  which  violaf^es  none  of  the 
geometrical  conditions  of  the  system. 

For  we  have  seen  (Art.  67)  that  the  condition  necessary  and 
sufficient  for  the  equilibrium  of  any  one  particle  of  the  system 
is  the  vanishing  of  the  virtual  work  of  all  the  forces  acting 
lipon  it,  the  internal  forces  proceeding  from  the  connection  with 
the  other  particles  of  the  system  being,  of  course,  included, 
as  in  equations  (1),  (2),  (3)  of  Art.  109.  Expressing  thus  the 
conditions  for  the  equilibrium  of  all  particles  of  the  system,  and 
adding  the  results,  there  remains  for  the  condition  of  equilibrium 
the  equation       ^  ^  ..        ^  .  ,  . 

into  which  no  internal  force  enters. 

Conversely,  if  the  sum  of  the  virtual  works  of  the  forces 
vanishes  for  every  virtual  displacement,  the  system  is  in  equi- 
librium. 

For,  if  it  is  not,  it  will  take  a  determinate  motion,  each  point 
of  the  system  describing  a  certain  line  in  virtue  of  its  con- 
nections with  the  other  points.  Now,  this  motion  will  be  in  no 
¥ray  interfered  with  if  we  introduce  new  connections  which 
render  it  the  only  motion  possible  for  the  system.  Under  the 
new  circumstances  it  is  clear  that  if  we  prevent  the  motion  of 
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any  one  point,  we  prevent  the  motion  of  the  system.  Suppose 
the  motion  of  the  point  ^  to  be  stopped  by  the  application  of  a 
force,  Fy  in  the  direction  A'A^  A'  being  the  point  to  which  A 
moves.  Now,  equilibrium  exists  under  the  action  of  (o)  the 
given  external  forces,  ()3)  the  newly-introduced  geometrical  con- 
nections, and  (y)  the  force  F\  hence  the  sum  of  the  virtual  works 
of  these  forces  =  0  for  every  displacement.  Choose  that  dis- 
placement which  the  system  is  supposed  actually  to  undergo 
when  the  force  F  is  not  applied  at  A,  Now,  by  the  last  Article, 
since  none  of  the  geometrical  conditions  ()3)  are  violated  by  this 
displacement,  the  forces  proceeding  from  them  will  do  no  work. 
Hence  the  equation  of  work  is 

where  ^Fhp  denotes  the  virtual  work  of  the  given  acting  forces. 
But,  by  hypothesis,  SPd/?  =  0  for  every  displacement,  and  there- 
fore for  this  one  ;  hence  F ,  A  A'  =  0,  i.  e.  either  AA'  =  0,  or 
i^  =  0,  either  of  which  signifies  that  no  motion  of  the  system 
takes  place.     Hence  the  system  is  in  equilibrium. 

In  Fig.  141,  a^,  a^^  a^, ...  are  supposed  to  be  virtual  positions 
of  the  points  of  application  of  the  forces  P^,  P^,  P^  ... . 

112.]  Bemarks  on  the  Equation  of  Virtual  Work.  Equation 
(1)  of  last  Article,  though  strictly  true  in  the  case  of  forces 
acting  on  a  particle,  is  not  so  when  these  forces  are  applied  at 
points  in  a  body  of  finite  extension,  or  to  a  system  of  particles 
connected  in  any  manner.  In  fact,  the  internal  forces  of  the 
system  have  been  eliminated  from  equations  (l),  (2),  and  (3)  of 
Art.  109,  by  assuming  that  tn^a^  —  m^b^  =  0.  Now,  we  know 
that  this  quantity  is  not  strictly  equal  to  zero,  but  equal  to  an 
infinitesimal  of  the  second  order,  if  the  angular  displacement  of 
the  line  tn^m^  is  regarded  as  an  infinitesimal  of  the  first  order. 
It  is  more  correct,  therefore,  to  say  that  for  the  equilibrium  of 
a  body  tAe  virtual  wort  of  the  applied  farces  is  an  infinitesimal  of 
the  second  order,  if  the  greatest  displacement  in  the  sysfefn  is  re- 
garded as  an  infinitesimal  of  the  first  order. 

113.]  General  Uniplanar  Displacement  of  a  Bigid  Body. 
Since  the  general  condition  of  equilibrium  of  a  rigid  body  re- 
quires the  vanishing  of  the  virtual  work  of  the  acting  forces  for 
every  virtual  displacement  which  could  be  an  actual  one,  it  is 
evidently  necessary  to  investigate  all  the  kinds  of  displacement 
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which  such  a  body  could  undergo.  Now,  evidently^  the  position 
of  a  right  line  is  known,  if  the  positions  of  any  two  of  its  points 
are  known ;  and  also  the  position  of  any  body  is  known,  if  the 
positions  of  any  three*  of  its  points  which  are  not  in  directum 
are  known.  Hence,  to  investigate  the  displacements  to  which 
a  rigid  body  may  be  subject,  it  is  sufficient  to  determine  the. 
general  displacements  of  a  system  formed  of  three  points. 

In  Fig.  140  let  such  a  system  he  m^m^m^,  and  let  alfc  be  any 
displacement  whatever  of  this  system  in  its  own  plane.  Then 
it  is  clear  that  if  we  moved  m^  into  the  position  a,  and  then  got 
m^  into  the  position  b,  the  remaining  point,  m^,  would  take  up 
the  position  c.  This  follows  from  Prop.  VII  of  the  first  book  of 
Euclid.  Now  what  is  necessary  to  move  the  line  m^  m^  into  the 
position  ab  ?     Two  things  are  necessary — 

(a)  The  point  m^  must  be  moved  up  to  a,  by  a  simple  motion 
of  trauilation  ;  and 

{fi)  When  this  is  done,  the  line  m^m^  must  be  rotated  about 
a  so  as  to  bring  m^  into  the  position  b.  This  second  motion  is 
called  a  motion  of  rotation. 

If  we  suppose  that  in  the  first  motion  (a)  the  line  m^m^  is 
moved  parallel  to  itself,  while  mr^  is  moved  to  a^  the  subsequent 
motion  of  rotation  which  brings  m^  into  the  position  b  will  be 
a  small  one,  the  position  abc  being  only  slightly  different  from 

Hence — If  a  rigid  body  receiver  any  displacement  parallel  to  a 

fixed  plane,  it  may  be  brought 
from  its  old  into  its  new  posi- 
tion by  (a)  a  motion  of  trans- 
lation which  has  the  same 
magnitude  and  direction  for 
all  its  pointSy  and  (ff)  a 
motion  of  rotation  which  has 
also  the  same  angular  magni- 
tude and  sense  for  aU  its 
_  points. 

Thus,  m  Fig.  142,  by  the 
motion  of  translation  common  to  all  the  points,  i»|  is  carried  to 

*  If,  as  in  the  present  chapter,  the  displacement  is  made  parallel  to  one 
plane,  the  positions  of  tiro  points  will  suffice.  We  use  the  term  uniplanar  to 
signify  '  confined  to  one  plane.' 
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a,  while  nKj  is  carried  to  h\  and  m^  to  c\  the  lines  ni^m^^  ^H^'^^y 
and  rn^ni^  being  carried  parallel  to  themselves  to  ah\  Vc\  and 
ae\  respectively.  Then,  by  the  motion  of  rotation  aV  is  tamed 
ronnd  to  ah^  and  (f  is  made  to  coincide  with  c. 

114.]  Beduction  of  Displacement  to  Botation.  Every  uni- 
planar  displacement  of  a  rigid  body  can  be  produced  by  rotation 
simply.  For,  let  m^m^m^  be  one  position,  and  ahc  any  other 
position,  of  the  body,  a^h^c  being  the  displaced  positions  of  m^, 
^2>  ^3>  respectively.  Draw  a  perpendicular  to  the  line  m^a  at 
its  middle  point,  and  a  perpendicular  to  m^b  at  its  middle  point, 
and  let  these  two  perpendiculars  intersect  in  /.  Then  m^m^m^ 
can  be  brought  into  the  position  ahc  by  a  pure  rotation  round  /. 
For,  comparing  the  triangles  m^Im^  and  alb,  we  see  that,  since 
the  three  sides  of  the  one  are  equal  to  the  three  sides  of  the 
other,  the  angles  m^  la  and  m^  lb  are  equal.  Hence,  if  the  body 
is  rotated  round  /  through  the  angle  ffi^  /a,  so  as  to  bring  m^  by 
a  circular  arc  to  a,  this  rotation  will  bring  m^  to  b,  and  therefore 
every  other  point  of  the  body  to  its  proper  displaced  position. 
If  the  displaced  position  is  very  close  to  the  original  position, 
instead  of  bisecting  m^a  and  tn^b  and  erecting  perpendiculars, 
we  may  erec^  ihe^e  perpendiculars  at  m^  and  m^  to  the  directUmn, 
»f^a,  m^b,  of  the  dispIacemenU  of  m^  and  m^.  In  this  case  the 
point  /  is  called  in  Kinematics  the  Instantaneous  Centre  of 
rotation  of  the  body. 

A  displacement  of  translation  is  one  such  that  the  centre  of 
rotation  is  at  infinity. 

115.]  Virtual  Work  oorresponding  to  a  Virtual  Motion  of 
Translation.    Let  a  rigid 
body  (Fig.    143)   be   in 
equilibrium     under     the 
action  of  any  forces  in 

one  plane,  P^y  Pj*  -^a*  •••> 

and    let    the    body    be 

imagined    to    receive    a 

motion     of     translation 

parallel  to  an  arbitrary  _.    ^ 

line.     Ox,    whereby    the 

points,  Jj,  A^,  ^3,   ...,   of  application  of  the  diflerent  forces 

receive  virtual  displacements,  ^i«i,  A^a^,  -^3^3, ...,  all  parallel  to 

Ox,  and  equal  to  o.     Then  (Art.  67),  the  virtual  work  of  the 
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force  Pi  is  o  X  projection  of  P^  along  Ox.  Let  the  projection 
of  Pj  along  Ox  he  X^i  then  the  virtual  work  of  Pj  is  aXj. 
Similarly,  if  X^,  J^j, ...,  be  the  components  of  Pg,  P3, ...  along 
Oa?,  the  virtual  works  of  these  forces  will  be  aX^^  0X3,  ... 
Hence  the  equation  of  virtual  work  is 

a(Xi  +  X2  +  X3+...)  =  0, 

or  a2X=0.  (l) 

Consequently,  since  a  is  arbitrary,  we  have 

2X=0.  (2) 

Hence — For  the  equilihrium  of  a  rigid  body  it  is  necessary  thai 
the  sum  of  the  components  of  the  acting  forces  along  every  arbitrary 
right  line  shall  be  zero. 

This  condition  is  not  sufficient,  since  every  virtual  displace- 
ment of  a  body  is  not  one  of  translation  alone. 

116.]  Virtual  Work  oorresponding  to  a  Motion  of  Bota- 
tion.     Let  several  forces,  Pj,  Pg,  P3, ...   (Fig.    144),    act   on 

a  body  at  points  A^^  ^,  ^3,..., 
and  suppose  that  the  body  is  rotated 
through  a  small  angle  =  a>,  round 
an  axis  perpendicular  to  the  plane 
of  the  forces  through  an  arbitrary 
point,  0.  Then  the  points  A^y  A^^ 
^3, ...  will  describe  small  circular 
arcs,  A^a^y  A^a^,  A^a^y.,.  ha\dng 
o^  0  as   their    common    centre,   and 

Iji^g  ,^  subtending  the  same  angle  o),  at  0. 

Let  ^1  be  the  angle  between  OA^ 
and  the  direction  of  Pj.  Then,  evidently,  the  projection  of  A^a^^ 
on  the  direction  of  P|  is  A^a^  .sin  0^,  But  ^1^1  =  0).  OA-^ ; 
therefore  the  virtual  work  of  Pj  is 

o)  Pj .  OA^  sin  ^1 . 

If  jOj  =  the  perpendicular,  Oq^^  from  0  on  the  line  of  action 
of  Pj,  this  is  evidently  p 

Similarly,  the  virtual  work  of  Pg  is  a>P2./)2>  and  that  of  P3  is 
—  (oPj  ,p^.     Hence  the  equation  of  virtual  work  is 

«(A/'i  +  Aft-^3/'3+-.)  =  0,  (1) 

or  ^Pp  =  0.  (2) 
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Bat  the  product  of  a  force,  P,  and  the  perpendicular,  p,  let 
fall  upon  it  from  the  point  0,  is  the  moment  of  the  force  with 
respect  to  the  point  0,  or  rather  with  respect  to  an  axis  through 
0  perpendicular  to  the  plane  of  the  figure. 

Hence,  equation  (2)  asserts  that  for  equilibrium  tie  9um  [with 
their  proper  ngns)  qf  the  momenta  cf  the  forces  with  respect  to  any 
point  in  their  plane  is  zero. 

As  r^^rds  the  signs  to  be  given  to  the  moments,  PiPi^  P^Pi^  •  *  - 
of  the  forces,  we  see  that — 

Those  forces  which  tend  to  rotate  the  body  in  the  same  sense 
round  the  point  0  give  virtual  work  qf  the  same  sign^  and  therefore 
have  moments  qf  the  same  sign  with  respect  to  0. 

Thus,  in  Fig.  144,  the  forces  Pj  and  Pg  tend  to  turn  the  body 
round  0,  in  a  sense  opposite  to  that  of  watch-hand  rotation, 
while  P3  tends  to  turn  it  in  the  opposite  sense.  Hence,  in 
the  Equation  of  Moments^  as  the  equation 

2P/?=0 

is  called,  PiPi  and  P2P2  ^^^  ^^^  same  sign,  and  P^p^  has  an 
opposite  sign. 

Since  (Art.  114)  every  uniplanar  displacement  of  a  rigid  body 
can  be  produced  by  a  rotation,  and  since  a  rotation  gives  an 
equation  of  virtual  work  which  is  simply  one  of  moments  round 
the  corresponding  centre  of  rotation,  it  is  clear  that  the  necessary 
and  sufficient  conditions  of  equilibrium  of  a  system  of  coplanar 
forces  acting  on  a  rigid  body  are  exhausted  in  the  statement — 
the  sum  of  the  moments  of  the  forces  round  every  point  in  their 
plane  is  zero. 

Also  since  all  possible  displacements  of  a  deformable  system 
are  by  no  means  exhausted  in 
motions  of  translation  and  rotation 
common  to  all  its  parts,  the  equa- 
tion of  virtual  work  for  such  a 
system  does  not  lead  to  the  above 
conditions  as  sufficient. 

117.]    Analytical    Expression 
ftnr  the  Displacement  of  a  Bigid 
Body.     We  shall  now  investigate 
the  changes  produced   in  the  co-ordinates  of  any  point  in   a 
rigid  body  by  given  small  motions  of  translation  and  rotation. 


Fig.  145- 
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Let  the  motion  of  tranBlation  first  take  place.  Then  draw  any 
two  rectangular  axes,  Ox  and  Oy^  through  0  (Fig.  145)  the  new 
position  of  a  point  0^.  Let  the  motion  of  translation  0^0^ 
common  to  all  parts  of  the  body,  be  resolved  in  two  com- 
ponents, a  and  i,  parallel  to  Ox  and  Oy. 

Then,  if  x  and  y  denote  the  co-ordinates  of  a  point  Q|  in 
the  body  with  reference  to  fixed  axes  drawn  through  Oj 
parallel  to  Ox  and  Oy,  these  quantities  will  be  increased  by 
a  and  ^,  respectively,  by  the  motion  of  translation.  To  find 
how  much  they  will  be  subsequently  altered  by  an  angular 
rotation  =  a>  round  0,  let  Q  describe  a  small  arc  of  a  circle,  Q^, 
round  0. 

Let  fall  the  perpendiculars  QM  and  qm  on  Ox^  and  Q,p  on  qm. 
It  is  evident  that  0J/=  x  and  QM=y.  Then  the  increase  of^  pro- 
duced by  the  rotation  =  qj)^  and  the  increase  in  a?  =  —  Qp.     Now 

Qp  =  Qq, sin  QOx  =  co.OQ.sin  QOx  =  (a.QM  =  ay; 

and    y jo  =  Qq^ cos  QOx  =  ca,  OQ . cos  QOx  =  (a.  OM  =  cdot. 

Hence,  if  hx  and  hy  denote  the  changes  produced  in  x  and  y  by 
the  two  motions  combined, 

bx  =  a^oayy  (1) 

by  =  b  +  ciix,  (2) 

These  are  the  general  analytical  expressions  for  the  displace- 
ments of  a  particle  in  the  body.  (They  can  obviously  be  obtained 
by  difierentiating  the  equations  x  =  r  coa  0,  y  =  r  bir  0,  on  the 
supposition  that  0  alone  varies  by  a  quantity  b0  =  a>,  and  then 
adding  a  and  b  to  the  results.) 

lis.]  Analytical  Conditions  of  Equilibrium.  If  any  forces^ 
Pj,  Pj)  ^3)  •••»  &<^t  on  a  rigid  body  in  one  plane,  the  condition 
necessary  and  sufficient  for  equilibrium  is  (Art.  Ill) 

Pibpi-h P^bj)^-^ P^bp^-^  ...  =  0.  (1) 

Let  JTi  and  ¥^  be  components  of  P^  along  two  rectangular  axes, 
Ox  and  Oy,  and  let  x^  and  y^  be  the  co-ordinates  of  the  point  at 
which  Pi  acts.     Then  (Art.  58) 

P,bpi^X^bx^+r,by^.  (2) 

Making  similar  substitutions  for  P2^P29  ^^^P^y  •••)  equation  (1) 

becomes       •■>-  -v^  •».  •»>-  ,  ^ 

jrj£ar,  +  7i8jr,+Js,8»j+7j8yij+...  =  0,  (3) 

or  •S,{Xhx+Yhy)=:0.  (4) 
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Sobstitating  in  (4)  the  values  of  bx  and  by  given  in  the  last 
Article,  we  have 

2  {X(a-a>y)+  r{b  +  a>x)\  =  0, 

or  a.2J  +  «.2r+a).2(j-r-jrX)=0,...  (5) 

since  a,  b,  and  «>  are  common  to  all  points  of  the  body,  and  may 
be  taken  outside  the  sign  of  summation. 

Now  the  displacements  a,  b,  and  o>  are  completely  independent 
of  each  other,  and  therefore  equation  (5)  requires  that 

2J=0,     27=0)  ,. 

For,  choose  another  virtual  displacement  in  which  a  and  b  are 
the  same  as  before  and  a>  different.     Then  we  have 

fl2J+42r+a)'2(a?r-yZ)  =  0.  (7) 

Subtracting  (7)  from  (5), 

(a)-a)')2(a?7-^X)  =  0. 

But  since  a>— a>^  is  not  =  0,  this  equation  requires  that 

2(a?r-jrX)=0. 

Similarly,  by  making  a  alone  variable,  we  prove  that  2A''=  0, 
and  by  making  b  alone  variable,  2  Z  =  0. 

The  three  equations  (6)  constitute  the  analytical  condilioHS  of 
equilibrium  of  the  body. 

119.]  Varignon's  Theorem  of  Moments.  Tie  moment  of  the 
resultant  of  two  force*  with  respect  to  any  point  in  their  plane  ift 
equal  to  the  sum  of  the  momentB  of  the  forces  with  respect  to  this 
point.  The  following  is  the 
proof  of  this  proposition  by  the 
principle  of  Virtual  Work. 

Let  n  (Kg.  146)  be  the 
resultant  of  two  forces,  P  and 
Q,  applied  at  a  point  A^  and 
let  0  be  any  point  in  their 
plane.  Then  the  virtual  work  of  72  for  any  displacement  of  ^  = 
the  virtual  work  of  P  +  the  virtual  work  of  Q.  Let  the  virtual 
displacement  of  J  be  one  of  rotation  round  0,  through  a  small 
angle  =  w.  Then,  as  in  Art.  116,  the  virtual  work  of  iZ  is  co .  72 .  0^:/ . 
sin  OAB, ;  but  this  =  « .  72  x  the  perpendicular  from  0  on  72=ci)  x 
the  moment  of  72  with  respect  to  0.     Similarly,  the  virtual  work 


Fig.  146. 
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of  P  =  a>  X  moment  of  P  with  respect  to  0 ;  and  virtual  work  of 
Q  =  o)  X  moment  of  Q  with  respect  to  0.  Therefore,  &c. — Q.E.D. 
In  precisely  the  same  way^  the  moment  of  the  resultant  of  any 
number  of  forces  is  proved  to  be  equal  to  the  sum  of  the  moment^i 
of  the  forces  separately. 

120.]  Two  Parallel  Forces.  To  find  the  resullani  of  two 
parallel  forces  ^  P  afid  Q,  acting  in  tie  same  sense. 

Let  J.£  (Fig.  147)  be  the  shortest  distance  between  P  and  Q^ 
and  let  the  forces  be  supposed  to  act  at  A  and  B.  Also  let  the 
reversed  resultant,  S,  act  at  any  point,  0,  in  AB.     Since  the 

forces  are  in  equilibrium,  their 
virtual  work  =  0  for  every 
virtual  displacement  (Art.  111). 
Choose  first  a  virtual  displace- 
ment of  translation  along  AB. 
For  this  displacement  the 
virtual  work  of  the  forces  P 
and  Q  =  0,  therefore  the 
virtual  work  of  2?  =  0,  there- 
fore B  is  parallel  to  P  and  Q.  Again,  choose  a  virtual  dis- 
placement of  rotation  about  0  through  an  angle  =  a».  The 
virtual  work  of  P  is  then  P.  u  OA,  and  that  of  Q  is  —  Q  .o)  OB^ 
while  that  of  22  is  zero.     Hence 


Fig.  147. 


P,OA''Q.OB=  0, 
•    OB  "^  P 


(1) 


Finally,  to  find  the  magnitude  of  B,  take  a  virtual  displacement 
of  translation  parallel  to  the  forces.     This  evidently  gives 

B  =  P+Q.  (2) 

Therefore  tie  resultant  of  two  parallel  Jbrces  acting  in  tie  same 

sense   is  a  force  parallel  to  them  in  the 

^R  same  sense j  equal  to  their  sum,  and  dividing 

the  line  joining  their  points  of  application 

*^     in  the  inverse  ratio  of  the  forces. 

Equation  (l)  asserts  that  the  moments 

3  of  two  parallel  forces  with  respect  to  any 

^       o  point  on  their  resultant  are  equal  and 

tig.  148.  '^  ^ 

opposite. 
If  P  and  Q  act  in  opposite  senses  (Fig.  148),  the  resoltant 
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is  obtained  in  magnitude  and  direction  by  simply  changing 
the  sign  of  Q. 

Thus  (l)  becomes  qj^        q 

which  shows  that  0  is  on  the  production  of  AB  at  the  side  of 
the  greater  force ;  and  (2)  gives 

R:=:F-Q,  (4) 


Examples. 

1.  To  solve  example  9,  p.  157,  by  the  principle  of  Virtual  Work. 
Imagine  a  displacement  in  which  the  ends  A  and  B  remain  in 

contact  with  the  planes.  Then  the  virtual  works  of  B  and  S  are 
zero,  and  if  y  is  the  height  of  G  above  the  horizontal  plane,  the 
equation  of  virtual  work  is 

^Wdy^F,d{AC)  =  0.  (1) 

Now  y  =  a  sin  d,     AC  =  {a-h  b)  cob  0 ;     ,\  dy=  a  cos  OdO^  and 

d{AC)=  -(a+6)sindrfd; 

Wa 

.'.  (1)  gives      Wa  cos  ^  =  P  (a  +  6)  sin  $,     or     tan  $  =^-pi j\  • 

2.  To  solve  example  10,  p.  157,  by  the  principle  of  Virtual  Work. 
Choosing  a  virtual  displacement  which  keeps  A  and  B  in  contact 

with  the  planes,  the  equation  of  work  is 

--Wdy^T.d{AC)-0.  (1) 

Now  PC*  =  BP^  cos  *$-^AF*sm  ^0,  and  this  equation  also  holds  in  the 
displaced  position.    Hence  we  may  differentiate  it,  and  we  then  obtain 

PC . d {PC)  =  - {PB'-PA*) sine  COB  Ode 

=  ^(a'^b){PB--PA)BmecoBede; 

.-.     d{PC)=--{a+b)(^^'^)fnnecoBede 
^      '  ^        'Vcos^      sin^/ 

=  -(a  +  6)sin(d-<^)(id. 

Also  y  =  a  sin  d,  .*.  dy=-  acoBQdQ\  and  substituting  these  values 
of  d  {PC)  and  dy  in  (1),  we  obtain  the  value  of  T. 

3.  Four  rigid  bars  (Fig.  149),  freely  jointed  together  at  their 
extremities,  form  a  quadrilateral,  ABCD ;  the  opposite  vertices  are 
connected  by  strings,  AC  and  BD^  in  a  state  of  tension ;  compare  the 
tensions  of  these  strings. 

Let  the  bar  AB  be  considered  as  fixed,  and  let  the  quadrilateral 
undergo  any  slight  deformation.  Then  the  bars  AD  and  BC  will 
turn  round  the  points  A  and  By  that  is,  the  points  D  and  C  will 
describe   small  paths,   Dd  and   (7c,  perpendicular  io  AD  and  BC. 
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A 


Heuce  (Art.  114)  the  point,  /,  of  intersection  oi  AD  and  BC  is  the 
inatanJtaneoiLS  centre  for  the  bar  CZ>,  and  the  angles  Did  and  CIc  are 

equal.  Denote  their  common  value 
by  he.  Then  Dd  —  ID  ,  hO,  and 
Cc=^IC.he, 

Now,  since  in  the  displacement 
of  the  system  none  of  the  geo- 
metrical conditions — ^namely,  the 
constancy  of  the  lengths  of  the  bars 
— are  violated,  the  reactions  of  the 
bars  will  not  enter  into  the  equation 
of  virtual  work.  Hence  if  jTand  T 
denote  the  tensions  of  the  strings 
AC  and  BD^  this  equation  will  be 
(see  p.  97) 

T.hAC-¥r,hBD-(^,        (1) 
But    hAC  "=  projection    of   Ce 


Fig.  149- 


.>n  AC 


=  Cc.BmACB  =  IC,%\nACB,he\ 


and  similarly  hBD  =  —ID, Bin BDA . hO,     Hence  (1)  becomes 

T,IC.  sin  ACB  -TAD.  sin  BDA, 
IC       AC  Bin  CAD 


(2) 


Again, 


ID"  BD  Bin  CBD 


Substituting  in  (2),  we  obtain 

AC 
OA  .  OC 


=  r 


BD 


OB.OD 


Another  solution  of  this  problem  (quoted  from  Euler)  will  be  found 
in  Walton's  Mechanical  Problems,  p.  101. 

4.  Four  rigid  bars,  freely  jointed  at  their  extremities,  form  a 
(quadrilateral,  ABCD ;  the  bars  AB  and  AD  are  connected  by  a  string 
a  a  in  a  state  of  tension,  a  being  a  given  point  in  AB,  and  a  a  given 
point  in  AD  ;  in  the  same  way,  BA  and  BC  are  connected  by  a  string 
6/3 ;  CB  and  CD  are  connected  by  a  string  cy  ;  and  DC  and  DA 
l)y  a  string  db;  find  the  relation  between  the  tensions  of  these 
strings. 

If  the  lengths  of  the  strings  aa,  6^,  cy  and  db  are  denoted  by  a?,  y,  z, 
and  Wy  and  the  tensions  in  them  by  X,  Y,  Z,  W,  the  equation  of 
virtual  work  for  a  slight  deformation  will  be 

Xbx+  Yby  +  Zbz-h  Wbw  =  0.  (1) 

Now        x^  =  Aa*+Aa?—2Aa  .AacosA  =  Aa*+Aa* 

'^''''^''{AB^+AD'^BD'); 


-2 


AB.AD 


therefore  xbx  =  2  ^^'f^, .  BD .  bBD, 

AB .  A  u 
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Substitatiiig  this  value  of  dx,  and  similar  values  of  by,  bx,  bw,  in 
(1),  we  have 

/X    Aa.Aa      Z    Cc.Cy . 

^  y     BA  .  BC      w     DC .  DA  / 

Bat  from  the  last  Example,  we  have 

bBD_      BD.OA.OO 
bAC"      AC.OB.OD' 

1.  i.     11        /-^T    Aa.Aa      Z     Cc.Cy  \      BD^ 

hence.  fimalJv.     I  —  • 1 —  • —  i 

'  ^'     Var     AB.AD^  z     CB.CDJ  OB.OD 

_fY    Bb.Bfi      W    Dd.Dby.     AC* 
"Vy  *  BA.BC^  w  '  DCDa)  OA.OC 

For  a  different  solution,  see  Walton,  ibid, 

5.  Six  equal  heavy  bars  are  freely  jointed  at  their  extremities; 
one  is  fixed  on  a  horizontal  plane,  and  the  system  lies  in  a  vertical 
plane ;  the  middle  points  of  the  two  upper  non-horizontal  bars  are 
connected  by  a  rope  in  a  state  of  tension.  Show  that  the  tension 
of  this  rope  18  eWcote, 

W  being  the  weight  of  each  bar,  and  0  the  inclination  of  the  non- 
horizontal  bars  to  the  horizon. 

Let  X  be  the  length  of  the  rope,  y  the  height  of  the  centre  of 
gravity  of  the  system,  2  a  the  length  of  each  bar,  and  T  the  tension 
of  the  rope.  Then  the  virtual  work  of  the  tension  ib  —  Tbx  (see  p.  181), 
and  the  virtual  work  of  the  weight  of  the  system  is  —6  Wby.    Hence 

Tbx+eWby  —  0. 

But  a?  =  2a(  1  +  cos  0),  and  y  =  2  a  sin  $,  and  the  deformation  imagined 
is  one  in  which  the  upper  horizontal  bar  moves  vertically  through 
a  small  space.     Hence  the  values  of  y  and  x  will  be  of  the  same  forms 

as  before,  and     j^.  =  _2asind8d,     by  =  2acoaeb0. 
Substituting  these  values  of  bx  and  by,  we  have 

T=eWcot0. 

6.  A  body  receives  a  small  general  displacement  parallel  to  one 
plane ;  find  the  co-ordinates  of  the  instantaneous  centre. 

If  the  components  of  the  motion  of  translation  parallel  to  the  axes 
of  X  and  y  are  ba  and  bb,  and  the  rotation  is  bco,  the  equations 
of  Art.  117  give  for  the  displacement  of  any  point  whose  co-ordinates 

"^^'^^  bx  =  ba-yb(o 

by  =  d6+a?d(tf. 
VOL,  I.  o 
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Xow,  the  displacement  of  the  iustantaneous  centre  is  zero;    hence, 
if  (Xf  y)  be  its  co-ordinates,  we  have 

hh  ha 


="=-!^'  y=« 


0) 


A  particular  case  may  be  noticed.  If  any  body  in  contact  with  a 
surface  receives  any  small  displacement  parallel  to  one  plane,  the  body 
still  remaining  in  contact  with  the  surface,  the  instantaneous  centre 
lies  on  the  normal  to  the  surface  of  contact.  In  the  pore  rolling 
of  one  figure  on  another  the  point  of  contact  is  the  instantaneous 
centre. 

7.  A  uniform  bar,  AB  (Fig.  133,  p.  167),  rests  as  a  tangent  at  a 
point  P  against  a  smooth  curve  in  a  vertical  plane,  one  extremity,  A, 
resting  against  a  smooth  vertical  plane ;  find  the  position  of  equi- 
librium, and  the  nature  of  the  curve  so  that  the  bar  may  rest  in 
all  positions. 

Let  the  weight  of  the  bar  through  6r,  and  the  normal  reactions 
at  A  and  P  meet  in  the  point  0 ;  take  the  vertical  line  AD  aa  axis 
of  y ;  and  let  2  a  =  the  length  of  the  bar.     Then,  if  a;  is  the  abscissa 

of  P,  we  have  AO  =  — — =-:  >  and  also  AO  =^  a  Bin  $.     Hence,  equating 

these  values,  a?  =  a  sin^  6.  (1) 

Now,  from  the  equation  of  the  given  curve,  0  is  known  in  terms  of 
a:  in  the  form  e=f{x).  (2) 

From  (1)  and  (2)  the  value  of  a?,  and  therefore  the  position  of  equi- 
librium, can  be  found. 

For  example,  if  the  curve  be  a  circle  of  radius  r  whose  centre  is 
at  a  distance  c  from  the  vertical  plane,  we  find 

asin'^  +  r  cos^— c  =  0. 

If  r  =  0,  we  get  the  result  in  Ex.  7,  p.  167. 

If  (1)  holds  in  all  positions  in  which  the  bar  is  placed,  every 

•  .      .  ...  doc 

position  is  one  of  equilibrium.     Now,  since  tan  $  =  —,  (1)  g^ves 

y 

dy  =  i^ai—xi .  a5"»  dx, 

and  since  this  equation  holds  in  all  positions,  we  may  integrate  it. 

Hence  y  +  A;  =  —  (ai — xi)^, 

or  aji  +  (y  +  k)i  =  a*, 

k  being  an  arbitrary  constant. 

We  may,  without  loss  of  generality,  assume  ^  =  0,  and  the  curve 
will  be  111 

35*  +  ^  =  o* 

The  equation  of  virtual  work  shows  that  in  this  case  the  centre 
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of  gravity  of  the  bar  is  at  a  constant  height.  For  if  y  denote  the 
ordinate  of  Oy  this  equation  is 

Wdg^o, 

and  since  this  holds  in  all  positions,  we  have,  by  integration,  y  = 
constant. 

8.  Four  rigid  bars  freely  jointed  at  their  extremities  form  a  quadri- 
lateral ABCD  (Fig.  1 50)  ;  the  middle 

points  of  the  opposite  pairs  of  bars  •.  i 

are  connected  by  strings,  mmf  and  /•''  \ 

nnf,  in  a  state  of  tension.     Compare 
the  tensions  of  these  strings. 

Let  /  and  V  be  the  lengths  of  the 
strings  mimf  and  nn',  and  let  the 
tensions  in  them  be  T  and  T*',  respec- 
tively. 

Then,  assuming  the  quadrilateral 
to  receive  any  small  deformation, 
the  equation  of  work  will  be  '  ** 

Thl^rhV^O.  (1)  Fig.  150. 

Now,  it  may  be  left  to  the  student  as  an  exercise  to  prove  that 

that  is,  V^—l^  is  constant,  however  the  quadrilateral  may  be  deformed. 
Hence  Z«/-/'5r=0;  (2) 

and  from  (1)  and  (2)  we  have 

T      T 

y  +  y  =  0,  (3) 

a  remarkable  result,  since  it  shows  that  one  of  the  tensions  must  be 
'Mgaiivt\  i.e.  if  the  bars  AB  and  CD  are  pulled  together,  equilibrium 
will  be  impossible  unless  the  bars  AD  and  BC  are  pulled  asunder. 

It  is  well  to  notice  an  apparent  exception  to  the  result  (3).  The 
student  will  easily  prove  that  if  the  sides  AB  and  DC  are  parallel, 
equilibrium  will  be  maintained  by  the  single  string  mwl  in  any  state 
of  tension,  i.e.  I^=  0,  a  result  which  contradicts  (3). 

The  difficulty  is  easily  removed,  however,  by  reverting  to  (1),  which 
in  the  case  under  consideration  is  identically  satisfied.  For,  since  AB 
and  CD  are  parallel,  the  line  min!  passes  through  /,  the  instantaneous 
centre  for  GD^  and  therefore  for  a  slight  deformation  the  point  w! 
moves  perpendicularly  to  Im\  that  is,  to  mm\  Hence  8Z=  0,  and 
equation  (1)  is  satisfied  by  having  at  once  7^^=  0  and  52=0.  The 
combination  of  (1)  and  (2)  is  therefore  irrelevant. 

9.  A  number  of  bars  are  freely  jointed  together  at  their  extremities 
and  form  a  polygon ;  each  bar  is  acted  on  perpendicularly  by  a  force 
proportional  to  its  length ;  all  the  forces  emanate  from  one  point 
and  all  act  inwards  or  all  outwards ;  prove  by  the  principle  of  virtual 
work  that,  for  equilibrium,  the  polygon  must  be  inscribable  in  a 
circle. 

o  % 
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Let  the  polygon  be  ADOBE F,,  {Fig,  150),  of  which  the  vertices 
£,  F,,..  are  not  represented  in  the  figure.  [AB  is  not  one  of  the 
bars.] 

Choose  a  virtual  displacement  in  which  all  the  bars  except  the 
three  AD,  DC,  CB  remain  fixed,  and  let  the  extremities  A  and  B  be 
fixed  in  the  displacement.  Then  /  is  the  instantaneous  centre  for 
DC.  Let  0  be  the  poiut  from  which  the  forces  emanate ;  let  m,  n,  jp 
be  the  feet  of  perpendiculars  from  0  on  AD,  DC,  CB,  respectively ; 
let  Q  be  the  foot  of  the  perpendicular  from  /  on  DC ;  let  IQ  meet 
mO  in  L  and  jpO  in  M ;  and  let  the  forces  in  Om,  On,  O2)  he  k ,  AD, 
k.DCk.OB. 

li  AD  turns  round  A  through  the  small  angle  b<t>,  the  displacement 
of  D  IB  AD  ,b(l>;  and  if  DC  turns  round  /  through  b(o,  the  displace- 
ment of  D  is  ID .  da>.     Hence 

AD.b(l>  =  ID.bia. 

Similarly  BO  .bO  =  10  ,b(o, 

if  2  d  is  the  angle  through  which  BO  turns  round  B, 
Now  the  equation  of  virtual  work  is 

k.AD.Am,b4>  +  k.DC  .In.boo.coalnQ-'k.BCBp.bO  =  0; 
or,  by  the  first  two  equations, 

Am.ID-\-D0.nQ-B2).IC  -  0.  (1) 

Now  rm.ID=  LI.IQ,    and    /;> ,  10  =  IQ .  IM; 

therefore  Im  .ID^-Ip  .  10  =  LM.IQ.  (2) 

Adding  (2)  to  (1),  we  have 

AI .  ID-BI .  10  =  L3f .  IQ- DC ,nQ, 

But  the  right  side  of  this  equation  is  zero,  since  the  triangles  DOI 
and  LMO  are  similar  (nQ  is  the  altitude  of  the  latter).  Hence  the 
quadrilateral  A  DOB  is  inscribable  in  a  circle  ;  and  in  this  circle  lie 
also  the  quadrilaterals  DO  BE,  OBEF, . . .  and  therefore  the  whole 
polygon. 

10.  Six  equal  heavy  bars  are  freely  jointed  at  their  extremities ;  one 
bar  is  fixed  in  a  horizontal  position,  and  the  system  hangs  in  a  vertical 
plane ;  the  middle  points  of  each  pair  of  adjacent  nou-horizontal  bars 
are  connected  by  two  strings  in  a  state  of  tension.  Show  by  the 
principle  of  work  that,  if  the  hexagon  is  regular  in  its  position  of 
equilibrium,  the  tension  of  each  string  is  three  times  the  weight  of 
a  bar. 

11.  Four  bars  whose  weights  may  be  neglected  are  jointed  together 
by  smooth  pins  and  form  a  quadrilateral,  ABOD,  in  a  vertical  plane. 
The  joint  A  is  fixed,  while  the  lateral  joints  B  and  D  rest  each  against 
a  smooth  fixed  vertical  plane.  A  given  vertical  force  being  applied 
at  the  point  0,  find  the  magnitudes  of  the  reactions  of  the  plaiies  at 
B  and  D,  and  the  direction  and  magnitude  of  the  pressure  on  the 
joint  A, 

Ans.  Let  F  be  the  force  applied  &t  0 ;  P  and  Q  the  reactions  at 
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B  and  Z> ;  J?  the  force  on  A  ;  also  let  a,  /3,  y,  I  be  the  inclinations  to 
the  horizon  of  the  bars  AB,  BG,  CD,  DA,  and  $  the  angle  made  by  JR 
with  the  horizon.     Then  we  shall  have 

P  Q  F 

1  +  cot  a  tan  ft       1  +  cot  6  tan  y      tan  ^+ tan  y ' 

tan^  = ^^±^ty 


cot  a  cot  y— cot  ^  cot  8 

(To  get  P  choose  a  displacement  of  the  bars  in  which  AD  remains 
fixed  ;  the  intersection  of  AB  and  CD  will  then  be  the  instantaneous 
centre  of  rotation  for  the  bar  BC.) 

12.  Two  heavy  uniform  bars,  AC  and  CB  (Fig.  165,  Art.  139),  are 
connected  by  a  smooth  joint  at  (7;  the  bar  AC  is  moveable  in  a 
vertical  plane  about  a  smooth  joint  fixed  at  A,  and  the  extremity  B 
of  the  bar  CB  is  capable  of  moving  along  a  smooth  horizontal  groove 
whose  direction  passes  through  A,  It  is  required  to  keep  the  system 
in  a  given  position  by  means  of  a  horizontal  force  applied  at  B ; 
determine  by  the  principle  of  work  the  requisite  magnitude  of  this 
force. 

Ans,  If  a  and  a  denote  the  angles  CAB  and  CBA  ;   IT  and  W 
the  weights  of  AC  and  CB ;  and  F  the  required  force, 

2  (tan  a  +  tan  a') ' 

13.  Four  bars,  freely  articulated  at  their  extremities,  form  a  paral- 
lelogram, A  BCD;  two  forces,  each  equal  to  P,  act  in  opposite  directions 
in  the  diagonal  AC,  and  two  forces,  each  equal  to  Q,  act  similarly  in 
BD,     Find  the  figure  of  equilibrium. 

Ans.  The  adjacent  sides  of  the  parallelogram  being  a  and  &,  the 
angle  between  them  co,  we  have 

a»+6«    P»-^ 


C08(0  = 


2ab      P»  +  e' 


14.  If  the  forces  in  Example  9  are  each  trausferred  to  the  middle 
point  of  the  bar  on  which  it  acts,  prove  by  virtual  work  that  the 
polygon  must  be  inscribable  for  equilibrium. 

15.  Four  rigid  bars  jointed  together  at  their  extremities  form 
a  plane  quadrilateral  ABCD ;  forces  P,  Q,  B,  S  are  so  applied  at  the 
vertices  A,  B,  (7,  2),  respectively,  as  to  preserve  equilibrium ;  show 
that  the  lines  of  action  of  the  forces  must  be  such  that  the  diagonals 
of  the  quadrilateral  which  they  determine  pass  through  the  points  of 
intersection  of  the  opposite  sides  (DA,  CB)  and  {BA,  CD)  of  the  given 
quadrilateral. 

[This  follows  at  once  by  the  method  of  Example  3.  The  result  is 
also  thus  expressed  by  Schell  {Thearie  der  Bewegung  vnd  der  Krafie. 
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vol.  ii.  p.  74) :  Any  two  adjacent  forces  and  the  side  at  the  ends  of 
which  they  act  form  a  triangle  which  is  in  perspective  with  that 
formed  hy  the  remaining  pair  and  their  corresponding  side.] 

16.  Seven  equal  uniform  heavy  bars,  freely  jointed  together  at 
common  extremities,  form  a  regular  heptagon,  ABCDEFG,  the  system 
being  suspended  vertically  from  the  point  A,  and  the  vertices  G  and  D 
being  connected  by  a  weightless  strut,  as  also  the  vertices  B  and  E ; 
find  the  pressure  in  each  strut. 

Ana,  Taking  a  virtual  displacement  in  which  the  vertices 
Ay  B,  C,  Dy  E  all  remain  at  rest,  and  O  and  F  alone  move,  we  find 
the  pressure  to  be  „ 

2irsin4?' 
7 

where  W=^  weight  of  each  bar. 

[The  student  will  see  that  strings  would  not  do  instead  of  struts.] 

1 7.  Two  equal  bars,  OA  and  OCy  are  freely  jointed  at  the  fixed  point 
0 ;  four  equal  bars  forming  a  lozenge,  A  BCD,  are  freely  jointed  at 
Ay  By  Cy  and  D,  and  the  system  (called  a  FeaueeUiei^s  Cell)  is  held  in 
equilibrium  by  two  forces  applied  at  B  and  2>.  If  the  force  at  D  is 
of  constant  magnitude  in  all  positions  of  the  cell,  as  it  suffers  de- 
formation about  Oy  prove  that  the  force  at  B  will  be  one  varying 
inversely  as  the  square  of  the  distance  OB.  (Mr.  G.  H.  Darwin,  Fro- 
ceedings  of  the  London  Math,  Soe.y  April  8,  1875.  See  the  same 
paper  for  Mr.  Darwin's  most  ingenious  mechanical  description  of  the 
Equipotential  Lines  of  any  number  of  magnetic  poles  by  means  of 
PeaucelHer  s  Cells.) 

18.  A  regular  pentagon,  ABCDEy  formed  of  equal  heavy  uniform 
bars  jointed  together,  is  suspended  from  the  joint  A,  and  the  regular 
pentagonal  form  is  maintained  by  a  rod  of  negligible  weight  joining 
the  middle  points,  Ky  Z,  of  BC  and  DE ;  find  the  stresses  at  Ky  B, 
C.    {Triposy  1885.) 

Ans.  If  Tr=  weight  of  each  bar,  the  stress  (compressive)  in  XL  is 

2  IFcot  77: 5  at  ^  t^6  force  acting  on  the  bar  CD  has  a  vertical  upward 

component  \  Wy  and  a  horizontal  tensile  component  2  W  cosec  - ;  at 

5 

B  the  force  acting  on  AB  has  a  vertical  downward  component  f  W, 
and  an  outward  horizontal  component  2Trtan-— • 

19.  Four  equal  uniform  bars,  each  of  weight  TT,  freely  jointed  at 
their  extremities  and  arranged  in  the  form  of  the  letter  W,  are  sus- 
pended from  the  upper  ends  of  the  extreme  bars,  the  middle  points  of 
the  two  inner  bars  being  connected  by  a  uniform  rod  of  weight  F ; 
find  the  stress  in  this  rod  and  the  reactions  at  the  joints. 

Ans.  The  force  acting  on  the  connecting  rod  at  each  end  has 
a  vertical  upward  component  =  ^  Z'  and  a  horizontal  tensile  com- 
ponent =  (4  )r+  5  F)  tan  6,  where  26  la  the  angle  between  any  two 
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intersecting  ban  in  the  given  figure  ;  the  force  acting  on  the  left-hand 
middle  bar  at  its  upper  end  is  wholly  horizontal  and  =(j>Tr+P)  ian  0 
towards  the  left ;  on  its  lower  end  the  force  acting  has  a  vertical 
upward  component  =  W-\-  \  P,  and  a  horizontal  component  towards 
the  left  =  1^  (3  fr+  P)  tan  6 ;  this  latter  being  also  the  component  of 
force  acting  on  the  extreme  left-hand  bar  at  its  upper  end,  where 
there  is  also  a  vertical  upward  component  =  2  Tr+  \  P, 

20.  Four  equal  uniform  burs,  each  of  weight  W,  are  jointed  together 
so  as  to  form  a  rhombus ;  this  is  suspended  vertically  from  one  of  the 
joints,  and  a  sphere  of  weight  P  is  balanced  inside  the  rhombus  so  as 
to  keep  it  from  collapsing  ;  find  the  figure  of  equilibrium. 

Ans,  If  r  is  the  radius  of  the  sphere,  2  a  s  length  of  each  bar, 
2d  =  angle  at  the  fixed  joint, 

sin'd  _  Pr 

cosd  ^  A{P^2W)a 

121.]  Stable  and  ITnstable  Equilibrinm.  When  a  body,  or  a 
system  of  connected  bodies,  is  in  equilibrium  under  the  action  of 
an  J  forces,  the  Principle  of  Virtual  Work  signalises  a  position  of 
equilibrium  of  the  body,  or  an  equilibrium  config^uration  of  the 
system  of  bodies,  by  an  equation  which  asserts  that  for  all 
imagined  small  displacements  of  the  body  or  system  the  total 
work  of  the  forces  is  zero^  or  rather  an  infinitesimal  quantity  of, 
at  most,  the  second  order,  if  the  greatest  displacement  imagined 
is  taken  as  an  infinitesimal  of  the  first  order — just  as  the 
Differential  Calculus  analogously  defines  a  maximum  or  a  mini- 
mum value  of  a  function  of  some  variable  or  variables.  But 
(just  again  as  in  the  latter  case)  the  work  done  by  the  forces 
will,  in  reality,  be  some  infinitesimal  quantity  of,  at  most,  the 
second  order ;  and  a  great  deal  depends  on  whether  this  quantity 
is  a  positive  or  a  negative  one.  If  the  former,  the  displacements 
will^  if  actually  made,  grow  in  magnitude,  i.  e.,  the  system  will 
not  go  back  to  its  state  of  equilibrium,  but  will  deviate  more 
and  more  Arom  it.  In  this  case  the  equilibrium  is  said  to  be 
nnstable.  If  the  latter,  the  system  will  revert  to  equilibrium^ 
and  the  equilibrium  is  said  to  be  stable. 

As  this  subject  is  fully  gone  into  in  the  second  volume  of 
this  treatise,  it  is  not  proposed  to  discuss  it  here ;  but  the  very 
simple  case  in  which  a  system  is  in  equilibrium  under  the  action 
of  gravity  and  the  reactions  of  smooth  fixed  supporting  surfaces 
or  axes  may  be  here  anticipated. 

For   any  displacements  in  which  the  jrointd  of  contact  are 
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moved  simplj  along  the  fixed  surfaces,  the  equation  of  Virtual 
Work  assumes  the  simple  form 

where  y  is  the  height  of  the  centre  of  gravity,  6,  of  the  system 
above  any  fixed  horizontal  plane,  and  W  the  weight  of  the  whole 
system. 

Hence^  in  general,  a  position  or  configuration  of  equili- 
brium is  one  in  which  the  centre  of  gravity  of  the  system 
occupies  the  highest  or  lowest  position  that  it  can  consistently 
with  the  resting  of  the  bodies  against  the  given  surfaces. 

And,  moreover,  since  if  y  is  a  maximum,  any  actual  slight 
displacement  would,  in  reality,  lower  G,  the  work  of  W  would,  in 
reality,  be  some  small  positive  quantity ;  then  equilibrium  would 
be  unstable ;  and  if  y  is  a  minimum,  any  slight  displacement 
would  raise  &,  so  that  ^  would  do  some  small  amount  of  negative 
work,  and  the  equilibrium  would  be  stable. 

Hence  for  such  a  system,  under  the  action  of  gravity,  its 
equilibrium  will  be  stable  when  its  centre  of  gravity  is  placed  in 
the  lowest  position,  and  unstable  when  its  centre  of  gravity 
is  placed  in  the  highest  position,  that  it  can  occupy  consistently 
with  the  given  conditions  of  constraint. 

Unstable  configurations  of  equilibrium  are  of  no  practical  value, 
since  they  would  cease  to  exist  after  the  slightest  disturbance. 
For  example,  a  rod  AB  moveable  round  a  fixed  smooth  horizontal 
axis  at  one  end,  A^  would  theoretically  be  in  equilibrium  if  its 
centre  of  gravity  were  placed  vertically  above  A  ;  but,  practically, 
such  a  position  does  not  exist. 

Again,  if  the  assumption  as  to  the  nature  of  Saturn's  Ring, 
that  it  is  a  continuous  solid  or  fluid,  whether  homogeneous  or  not, 
uniform  in  figure  or  the  reverse,  should  succeed  in  explaining 
its  relative  equilibrium,  but  should  at  the  same  time  lead  to  the 
result  that  its  equilibrium  is  unstable,  the  assumption  is  as 
much  to  be  rejected  as  if  it  did  not  explain  any  equilibrium 
at  all. 

Examples. 

1.  Two  UDiform  rods,  AB^  CD^  have  their  extremities  A  and  C 
connected  by  a  string,  and  their  extremities  B  and  D  connected  by  an 
equal  string.    Tlie  strings  are  placed  over  smooth  pegs  in  a  horizontal 
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plane,  and  the  rods  are  horizontal ;  find  the  position  of  equilibrium. 
Is  it  stable  or  unstable )     {Cambridge  Examinations,) 
Ans,  Stable. 

2.  When  several  liquids  of  different  densities  are  superposed, 
without  combining,  in  a  vessel,  show  that  they  will  arrange  them- 
selves in  layers  diminishing  in  density  from  the  bottom. 

3.  If  a  diving  bell  of  any  form,  whose  material  is  of  greater  Fpecific 
weight  than  water,  requires  the  application  of  a  vertical  downward 
force  in  order  to  sink  it,  show  that  it  will  reach  a  position  of  un- 
stable equilibrium  when  it  is  lowered  so  much  that 

where  p  =  intensity  of  pressure  of  the  air  in  the  bell  in  the  required 

position, 
j9p  =  intensity  of  pressure  of  the  atmosphere, 
W  =  weight  of  the  material  of  the  bell, 

W^  =  weight  of  a  volume  of  water  equal  to  that  of  the  material 
of  the  bell, 
P  =  weight  of  a  volume  of  water  equal  to  that  of  the  interior 
of  the  bell. 

4.  A  uniform  rod,  AB,  of  length  2  a  and  small  cross-section,  is 
moveable  about  a  smooth  horizontal  axis  at  one  end  A  which  is  at  a 
height  h  above  the  surface  of  a  liquid,  the  rod  partly  dipping  into 
the  liquid.  If  to  and  u/  are  the  specific  weights  of  the  liquid  and 
the  rod,  and  0  the  inclination  of  .the  rod  to  the  horizon  in  the  inclined 
position  of  equilibrium,  show  that 

Bind  =  --( y]  » 

and  that  when  this  position  exists  it  is  one  of  stability. 

(Many  of  the  previous  examples  may  be  treated  with  a  view  to  the 
determination  of  stability  or  instability.) 


CHAPTER  VIII. 


SIMPLE   MACHINES. 


122.]  FunotionB  of  a  Machine.  A  machine  may  be  defined 
either  from  a  statical  or  from  a  kinematical  point  of  view. 
Regarded  statically,  it  is  any  ifistrumenC  by  means  of  which  we 
may  change  the  direction^  magnitude^  and  point  of  application  of 
a  given  force ;  and  r^^aided  kinematicalljr,  it  is  any  instrument 
by  means  of  which  we  may  change  the  direction  and  velocity  of  a 
given  motion. 

In  Statics  it  is  usual  to  consider  the  points  or  machines  to 
which  forces  equilibrating  each  other  are  applied  as  absolutely 
motionless  \  nevertheless,  it  appears  &om  our  definition  of  force 
(Art.  1),  that  a  system  of  forces  acting  at  a  point  will  be  in  equi- 
librium when  the  point  has  a  uniform  motion  in  a  right  line. 
If  a  particle  describes  any  curve  whatever  with  uniform  velocity, 
a  little  reflection  will  show  that  at  no  point  of  its  path  can  there 
be  any  force  in  the  direction  of  the  tangent — or,  in  other  words, 
the  force  acting  on  it  must  everywhere  be  normal  to  the  path. 
It  follows  (see  Art.  66),  that  there  is  no  work  done  by  this 
force  in  the  passage  of  its  point  of  application  from  any  one 
position  to  any  other.  Extending  this,  we  shall  so  &r  anti- 
cipate the  results  of  Kinetics  as  to  assume  that  when  the  parts  of 
any  machine  are  each  in  a  state  of  uniform  motion^  the  forces  acting 
on  the  machine  are  in  equilibrium  among  themselves. 

By  the  extension  of  the  equilibrium  of  forces  to  this  case,  we 
comprise  both  the  statical  and  kinematical  definitions  of  a 
machine  in  the  following:— a  machine  is  any  assemblage  of 
different  pieces  whose  displacements^  resulting  from  their  mode 
of  connection^  depend  on  each  other  by  geometrical  laws^  and 
whose  object  is  to  transform  into  mechanical  work  the  result  of  th^ 
action  of  given  applied  forces,  (See  Rcsal,  Mecanique  Generate, 
vol.  iii.  p.  3.) 


EFFORTS   AND   RESISTANCES.  20.*^ 

It  has  been  already  pointed  out  that  in  applying  the  equation 
of  virtual  work  to  a  system  of  connected  bodies,  advantage  is 
gained  by  choosing  such  displacements  as  do  not  violate  any  of 
the  geometrical  connections  of  the  system.  This  principle  wo 
shall  use  largely  in  the  discussion  of  machines,  and  the  dis- 
placements which  we  shall  choose  will  be  those  which  the 
different  parts  of  a  machine  actually  undergo  when  it  is  em- 
ployed in  doing  work.  Thus,  instead  of  equations  of  virtual 
work,  we  shall  have  equations  of  actual  work  ;  and  in  future  wo 
shall  speak  of  the  principle  referred  to  as  the  Principle  of  Work. 

Since  in  the  motion  of  a  machine  the  work  done  by  a  force 
applied  to  any  part  of  it  depends  on  the  magnitude  and  direction 
of  the  displacement  of  the  point  of  application  of  this  force,  we 
see  at  once  the  importance  of  the  discussion  of  the  motions  pro- 
duced in  the  several  parts  of  a  machine  by  a  definite  motion 
given  to  some  one  part.  This  discussion,  which  is  a  problem  of 
pure  geometry,  constitutes  the  Kinematics  of  Machinery,  for 
which  the  student  may  consult  Resal's  Mecanique  GA%Srale, 
or  the  treatise  of  Beuleaux. 

123.]  Eflbrts  and  Besistanoes.  Every  machine  is  designed 
for  the  purpose  of  overcoming  certain  forces  which  are  called 
resistances ;  and  the  forces  which  are  applied  to  the  machine 
to  produce  this  efiect  are  called  efforts.  The  distinction  between 
these  forces  is  easily  drawn  by  the  Principle  of  Work.  For, 
when  the  machine  is  in  motion,  every  effort  displaces  its  point  of 
application  in  its  own  direction,  while  the  point  of  application  of 
a  resistance  is  displaced  in  a  direction  opposite  to  that  of  the 
resistance.  An  effort  is,  therefore,  one  whose  elementary  work 
is  positive,  and  a  resistance  one  whose  elementary  work  is 
negative. 

An  effort  applied  to  a  machine  is  often  (but  very  impro- 
perly) called  a  power.  The  resistances  against  which  a  ma- 
chine works  are  divided  into  two  classes,  viz.  useful  resistances 
and  wasteful  resistances.  The  former  constitute  those  which  the 
machine  is  specially  designed  to  overcome,  while  the  over- 
coming of  the  latter  is  foreign  to  its  purpose.  For  example,  if 
a  pulley  is  employed  for  the  purpose  of  lifting  a  weight  by 
means  of  a  rope,  a  part  of  the  effort  employed  is  spent  in  over- 
coming the  friction  between  the  pulley  and  its  spindle,  and 
another  part  is  spent  in  overcoming  the  rigidity  of  the  ro[>e. 
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Friction  and  rigidity  in  this  case  are  the  wasteful  resistances, 
and  the  weight  of  the  body  lifted  is  the  useful  resistance. 

The  distinction  between  the  resistances  overcome  gives  alt^o 
the  distinction  between  useful  work  and  (so-called)  lost  work. 

Useful  work  is  that  which  is  performed  in  overcoming  the 
particular  resistance  which  the  machine  is  designed  to  overcome, 
while  lost  work  is  that  which  is  spent  in  overcoming  wasteful 
resistances. 

124.]  Effioienoy  of  a  Machine.  The  ratio  of  the  useful  work 
yielded  by  a  machine  to  the  whole  amount  of  work  performed  by 
it  is  called  its  efficiency. 

Let  ^  be  the  work  done  by  the  applied  forces,  fF^  the  useful 
and  Wi  the  lost  work,  when  the  machine  is  moving  uniformly. 

and  if  i;  denote  the  efSciency  of  the  machine, 

Since  some  of  the  work  expended  in  moving  the  machine 
must  be  expended  in  overcoming  wasteful  resistances,  the 
efficiency  is  always  less  than  unity^  and  the  object  of  most  im- 
provements in  the  machine  is  to  bring  its  efficiency  as  near 
unity  as  possible. 

The  counter-efficiency  is  the  reciprocal  of  the  efficiency.  If  the 
useful  work  to  be  performed  is  given,  the  amount  of  work  to  be 
expended  on  the  machine  is  obtained  by  multiplying  the  former 
by  the  counter-efficiency. 

Let  P  be  the  effort  applied  at  any  point  of  a  machine  to 
perform  a  given  amount,  W^,  of  useful  work;  let  Wj  be  the 
work  lost,  and  let  s  be  the  distance  through  which  P  drives  its 
point  of  application  in  its  own  direction.     Then  we  have 

Ps=  W^^Wi, 

Let  Pq  be  the  force  which  would  perform  the  same  amount  of 
useful  work  if  the  wasteful  resistances  were  removed.     Then 

Po*=  ^«. 

W        P 
But  r\  =  -jj^  =  ~  \    hence  the   efficiency  is  the  ratio   of  the 

force  which  would  drive  the  machine  against  a  given  useful 
resistance,  if  the  wasteful  resistances  were  removed,  to  the  force 
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which  is  actually  required  to  do  so.     In  many  cases  this  definition 

is  useful  in  practice. 

The  following  consequence  regarding  efficiency  can  be  at  once 

proved  from  the  principle  of  Work.     In  any  machine  for  raising 

a  mass,  if  the  friction  in  the  machine  is  of  itself  sufficient  to 

hold  the   mass  suspended,  the  efficiency  is  less  than  \.     If  an 

efibrt   P  is  required   to   raise  the  mass,  and  an   eflbrt   P'  to 

P  +  P' 
sustain  it,  the  efficiency  is         p    • 

As  regards  the  wasteful  resistances  in  machines,  the  most 
noticeable  are  friction,  the  rigidity  (or  rather  imperfect  flexi- 
bility) of  ropes,  and  the  vibrations  which  are  produced  in  the 
various  pieces.  Of  these  the  first  is  that  with  which  alone  we 
shall  be  concerned.  The  student  who  desires  information  on  the 
experimental  laws  of  the  rigidity  of  ropes  may  consult  Coxe's 
translation  of  Weisbach's  Mechanics  of  Enffineering  and  of  the 
Construction  of  Machines^  vol.  i.  p.  363  (New  York,  1872). 

125.]  Simple  Machines.  By  simple  machines  are  meant  the 
Lever,  the  Inclined  Plane,  the  Pulley,  the  Wheel  and  Axle,  the 
Screw,  and  the  Wedge.  Of  these,  the  Lever,  the  Inclined  Plane, 
and  the  Pulley  may  be  considered  as  distinct  in  principle,  while 
the  others  are  only  combinations  of  pairs  of  these  three. 

126.]  The  Lever.  A  lever  is  a  solid  bar,  straight  or  curved, 
which  is  constrained  to  turn  round 
a  fixed  axis.  This  fixed  axis  is 
called  the  fulcrum  of  the  lever. 
It  is  usual  to  define  three  kinds 
of  levers.  If  the  fulcrum  is  between 
the  eflbrt  and  the  resistance  the 
lever  is  said  to  be  of  the^r*^  kind ; 
if  the  resistance  acts  between  the 
eflbrt  and  the  fulcrum  (as  in  a 
wheelbarrow,  an  oar,  or  a  pair  of 

nutcrackers),  the  lever  is  of  the  second  kind ;  and  if  the  eflbrt 
acts  between  the  fulcrum  and  the  resistance  (as  in  the  construc- 
tion of  the  limbs  of  animals),  the  lever  is  of  the  thitd  kind. 
In  the  last  kind  the  eflbrt  is  always  greater  than  the  resistance 
to  be  overcome. 

To  find  the  efficiency  of  a  lever^  the  wasteful  resistance  being 
friction — 


Pig.  151- 
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Let  the  effort  F  be  applied  at  the  point  A  (Fig.  151)  in  the 
direction  OA  perpendicular  to  the  axis,  and  the  useful  resistaiice  at  B 
iu  the  direction  OB,  also  perpendicular  to  the  axis ;  let  EDF  be  a 
section  of  the  axis  on  which  the  lever  turns,  made  by  the  plane  of  P 
and  Q,  tbe  contact  between  the  beam  and  its  axis,  although  it  may  be 
very  close,  being  still  such  that  they  can  be  considered  as  touching 
along  a  single  line  when  the  machine  works.  In  this  case  (see  Art. 
106)  the  reaction  of  the  axis  consists  of  a  single  force  touching  the 
circle  of  radius  r  sin  X  concentric  with  EDF,  X  being  the  angle  of 
friction  for  the  lever  and  its  axis ;  and  since  this  reaction  must  also 
pass  through  0,  its  direction  is  obtained  by  drawing  from  this  iK>int 
a  tangent  to  the  circle. 

Let  p  and  q  be  the  perpendiculars  from  C,  the  centre  of  the  axis,  on 
OA  and  OB,  respectively,  and  let  o)  =  lAOB, 

Then  by  moments  about  C,  we  have 

P;>=^y  +  7?rKinX; 

also  R  =  ^i^  +  2  P(;>  cos  o)  +  (?=» ; 

.-.     F'j^-Qq-'tr sin  X  ^P*  +  2 P(? cos  co  +  C'.  (1) 

If  pQ  is  the  value  of  P  when  friction  is  removed, 

P.V  =  Qq,    ••  «» =  ^'  =  :^- 

Substituting  -ry  for  —  in  (1),  we  have 


295^  (1  —  ry)  =  r  sin  X  Vj^rf  +  2^>^  cos  co .  tj  +  g', 
which  gives  for  the  efficiency 


q  jj^r  +  r^coBcoBin'X  — rsinXA//>"+2jt?g'C080)  +  g'— r*sin*a)sin'X 
p'  g*  — r*Bin*X 

If  the  coefficient  of  friction  is  small,  we  shall  have,  approximately, 

IXT     / 

r;  =  1  —  ^-—  V7>'+  2j)q  cos  o)  +  5^. 

If  P  and  Q  are  parallel,  co  =  0,  and  ry  =  1  —iJirf  -  +  -  V 

If  the  lever  is  of  the  second  kind,  and  P  and  Q  parallel,  co  =  'jr,  and 

r;=  1— ^r( );  and  for  a  lever  of  the  third  kind,  we  find  easily 

\q     pJ 

in  the  same  circumstances 

\p      q) 

127.]  The  Inclined  ]^Iane.     Let  an  efTort',  P,  whose  direction 
makes  an  angle  0  with  a  rong^h  inclined  plane,  be  employed 
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to  drag  a  man  of  weight  Q  up  th«  plane.     Then  if  A  is  the 
angle  of  fiiction  and  i  the  inclination  of  tiie  plane, 
dnJi  +  A) 


^COB(tf-A) 


''-es 


1+fXTOt  ' 


128.]  Fixed  and  MoreaUd  Fall«y.  Let  a  flexible  string 
paseovera8mooth^fn^palleT(that  is,  a  pulley  whose  axis  is  fixed 
in  space),  and  let  a  mass  of  weight  ff'be  suspended  from  onr 
extremity  of  the  string,  while  a  vertical  downward  force  P  is 
applied  at  the  other  extremi^.  Then  to  raise  W  we  must  have 
P=  W,  and  in  the  uniform  working  of  tie  machine  W  is  raised 
exactly  as  mnch  as  the  point  of  application  of  P  is  lowered. 

Suppose,  on  the  contrary,  that  one  extremity  of  the  string  is 
fixed,  that  the  string  passes  nnder  a  moreabU  pulley  &om  which 
W\&  suspended,  and  that  P  acts  vertically  upward  at  the  other 
extremity  of  the  string.  Then  evidently  P  =\  ff^;  hence  tn 
the  moveable  polley  there  is  a  gain  in  force.  But  in  this  case 
^ia  raised  only  ialf  as  much  as  the  point  of  application  of  i' 
ascends.  There  is,  therefore,  a  loss  in  the  expedition  with  which 
the  work  of  raising  the  weight  ie  performed. 

129.]  Syatema  of  Smooth  Fnlleya.     We  shall  consider  three 
diSerent  arrangements  of  pulleys,  as  exemplifying 
the  Principle  of  Virtual  Work. 

I.  In  the  first  system  there  are  two  blocks,  A  aad  Ji 
(Fig,  15a),  the  upper  of  which  is  fixed  and  the  lower 
moveable. 

Each  block  contains  a  number  of  Ecpsrate  pulleys, 
of  the  same  diameter  usually,  each  pulley  being  move- 
able round  the  axis  of  the  block  in  which  it  is.  (The 
figure  represents  a  section  of  the  blocks  made  by  a 
plane  perpendicular  to  their  axes,  and  the  circumferences 
of  the  pulleys  are  projected  on  this  plane.)  A  single 
rope  (whose  weight  is  neglected)  is  attached  to  the  lower 
block  and  passes  alternately  round  the  pulleys  in  the 
upper  and  under  blocks.  The  portion  of  rope  proceed-  Fig.  15J. 
ing  from  one  pulley  to  the  next  is  called  e,ptj/.  Iti  this 
arrangement  the  tension  of  the  rope  is  throughout  constant  anil 
equal  to  P,  the  force  applied  at  the  free  extremity.     The  poHion 
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of  the  rope  at  which  the  effort,  P,  is  applied,  is  called  the  tackU- 
faU. 

Let  W  be  the  weight  to  be  lifted,  and  assume  all  the  plies  to  be 
parallel. 

Then  if  n  is  the  number  of  plies  at  the  lower  block,  we  sliall 
obviously  have,  neglecting  the  weight  of  the  block, 

This  result  follows  also  by  the  principle  of  work.  For  if  p  denote 
the  length  of  the  tackle-fall,  and  x  the  common  length  of  the  plies,  we 
have 


But 


j9  +  no;  =  constant, 
.*.     dp  +  ndx  =  0. 
Pdp+Wdx=zO, 
1 


Pf 


/.     P  =  -  W. 
n 

II.  Suppose  each  pulley  to  hang  from  a  fixed  beam  by  a  separate  rope. 

Let  A  (Fig.  153)  be  the  fixed  pulley,  n  the  number  of  moveable 

pulleys,   and  a;^,  x^,...x^  the    distances  of  the 
»^      centres   of  these  latter  from   a  horizontal  plane 

through  the  centre  of  A. 

Then,  p  being  the  length  (AP)  of  the  tackle-fall, 

2  ic,  -f  ^  =  const.,     2  sCj — ajj  =  const. , 

2x^'-x.,  =  const. ...  2a5,— a?,j_j  =  const. 

Hence  2*a?„+/>  =  const.,  therefore 

2''dx^-hdp  =  0, 

and  Wdx^+Pdp=:Oy 


^>' 


vy 


w 


Fig.  153. 
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III.  Let  a  separate  rope  pass  over  each  pulley,  and  let  all  the  ropes 

be  attached  to  the  mass  to  be  raised. 

Neglecting  the  weights  of  the  pulleys  and  ropes, 
we  sliall  have,  by  resolving  vertically  for  the  equi- 
librium of  Wf 

r=P(l  +  2  +  2«+...+2*-0» 
the  whole  number  of  pulleys  being  n ;  or 

2«-l 

The  same  result  follows  by  the  principle  of  work 
For  if  the  distance  of  W  from  a  horizontal  plane 
p.  through  the  centre  of  the  fixed  pulley  is  denoted  by 

^'   ^^'  y,  and  if  the  distances  of  the  centres  of  the  pulleys, 

counting  from  the  fixed  one,  are  ic^i  ^2t...,sc«-,)  we  have  evidently 

y  +  ajj=  const.,    y-h««—2a5i=r  const. ...,     y+a;„_j  — 2a;,j_^=  const, 

y+;>— .r^.i  =  const 


m 
o 
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Hence,  multiplying  the  second  result  by  — »  the  third  by  ■  ^»  &t\, 

and  adding,  we  have  2*~^$/-\-p  =  constant.    Now  the  equation  of  work 
is  Wdy-\-Pd{p-\-x^_^)=:0, 

or  (W-\-P)dy-\-2Pdp  =  0; 

and  2'^^dy-\-dp=:0, 

•  •     P  =  ;:= — ;  • 
2*»— 1 

130.]  The  Wheel  and  Axle.     This  consists  of  a  horizontal 
cylinder,  b  (Fig.  155),  moveable  round  two  journals  (or  small 
cylindeiB   projecting  from   the  centres  of  its 
&ces),  one  of  which  is  represented  in  section 
at  c ;  a  wheel,  a,  is  rigidly  connected  with  the 
cylinder,  and  the  journals  rotate  in  fixed  bear- 
ings.     The   machine    is,  in  reality,   a   rigid 
combination  of  two  pulleys,  a  and  b,  moveable 
about  a  common   axis,  e ;    and   its  theory  is 
precisely  the  same  as  that  of  the  lever.     The 
effort,  P,  is  applied  at  the  circumference  of  the 
wheel,  and  the  useful  resistance,  Q,  at  the  free  extrifrnity  of  a 
rope  coiled  round  the  axle. 

All  wasteful  resistances  being  neglected,  the  relation  Uiiwt^tu 
P  and  Q  is  p^  _  q^^ 

where  a  =  radius  of  wheel,  and  b  =  radiufi  of  axl«f. 

The  friction  of  the  journal   (who<^  nuiius  in  ^)  against  iU 
bearing  being  taken  into  account,  the  nrlation 
between  P  and  Q  is 

Pp  =  Q^+<rsinA'/>^+27'^<»««#4  ^', 

CD  being  the  angle  between  tlu!;  Am^iKwu^  o(  P 
and  Q,  exactly  as  in  Art.  1 26  :  and  tljw;  ^ucktiw^' 
is  the  same  as  that  inreedgatod  in  tl^r  Arti^;V 
on  the  lever.  y^  \ 

Economr  of  fiwoe  i»  attaiA^   is*  tL«  wh^l  *^ 

and  axle  by  dimiaiiiaiiig  h,  tlM^  r^iuft  'A  th^-  r^j 

axle;    but    in  thk  vav   t««^    ^^^•sl/^^   *X  Um^  ^     ^^^^ 

machine  is   dminiA^A      To    ar^Ad    xhjjt  4j^ 
advantage  a  hiftr^M  M'L^M  <im4  Aj^/^  m  v/uj^^^ss^^  *^fjii^/y^. 
In  this  iBStnnB«f2t  tlM:  az>  ^juan^Jt  *A  tit'y  ^viisAt^  *A  /»^-- 

VOfU  I.  f 
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b  and  1/  (Fig.  156),  and  the  rope,  wound  round  the  former  in  a 
sense  opposite  to  that  of  watch-hand  lotation  (suppose),  leaves  it 
(at  the  point  h  in  Fig.  155),  and,  after  passing  under  a  moveable 
pulley  to  which  the  mass  to  be  raised  is  attached,  is  wound  in 
the  opposite  sense  round  the  remaining  portion  (that  of  radius 
V)  of  the  axle.  The  eflPort  P  is  applied,  as  before,  tangentially 
to  the  wheel.  For  the  equilibrium  (or  uniform  motion)  of  the 
machine,  the  tensions  of  the  rope  in  hm  and  Vn  are  each  equal 
to  i  Q  ;  and  taking  moments  round  the  centre  of  the  journal,  c^ 
for  the  equilibrium  (or  uniform  motion)  of  the  rigid  system 
consisting  of  the  wheel  and  axle  alone,  we  have 

Thus,  by  making  the  difference  4  —  4'  small,  the  requisite 
effort  can  be  made  as  small  as  we  please;  but  since  the  amount 
of  work  to  be  done  is  constant,  this  economy  of  force  is  accom- 
panied by  a  loss  in  the  time  of  performing  the  work.  For  it  is 
easily  seen  that  if  the  wheel  turns  through  an  angle  d^,  the 
point  of  application  of  P  will  describe  a  space  add,  and  the 
suspended  mass  will  be  raised  through  a  space  \  {b^V)hB^  which 
latter  will  be  very  small  if  4  —  4'  is  very  small. 

131.]  The   Screw.     The    screw  consists  of  a  right  circular 

cylinder  on  the  convex  circumference 
of  which  there  is  a  uniform  project- 
ing thread,  GU  (Fig.  158),  of  a 
helical  form. 

The  helix  is  a  curve  traced  on 
the  circumference  of  a  cylinder  in 
the  following  manner.  Take  a  sheet 
of  paper  on  which  are  drawn  two 
indefinite  right  lines,  AB  and  AC^ 
and  let  the  paper  be  wound  round 
the  cylinder  in  such  a  way  that  the 
line  AB  coincides  >*'ith  the  circumference  of  the  base ;  then  the 
other  line,  AC^  will  appear  on  the  cylinder  in  the  shape  of  a  spiral 
curve  which  is  called  the  helix.  (Fig.  157  represents  a  projection 
of  the  helix  on  a  plane  through  the  axis  of  the  cylinder.) 

A  screw  with  a  rectangular  thread  (which  is  that  represented 
in  Fig.  158)  is  obtained  by  making  a  small  rectangular  area,  ahcd^ 
move  so  that  one  side,  a4,  always  coincides  with  a  generating 
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line  of  the  cylinder,  the  middle  point  of  ab  deecribing  the  helix 
and  the  plane  of  the  rectangle  always  passing  through  the  axis 
of  the  cylinder. 

If  a  small  triangle  is  used  instead  of  the  rectangle,  we  have 
a  screw  with  a  triangular  thread. 

Let  p  and  q  be  two  points  on  the  indefinite  line  AC^  and  draw 
pn  perpendicular  to  AB  and  qn  parallel  to  it.  Then  pq  becomes 
a  portion  of  the  arc  of  the  helix,  and  qn  a  portion  of  a  section  of 
the  cylinder  perpendicular  to  its  axis,  jpn  remaining  a  straight 
line  coinciding  with  a  generator  of  the  cylinder. 

Hence  the  relation  holding  between  the  sides  of  the  triangle 
pqn  before  the  paper  was  wound  round  the  cylinder  will  hold 
also  after  the  winding.  But  if  the  angle  between  AB  and  AC 
is  »,  we  have  evidently    ;,«  =  j«  .  tan  i, 

jo  jp  =  ^»  .  sec  i. 

The  thread  GH  works  in  a  block  on  the  inner  surface  of  which 
is  cut  a  groove  which  is  the  exact  counterpart  of  the  thread. 
The  block  in  which  the  groove  is  cut  is  often  called  the  nut. 
It  is  clear,  then,  that  if  the  screw  moves  in  the  nut  until  the 
point  p  of  the  thread  occupies  the  position  j,  the  axis  must  move 
in  its  own  direction  through  a  space  jiw,  and  the  angular  rotation 

of  the  screw  about  its  axis  is  —  1  r  being  the  radius  of  the 
cylinder. 

Oft 

Hence,  if  the  angle  —  through  which  the  screw  turns  is 

denoted  by  «,  we  have 

jpn  =  (ortan  i,    yjj'  =  cor  sec  i. 

If  tt  =  2  V,  or  if  the  screw  make  a  complete  revolution,  any 
point  on  the  surface  of  the  screw  describes  a  space  2  7rrtani 
parallel  to  the  axis.  This  is  obviously  the  distance  between  two 
portions  of  the  thread  measured  on  a  generator,  and  is  called  the 
pitch  of  the  screw. 

We  shall  consider  the  screw  as  driving  a  resistance  Q  applied 
in  the  direction  of  the  axis,  and  the  effort,  P,  as  applied  in 
a  plane  perpendicular  to  the  axis,  at  the  extremity  of  an  arm 
whose  length  measured  from  the  centre  of  the  axis  is  a. 

Suppose  that  the  screw  rotates  through  an  angle  co.  Then 
the  work  done  by  P  is  Pa  to,  and  the  work  done  against  Q,  is 

Qro)  tan  i. 

V  2 
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If  no  work  is  lost  against  wasteful  resistance,  we  must  have 

Pa  =  Qrtani. 

If  there  is  Motion  between  the  thread  and  the  groove,  let 
R  be  the  normal  pressure  on  any  element  of  the  thread  (acting 
towards  the  under  side  of  pq  in  the  figure),  and  yiR  the  friction 
on  this  element.  Then,  in  a  small  angular  motion,  h  cd,  of  the  screw 
the  work  done  against  the  friction  is  nR.pq  (taking  pq  as  an 
elementary  portion  of  the  thread),  or  ixSrb  q>  sec  i.     Hence 

PahoD^^  Qr^M  tant  +  fxrdcosec  t'2£, 

2  a  denoting  the  sum  of  the  normal  reactions  at  all  points  of 
the  thread. 

But,  for  the  equilibrium  of  the  cylinder,  resolving  along  its 
axis,  we  have  Q  =  2  (22  cos  i-^fxR  sin  i), 

or  Q  =  (cos  »— fx  sin  i)  2R.  (a) 

Hence,  substituting  this  value  of  2)  £  in  the  previous  equation, 

Pa  =  Qrtan(»  +  A), 

\  being  the  angle  of  friction. 

This  result  could  have  been  obtained  without  the  principle  of 
work  by  combining  with  (a)  the  equation  of  moments  round  the 
axis  of  the  screw.     By  taking  moments  roimd  the  axis^  we  have 

Pa  =  2  (iZ  sin  i+fx  J?  cos  i)r, 
or,  Pa  =  r  (sin  a  +  /bt  cos  i)  2-R.  (/3) 

Dividing  (j3)  by  (a)  we  obtain  the  relation  between  P  and  Q. 
The  efficiency  of  the  screw  is  evidently 

tan  i 
tan  (i  +  A) 

TT  A 

which  will  be  a  maximum  when  i  =  —  —  —  • 

4        2 

A  good  illustration  of  the  action  of  a  screw  is  furnished  by 

the  common  coupling-screw  for  railway  carriages.     To  the  axis 

of  the  screw  whose   ends  work   in  nuts,   one  connected  with 

one  carriage  and  the  other  with  the  second  carriage,  is  rigidly 

attached  a  rod  perpendicularly  to  the  axis,  and  at  the  extremity 

of  this  rod  is  attached  a  heavy  ball.     If  the  ball  be  taken  in 

the  hand  and  swung  round,  it  will  cause  the  screw  to  rotate 

and  thereby  pull  the  two  carriages  together  in   spite   of  the 

buffer-springs  which  tend  to  keep  them  apart. 
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132.]  Frony  8  Differential  Screw.  If  h  denote  the  pitch 
of  a  screw,  the  relation  between  P  and  Q  when  firiction  is 
neglected  is 

2Pira  =  qh ; 

therefore  economy  of  force  in 
overcoming  a  given  resistance  is 
gained  bj  making  k  very  small. 
But  it  is  impossible  to  do  this  in 
practice,  and  to  attain  the  result 
desired  a  differential  method  is  resorted  to.  Let  the  screw  work 
in  two  blocks,  A  and  B  (Fig.  159),  the  first  of  which  is  fixed  and 
the  second  moveable  along  a  fixed  groove,  n.  Let  h  be  the  pitch 
of  the  thread  which  works  in  the  block  A^  and  V  the  pitch  of 
that  which  works  in  the  block  B,  Then  one  complete  revolution 
of  the  screw  impresses  two  opposite  motions  on  the  block  B — 
one  equal  to  i  in  the  direction  in  which  the  screw  advances,  and 
the  other  equal  to  h'  in  the  opposite  direction.  If,  then,  the 
resistance,  Q,  is  driven  by  this  block,  we  have  by  the  principle 

and  the    requisite  effort   will  be   diminished  by  diminishing 

n  —  n  • 

133.]  The  Wedge.     The  wedge  is  a  triangular  prism,  usually 
isosceles,  which  is  used  (as  represented  in  the  figure)  for  the 
purpose  of  separating  two  bodies,  A  and  P,  or  parts  of  the  same 
body  which  are  kept  together  by  some 
considerable  force,  molecular  or  other. 

The  figure  represents  a  section  of  the 
wedge  made  through  the  line  of  action 
of  the  efibrt,  P,  perpendicular  to  the  axis 
of  the  wedge.  Suppose  that  the  line  of 
action  of  P  passes  through  the  vertex  of 
the  wedge,  and  that  slipping  is  about  to 
take  place;  then  the  total  resistances  of 
the  surfaces  A  and  B  against  the  wedge 

will  make  the  angle,  A,  of  friction  with  the  normals  at  the  points, 
m  and  «,  where  they  act ;  but  these  points  are  indeterminate 
themselves. 

To  find  the  efficiency  of  the  wedge.  Let  the  wedge  be  driven 
through  a  vertical  space  equal  to  dp^  and  let  2  a  be  its  vertical 
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angle.  Then  the  useful  work  performed  is  the  separation  of  A 
and  B  in  directions  normal  to  the  fiices  of  the  wedge  in  contact 
with  them ;  in  other  words,  the  useful  work  is  that  done  by  the 
normal  components  of  the  total  resistances,  R.  Now  the  point 
m  moves  vertically  down  through  a  space  dj)y  and  the  projection 
of  this  displacement  along  the  normal  at  m  is  evidently 

sin  a .  dj). 

Hence  the  work  done  by  the  normal  component's  is 

2  R  cos  A  sin  adj), 

and  the  whole  work  expended  is  Pdj).     Hence 

2i7cosAsina 

v  =  — p 

But  by  resolving  vertically  for  the  equilibrium  of  the  wedge,  we 
'^^^  P=2i?sin(a  +  A); 

_  sin  a  cos  A  _     tan  a 
~  sin  (a  +  A)  ""  fx  +  tan  a 

Having  given  the  theory  of  the  simplest  machines,  we  proceed 
to  discuss  a  few  of  their  most  useful  forms. 

134.]  The  Balance.  The  balance  is  a  machine  which  is  em- 
ployed for  determining  the  weights  of  bodies,  and  in  its  common 

form  it  may  be  considered  as  an 
instance  of  a  lever  of  the  first  kind. 
Suppose  a  rigid  body  to  be  sus- 
pended from  a  fixed  smooth  hori- 
zontal axis  at  a  point  0  (Fig.  161), 
G  being  the  centre  of  gravity  of  the 
body,  at  a  distance  OG  (=  ^)  from 
the  centre  of  the  axis  of  suBpensioD, 
vertically  below  0  when  the  body 
rests  under  the  influence  of  its 
weight  alone. 

Let  A  and  B  be  two  points  in  the  body  in  the  horizontal  line 
through  0  at  equal  distances  (each  =  a)  from  0  on  opposite  sides, 
and  suppose  two  masses  whose  weights  are  P  +p  and  P  to  be 
suspended  from  A  and  B  respectively,  W  being  the  weight  of 
the  rigid  body.     Then  for  the  position  of  equilibrium,  if  ^denotes 
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the  angle,  AOAl^  throagh  which  the  body  turns,  we  have,  by 

moments  aboat  0,  n .  a 

tan^  =  -|^.  (1) 

Such  a  rigid  body  may  be  regarded  as  a  common  balance,  and  it 
is  usnaily  made  in  the  shape  of  an  elongated  lozenge-shaped  bar 
or  beam,  symmetrical  on  both  sides  of  0,  two  scale-pans  of  equal 
masses  being  suspended  from  A  and  B^  the  masses  P  and  P+/> 
being  placed  in  these  pans. 

SenMUity  is  a  desirable  property  of  a  balance ;  that  is,  for  a 
given  difference,  p,  between  the  masses  suspended  from  A  and  B, 
the  deflection  $  ought  to  be  as  great  as  it  can  be  consistently 
with  rigidity,  etc.,  in  the  machine.  Now  from  (1)  we  see  that 
the  greater  is  the  sensibility, 

(1)  the  greater  a,  i.  e.,  the  longer  the  beam, 

(2)  the  less  W,  i.  e.,  the  lighter  the  beam, 

(3)  the  less  A,  i.  e.,  the  nearer  the  centre  of  gravity 

to  the  fulcrum. 
Of  course  A  mnst  not  be  made  zero  ;  for  if  it  were,  the  slightest 

TT 

difference  of  weight  would  always  make  ^  =  —  • 

It  appears,  therefore,  that  the  sensibility,  in  the  above  arrange- 
ment, does  not  depend  on  the  magnitude  of  the  mass  in  either 
pan  but  on  the  difference  between  these  masses. 

The  sensibility  is  generally  measured  by  the  amount  of  deflec- 
tion caused  by  a  difference  of  weight,  p,  equal  to  1  unit — say  that 
of  1  milligramme  in  the  case  of  extremely  fine  and  accurate 
balances  such  as  are  used  in  Physical  and  Chemical  Laboratories. 

If  the  point,  0,  of  support  of  the  beam  were  not  in  the  same 
right  line  as  the  points,  A  and  B,  of  suspension  of  the  pans,  it 
would  be  no  longer  true  that  the  sensi- 
bility depends  merely  on  the  difference 
of  the  weights  of  the  two  compared 
masscb  and  not  on  these  masses  them- 
selves. For,  if  the  arrangement  is  that 
represented  in  Pig.  162,  in  which  AOB  is  Yig,  i6a. 

not  a  right  line,  and  if  OC  =  c,  we  have 
for  the  deflection  p  .  a 

the  suspended  masses  being  P  and  Q,  whose  difference  =  p. 
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Friction  and  rigidity  in  this  case  are  the  wasteful  resistances, 
and  the  weight  of  the  body  lifted  is  the  useful  resistance. 

The  distinction  between  the  resistances  overcome  gives  altK) 
the  distinction  between  useful  work  and  (so-called)  lost  work. 

Useful  work  is  that  which  is  performed  in  overcoming  the 
particular  resistance  which  the  machine  is  designed  to  overcome, 
while  lost  work  is  that  which  is  spent  in  overcoming  wasteful 
resistances. 

124.]  Effioienoy  of  a  Machine.  The  ratio  of  the  useful  work 
yielded  by  a  machine  to  the  whole  amount  of  work  performed  by 
it  is  called  its  efficiency. 

Let  W  be  the  work  done  by  the  applied  forces,  If^  the  useful 
and  Wi  the  lost  work,  when  the  machine  is  moving  uniformly. 
Then  ffr^jfr^^^^. 

and  if  17  denote  the  efficiency  of  the  machine, 

Since  some  of  the  work  expended  in  moving  the  machine 
must  be  expended  in  overcoming  wasteful  resistances,  the 
efficiency  is  always  less  than  unity^  and  the  object  of  most  im- 
provements in  the  machine  is  to  bring  its  efficiency  as  near 
unity  as  possible. 

The  counter^efficiency  is  the  reciprocal  of  the  efficiency.  If  the 
useful  work  to  be  performed  is  given,  the  amount  of  work  to  be 
expended  on  the  machine  is  obtained  by  multiplying  the  former 
by  the  counter-efficiency. 

Let  P  be  the  effort  applied  at  any  point  of  a  machine  to 
perform  a  given  amount,  W^^  of  useful  work;  let  Wi  be  the 
work  lost,  and  let  s  be  the  distance  through  which  P  drives  its 
point  of  application  in  its  own  direction.     Then  we  have 

Let  Pq  be  the  force  which  would  perform  the  same  amount  of 
useful  work  if  the  wasteful  resistances  were  removed.     Then 

Po*=  ^«. 

W        P 
But  T|  =  -p^  =  -^ ;    hence  the   efficiency  is  the  ratio  of  the 

force  which  would  drive  the  machine  against  a  given  useful 
resistance,  if  the  wasteful  resistances  were  removed,  to  the  force 
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which  is  actually  required  to  do  so.  In  many  cases  this  definition 
is  aseful  in  practice. 

The  following  conseqaence  regarding  efficiency  can  be  at  once 
proved  from  the  principle  of  Work.  In  any  machine  for  raising 
a  mass,  if  the  friction  in  the  machine  is  of  itself  sufficient  to 
hold  the  mass  suspended,  the  efficiency  is  less  than  i.  If  an 
effort   P  is  required   to   raise  the  mass,  and  an   effort   P'  \o 

sustain  it,  the  efficiency  is        p    • 

As  regards  the  wasteful  resistances  in  machines,  the  most 
noticeable  are  friction,  the  rigidity  (or  rather  imperfect  flexi- 
bility) of  ropes,  and  the  vibrations  which  are  produced  in  the 
various  pieces.  Of  these  the  first  is  that  with  which  alone  we 
shall  be  concerned.  The  student  who  desires  information  on  the 
experimental  laws  of  the  rigidity  of  ropes  may  consult  Coxe's 
translation  of  Weisbach's  Mechanics  of  Etigineering  and  of  the 
Construction  of  Machines,  vol.  i.  p.  363  (New  York,  1872). 

125.]  Simple  Machines.  By  simple  machines  are  meant  the 
Lever,  the  Inclined  Plane,  the  Pulley,  the  Wheel  and  Axle,  the 
Screw,  and  the  Wedge.  Of  these,  the  Lever,  the  Inclined  Plane, 
and  the  Pulley  may  be  considered  as  distinct  in  principle,  while 
the  others  are  only  combinations  of  pairs  of  these  three. 

126.]  The  Lever.  A  lever  is  a  solid  bar,  straight  or  curved, 
which  is  constrained  to  turn  round 
a  fixed  axis.  This  fixed  axis  is 
called  the  fulcrum  of  the  lever. 
It  is  usual  to  define  three  kinds 
of  levers.  If  the  fulcrum  is  between 
the  effort  and  the  resistance  the 
lever  is  said  to  be  of  i\iQ  first  kind ; 
if  the  resistance  acts  between  the 
effort  and  the  fulcrum  (a«  in  a 
wheelbarrow,  an  oar,  or  a  pair  of 

nutcrackers),  the  lever  is  of  the  second  kind ;  and  if  the  effort 
acts  between  the  fulcrum  and  the  resistance  (as  in  the  construc- 
tion of  the  limbs  of  animals),  the  lever  is  of  the  third  kind. 
In  the  last  kind  the  effort  is  always  greater  than  the  resistance 
to  be  overcome. 

To  find  the  efficiency  of  a  lever,  the  wasteful  resistance  being 
friction — 


Fig.  151. 
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Let  the  effort  F  be  applied  at  the  point  A  (Fig.  151)  in  the 
direction  OA  perpendicular  to  the  axis,  and  the  useful  resistance  at  B 
in  the  direction  OB^  also  perpendicular  to  the  axis ;  let  EDF  be  a 
section  of  the  axis  on  which  the  lever  turns,  made  by  the  plane  of  F 
and  (^,  the  contact  between  the  beam  and  its  axis,  although  it  may  be 
very  close,  being  still  such  that  they  can  be  considered  as  touching 
along  a  single  line  when  the  machine  works.  In  this  case  (see  Art. 
106)  the  reaction  of  the  axis  consists  of  a  single  force  touching  the 
circle  of  radius  r  sin  \  concentric  with  EDF,  A  being  the  angle  of 
friction  for  the  lever  and  its  axis ;  and  since  this  reaction  must  also 
pass  through  0,  its  direction  is  obtained  by  drawing  from  this  point 
a  tangent  to  the  circle. 

Let  p  and  q  be  the  perpendiculars  from  C,  the  centre  of  the  axis,  on 
OA  and  OB,  respectively,  and  let  ui'=  lA  OB, 

Then  by  moments  about  (7,  we  have 

Fp=  Qq-\-Rrhm\\ 
ako  R=  ^'FT^FQcoTi^+Q' \ 


.-.     Fp^Qq-^r&mk^/F^-k-2FQco^<o  +  Q\  (1) 

If  F^  is  the  value  of  F  when  friction  is  removed, 

P,p^Qq,    ,.  r,  =  ^  =  ^. 
Substituting  -t;  for  —  in  (1),  we  have 


pg  (1  —  rj)  =  r  sin  A  *Jp^iif  +  2i>q  cos  o) .  t;  +  ?S 
which  gives  for  the  efficiency 


q  ^+r"cosa)Bin'A— rsinA  V7i'  +  2/?gcosa)  +  9'— r^sin'wsin'X 

7j  =  -• m-^i\ • 

JO  g*  — r'sin'A 

If  the  coefficient  of  friction  is  small,  we  shall  have,  approximately, 

t;  =  1  —  —  Vj>'+  2/)^  cos  0)4-5^. 
pq 

If  F  and  Q  are  parallel,  co  =  0,  and  ry  =  1  — firf -+  -V 

H.       " 

If  the  lever  is  of  the  second  kind,  and  F  and  Q  parallel,  cu  =  n,  and 

7;  =  1— /ir( );  and  for  a  lever  of  the  third  kind,  we  find  easily 

\q     pJ 

in  the  same  circumstances 

Vp      ^^ 

127.]  The  Inolined  l^lane.     Let  an  efibrt,  P,  whose  direction 
makes  an  angle  B  with  a  rougph  inclined  plane,  be  employed 
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to  drsg  ft  niaBS  of  weight  Q  up  the  plane.     Then  if  A  is  the 
angle  of  frictioD  and  t  the  inclination  of  the  plane, 


*cob{»-a) 


''  ~  l+flCOti  ' 

128.]  Fixed  and  Uoveable  FuUey.  Let  a  flexible  string 
pass  over  a  smooth  ^;r»/palle7  (that  is,  a  pulley  whose  axis  is  fixed 
in  space),  and  let  a  mass  of  weight  Jf^he  suspended  from  one 
extremity  of  the  string,  while  a  vertical  downward  force  P  is 
applied  at  the  other  extremity.  Then  to  raise  Wv/e  must  have 
P  =  W,  and  in  the  aniform  working  of  the  machine  ff^  is  raised 
exactly  as  much  as  the  point  of  application  of  P  is  lowered. 

Suppose,  OD  the  contrary,  that  one  extremity  of  the  string  is 
Kxed,  that  the  string  passes  under  a  moveable  pulley  from  which 
^is  suspended,  and  that  P  acts  vertically  npward  at  the  other 
extremity  of  the  string.  Then  evidently  P  =\  J^;  hence  in 
the  moveable  pulley  there  is  a  gain  in  force.  Bnt  in  this  case 
W  is  raised  only  ialf  as  much  as  the  point  of  application  of  P 
ascends.  There  is,  therefore,  a  loss  in  the  expedition  with  which 
the  work  of  raising  the  weight  is  performed. 

129.]  Systeina  of  Smooth  PolleTS.     We  shall  consider  three 
different  arrangements  of  pulleys,  as  exemplifying 
the  Principle  of  Virtual  Work. 

I.  In  the  first  system  there  are  two  blocks,  A  and  B 
(Fig.  15a),  the  upper  of  which  is  fixed  and  the  lower 
moveable. 

Each  block  contains  a  number  of  eeparate  pulleys, 
of  the  same  diameter  usually,  each  pulley  being  move- 
able round  the  axis  of  the  block  in  which  it  is.  (The 
figure  reprcBeutB  a  section  of  the  blocks  made  by  a 
plane  perpendicular  to  their  axes,  and  the  circumferences 
of  the  pulleys  are  projected  on  this  plane.)  A  single 
rope  (whose  weight  is  neglected)  is  attached  to  the  lower 
block  and  passes  alternately  round  the  [)ulleys  in  the 
upper  and  imder  blocks.  The  portion  of  rope  proceed- 
ing  from  one  pulley  to  the  next  is  called  a  ply.  In  this 
arrangement  the  tension  of  the  rope  is  throughout  constant  and 
equal  to  P,  the  force  applied  at   the  free  extremity.     The  portion 
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of  the  rope  at  which  the  effort,  P,  is  applied,  is  called  the  tackle- 
fan. 

Let  W  be  the  weight  to  be  lifted,  and  assume  all  the  plies  to  be 
parallel. 

Then  if  n  is  the  number  of  plies  at  the  lower  block,  we  shall 
obviously  have,  neglecting  the  weight  of  the  block, 

nP  =  W. 

This  result  follows  also  by  the  principle  of  work.  For  if  p  denote 
the  length  of  the  tackle-fall,  and  x  the  common  length  of  the  plies,  we 

"^^®  p-\-nx=  constant, 

.'.     dp-\-ndx  =  0, 
But  Pdp-^-Wdx^zO, 

.-.     P  =  1  W. 
n 

II.  Suppose  each  pulley  to  hang  from  a  fixed  beam  by  a  separate  rope. 

Let  A  (Fig.  153)  be  the  fixed  pulley,  n  the  number  of  moveable 

pulleys,   and  x^,   x^j.-.x^  the    distances  of  the 

5- r        centres   of  these  latter  from   a  horizontal  plane 

through  the  centre  of  A. 

Then,  p  being  the  length  {AP)o(  the  tackle-fall, 

2  a:, +/>  =  const.,     2iCj— -a^  =  const., 

2a?3— a:^  =  const.  .,,2x^—x^^^  =  const. 

Hence  2*a:„+/>  =  const.,  therefore 

2*cfo5„  +  rfp  =  0, 

and  Wdx^  +  Pdp  =  0, 


w 


Fig.  153. 


2- 


/^^ 


[ 


r\ 


/•^ 


III.  Let  a  separate  rope  pass  over  each  pulley,  and  let  all  the  ropes 

be  attached  to  the  mass  to  be  raised. 

Neglecting  the  weights  of  the  pulleys  and  ropes, 
we  shall  have,  by  resolving  vertically  for  the  equi- 
librium of  TT, 

jr=P(l  +  2  +  2*+...+2— 0. 
the  whole  number  of  pulleys  being  n ;  or 

2»-l 

The  same  result  follows  by  the  principle  of  work. 

For  if  the  distance  of  W  from  a  horizontal  plane 

p.  through  the  centre  of  the  fixed  pulley  is  denoted  by 

^*   ^^'  y,  and  if  the  distances  of  the  centres  of  the  pulleys, 

counting  from  the  fixed  one,  are  x^,  ^2i**M^n-i>  '^^  have  evidently 

y-|-»j=  const.,     y-l-ajj— 2a5i=r  const — ,     y-f-a»-i  — 205^.^=  const., 

y -!-;>— .r^_i  =  const. 


tP 
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Hence,  multiplying  the  second  result  by—,  the  third  by —>  &c., 

and  adding,  we  have  2*~^y-\-p  =  constant.    Now  the  equation  of  work 
is  Wdy-^Fd(j>'^x^_,)  =  0, 

or  (!r+P)<^y+2P(i;>r=0; 

and  2*"*  rfy + <(p  =  0, 


P  = 


W 


2*-l 


Fig.  155. 


130.]  The  Wheel  and  Axle.     This  consists  of  a  horizontal 
cylinder,  b  (Fig.  155),  moveable  round  two  journals  (or  small 
cylinders   projecting  from   the  centres  of  its 
fiices),  one  of  which  is  represented  in  section 
at  c ;  a  wheel,  a,  is  rigidly  connected  with  the 
cylinder,  and  the  journals  rotate  in  fixed  bear- 
ings.     The   machine    is,   in  reality,   a   rigid 
combination  of  two  pulleys,  a  and  b,  moveable 
about  a  common  axis,  c ;    and   its   theory  is 
precisely  the  same  as  that  of  the  lever.     The 
effort,  P,  is  applied  at  the  circumference  of  the 
wheel,  and  the  useful  resistance,  Q,  at  the  free  extremity  of  a 
rope  coiled  round  the  axle. 

All  wasteful  resistances  being  n^lected,  the  relation  between 
P  and  Q  is  p^  ^  Qj^^ 

where  a  =  radius  of  wheel,  and  b  =  radius  of  axle. 

The  friction  of  the  journal   (whose  radius  is  c)  against  its 
bearing  being  taken  into  account,  the  relation 
between  P  and  Q  is 

PjP=^  Qq-¥c  sin  X  v'P^  +  2PQcosa>+ Q^ 

0)  being  the  angle  between  the  directions  of  P 
and  Q,  exactly  as  in  Art.  126  ;  and  the  efficiency 
is  the  same  as  that  investigated  in  the  Article 
on  the  lever. 

Economy  of  force  is  attained  in  the  wheel 
and  axle  by  diminishing  d,  the  radius  of  the 
axle;  but  in  this  way  the  strength  of  the 
machine  is  diminished.  To  avoid  this  dis- 
advantage a  Differential  Wheel  and  Axle  is  sometimes  employed. 

In  this  instrument  the  axle  consists  of  two  cylinders  of  radii 
VOL.  I.  p 


Fig.  156. 
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b  and  V  (Fig.  156),  and  the  rope,  wound  round  the  former  in  a 
sense  opposite  to  that  of  watch-hand  lotation  (suppose),  leaves  it 
(at  the  point  h  in  Fig.  155),  and,  after  passing  under  a  moveable 
pulley  to  which  the  mass  to  be  raised  is  attached,  is  wound  in 
the  opposite  sense  round  the  remaining  portion  (that  of  radius 
V)  of  the  axle.  The  effort  P  is  applied,  as  before,  tangentially 
to  the  wheel.  For  the  equilibrium  (or  uniform  motion)  of  the 
machine,  the  tensions  of  the  rope  in  hm  and  l/n  are  each  equal 
to  i  Q  ;  and  taking  moments  round  the  centre  of  the  journal,  c^ 
for  the  equilibrium  (or  uniform  motion)  of  the  rigid  system 
consisting  of  the  wheel  and  axle  alone,  we  have 

Thus,  by  making  the  difference  h^V  small,  the  requisite 
effort  can  be  made  as  small  as  we  please;  but  since  the  amount 
of  work  to  be  done  is  constant,  this  economy  of  force  is  accom- 
panied by  a  loss  in  the  time  of  performing  the  work.  For  it  is 
easily  seen  that  if  the  wheel  turns  through  an  angle  d^,  the 
point  of  application  of  P  will  describe  a  space  ahQ^  and  the 
suspended  mass  will  be  raised  through  a  space  \  {b^V)hO^  which 
latter  will  be  very  small  xih  —  V  is  very  small. 

131.]  The   Screw.     The    screw  consists  of  a  right  circular 

cylinder  on  the  convex  circumference 
of  which  there  is  a  uniform  project- 
ing thread,  GK  (Fig.  158),  of  a 
helical  form. 

The  helix  is  a  curve  traced  on 
the  circumference  of  a  cylinder  in 
the  following  manner.  Take  a  sheet 
of  paper  on  which  are  drawn  two 
indefinite  right  lines,  AB  and  ACy 
and  let  the  paper  be  wound  round 
the  cylinder  in  such  a  way  that  the 
line  AB  coincides  with  the  circumference  of  the  base ;  then  the 
other  line,  AC^  will  appear  on  the  cylinder  in  the  shape  of  a  spiral 
curve  which  is  called  the  helix,  (Fig.  157  represents  a  projection 
of  the  helix  on  a  plane  through  the  axis  of  the  cylinder.) 

A  screw  with  a  rectangular  thread  (which  is  that  represented 
in  Fig.  158)  is  obtained  by  making  a  small  rectangular  area,  ahcd^ 
move  so  that  one  side,  a4,  always  coincides  with  a  generating 


Fig.  157. 
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line  of  the  cylinder,  the  middle  point  of  ab  describing  the  helix 
and  the  plane  of  the  rectangle  always  passing  through  the  axis 
of  the  cylinder. 

If  a  small  triangle  is  ased  instead  of  the  rectangle,  we  have 
a  screw  with  a  triangular  thread. 

Let  p  and  q  be  two  points  on  the  indefinite  line  AC^  and  draw 
pH  perpendicular  to  AB  and  qn  parallel  to  it.  Then  pq  becomes 
a  portion  of  the  arc  of  the  helix,  and  qn  a  portion  of  a  section  of 
the  cylinder  perpendicular  to  its  axis,  jpn  remaining  a  straight 
line  coinciding  with  a  generator  of  the  cylinder. 

Hence  the  relation  holding  between  the  sides  of  the  triangle 
jtqn  before  the  paper  was  wound  round  the  cylinder  will  hold 
also  after  the  winding.  But  if  the  angle  between  AB  and  AC 
is  i,  we  have  evidently    pn^qn.  tan  i, 

pq  =:  qn  .  eGQ  i. 

The  thread  GH  works  in  a  block  on  the  inner  surface  of  which 
is  cut  a  groove  which  is  the  exact  counterpart  of  the  thread. 
The  block  in  which  the  groove  is  cut  is  often  called  the  nut. 
It  is  clear,  then,  that  if  the  screw  moves  in  the  nut  until  the 
point  p  of  the  thread  occupies  the  position  q^  the  axis  must  move 
in  its  own  direction  through  a  space  j9»,  and  the  angular  rotation 

of  the  screw  about  its  axis  is  —  i    r  being  the  radius  of  the 

cylinder. 

Hence,  if  the  angle  —  through  which  the  screw  turns  is 

r 

denoted  by  «,  we  have 

jtm  =  (ortan  t,    pq  =  (nr  sect. 

If  tt  =  2  V,  or  if  the  screw  make  a  complete  revolution,  any 
point  on  the  surface  of  the  screw  describes  a  space  2?rrtani 
parallel  to  the  axis.  This  is  obviously  the  distance  between  two 
portions  of  the  thread  measured  on  a  generator,  and  is  called  the 
pilcA  of  the  screw. 

We  shall  consider  the  screw  as  driving  a  resistance  Q  applied 
in  the  direction  of  the  axis,  and  the  effort,  P,  as  applied  in 
a  plane  perpendicular  to  the  axis,  at  the  extremity  of  an  arm 
whose  length  measured  from  the  centre  of  the  axis  is  a. 

Suppose  that  the  screw  rotates  through  an  angle  co.  Then 
the  work  done  by  P  is  Pa  to,  and  the  work  done  against  Q  is 
Qrtotani, 

Y  2 
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If  no  work  is  lost  against  wastefal  resistance,  we  must  have 

Pa  =  Qrtani. 

If  there  is  Motion  between  the  thread  and  the  groove,  let 
72  be  the  normal  pressure  on  any  element  of  the  thread  (acting 
towards  the  under  side  of  pq  in  the  figure),  and  /a  72  the  friction 
on  this  element.  Then,  in  a  small  angular  motion,  d  a>,  of  the  screw 
the  work  done  against  the  fiiction  is  fiR.pq  (taking  pq  as  an 
elementary  portion  of  the  thread),  or  /iiZrd  a>  sec  }.     Hence 

Pad  CD  =  Qrdfr)tani  +  fxr5a>secf]S72, 

272  denoting  the  sum  of  the  normal  reactions  at  all  points  of 
the  thread. 

But,  for  the  equilibrium  of  the  cylinder,  resolving  along  its 
axis,  we  have  Q  =  2 (72  cos  i-fi72  sin  i), 

or  Q  =  (cos  i— fi  sin  i)  2  J?.  (a) 

Hence,  substituting  this  value  of  272  in  the  previous  equation, 

Pa  =  Qrtan(f4-A), 

A  being  the  angle  of  friction. 

This  result  could  have  been  obtained  without  the  principle  of 
work  by  combining  with  (a)  the  equation  of  moments  round  the 
axis  of  the  screw.     By  taking  moments  round  the  axis^  we  have 

Pa  =  2  (72  sin  i+ixR  cos  i)r, 
or,  Pa^r  (sin  i  +  fi  cos  i)  2  R.  (fi) 

Dividing  [0)  by  (a)  we  obtain  the  relation  between  P  and  Q. 
The  efficiency  of  the  screw  is  evidently 

tan  i 

tan  (i  +  A) 

IT  A 

which  will  be  a  maximum  when  i  =  —  —  - . 

4        2 

A  gooA.  illustration  of  the  action  of  a  screw  is  furnished  by 

the  common  coupling-screw  for  railway  carriages.     To  the  axis 

of  the  screw  whose   ends  work   in  nuts,   one  connected  with 

one  carriage  and  the  other  with  the  second  carriage,  is  rigidly 

attached  a  rod  perpendicularly  to  the  axis,  and  at  the  extremity 

of  this  rod  is  attached  a  heavy  ball.     If  the  ball  be  taken  in 

the  hand  and  swung  round,  it  will  cause  the  screw  to  rotate 

and  thereby  pull  the  two  carriages  together  in   spite   of  the 

buffer-springs  which  tend  to  keep  them  apart. 
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Fig.  159. 


132.]  Frony's  Differential  Screw.  If  h  denote  the  pitch 
of  a  screw,  the  relation  between  P  and  Q  when  fidction  is 
n^lected  is 

2PTra=  Qi; 

therefore  economy  of  force  in 
overcoming  a  given  resistance  is 
gained  by  making  k  very  small. 
But  it  is  impossible  to  do  this  in 
practice,  and  to  attain  the  result 
desired  a  differential  method  is  resorted  to.  Let  the  screw  work 
in  two  blocks,  A  and  B  (Fig.  i59)>  the  first  of  which  is  fixed  and 
the  second  moveable  along  a  fixed  groove,  n.  Let  A  be  the  pitch 
of  the  thread  which  works  in  the  block  A,  and  A^  the  pitch  of 
that  which  works  in  the  block  B.  Then  one  complete  revolution 
of  the  screw  impresses  two  opposite  motions  on  the  block  £ — 
one  equal  to  ^  in  the  direction  in  which  the  screw  advances,  and 
the  other  equal  to  h^  in  the  opposite  direction.  If,  then,  the 
resistance,  Q,  is  driven  by  this  block,  we  have  by  the  principle 

^^w^*  2Pira=Q{A^A'), 

and  the  requisite  effort  will  be  diminished  by  diminishing 
A — i . 

133.]  The  Wedge.     The  wedge  is  a  triangular  prism,  usually 
isosceles,  which  is  used  (as  represented  in  the  figure)  for  the 
purpose  of  separating  two  bodies,  A  and  £,  or  parts  of  the  same 
body  which  are  kept  together  by  some 
considerable  force,  molecular  or  other. 

The  figure  represents  a  section  of  the 
wedge  made  through  the  line  of  action 
of  the  effort,  P,  perpendicular  to  the  axis 
of  the  wedge.  Suppose  that  the  line  of 
action  of  P  passes  through  the  vertex  of 
the  wedge,  and  that  slipping  is  about  to 
take  place ;  then  the  total  resistances  of 
the  surfaces  A  and  B  against  the  wedge 

will  make  the  angle,  A,  of  friction  with  the  normals  at  the  points, 
M  and  ff ,  where  they  act ;  but  these  points  are  indeterminate 
themselves. 

To  find  the  efficiency  of  the  wedge.  Let  the  wedge  be  driven 
through  a  vertical  space  equal  to  djp^  and  let  2  a  be  its  vertical 


Fig.  160. 
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angle.  Then  the  useful  work  performed  is  the  separation  of  A 
and  B  in  directions  normal  to  the  faces  of  the  wedge  in  contact 
with  them ;  in  other  words,  the  useftil  work  is  that  done  by  the 
normal  components  of  the  total  resistances,  B.  Now  the  point 
m  moves  vertically  down  through  a  space  dj),  and  the  projection 
of  this  displacement  along  the  normal  at  m  is  evidently 

sin  a .  dp. 

Hence  the  work  done  by  the  normal  components  is 

2  B  cos  A  sin  adp, 

and  the  whole  work  expended  is  Pdj).     Hence 

2i?cosA8ina 

"= — p — 

But  by  resolving  vertically  for  the  equilibrium  of  the  wedge,  we 

have  ^       «.  T»  •    /       V  \ 

P=  2jBsm(a  +  A); 

__  sin  a  cos  A  _     tan  a 
""  sin(a  +  A)  ""  fx  +  tana 

Having  given  the  theory  of  the  simplest  machines,  we  proceed 
to  discuss  a  few  of  their  most  useful  forms. 

134.]  The  Balance.  The  balance  is  a  machine  which  is  em- 
ployed for  determining  the  weights  of  bodies,  and  in  its  common 

form  it  may  be  considered  as  an 
instance  of  a  lever  of  the  first  kind. 
Suppose  a  rigid  body  to  be  sus- 
pended from  a  fixed  smooth  hori- 
zontal axis  at  a  point  0  (Fig.  161), 
G  being  the  centre  of  gravity  of  the 
body,  at  a  distance  OG  {=:  A)  from 
the  centre  of  the  axis  of  suspension, 
vertically  below  0  when  the  body 
rests  under  the  influence  of  its 
weight  alone. 

Let  A  and  B  be  two  points  in  the  body  in  the  horizontal  line 
through  0  at  equal  distances  (each  =  a)  from  0  on  opposite  sides, 
and  suppose  two  masses  whose  weights  are  P  +p  and  P  to  be 
suspended  from  A  and  B  respectively,  W  being  the  weight  of 
the  rigid  body.     Then  for  the  position  of  equilibrium,  if  0  denotes 


p+P 


Fig.  161. 
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the  angle,  AOA^,  through  which  the  body  turns,  we  have,  by 

moments  about  0,  n ,a 

tan^=|^.  (1) 

Such  a  rigid  body  may  be  regarded  as  a  common  balance,  and  it 
is  usuidly  made  in  the  shape  of  an  elongated  lozenge-shaped  bar 
or  beam,  symmetrical  on  both  sides  of  0,  two  scale-pans  of  equal 
masses  being  suspended  from  A  and  B,  the  masses  P  and  P-^-p 
being  placed  in  these  pans. 

SemHbiliiy  is  a  desirable  property  of  a  balance ;  that  is,  for  a 
given  difference,  j9,  between  the  masses  suspended  from  A  and  B^ 
the  deflection  B  ought  to  be  as  great  as  it  can  be  consistently 
with  rigidity,  etc.,  in  the  machine.  Now  from  (l)  we  see  that 
the  greater  is  the  sensibility, 

(1)  the  greater  a,  i.  e.,  the  longer  the  beam, 

(2)  the  less  W^  i.  e.,  the  lighter  the  beam, 

(3)  the  less  A,  i.  e.,  the  nearer  the  centre  of  gravity 

to  the  fulcrum. 
Of  course  h  must  not  be  made  zero  ;  for  if  it  were,  the  slightest 

difference  of  weight  would  always  make  ^  =  —  • 

It  appears,  therefore,  that  the  sensibility,  in  the  above  arrange- 
ment, does  not  depend  on  the  magnitude  of  the  mass  in  either 
pan  but  on  the  difference  between  these  masses. 

The  sensibility  is  generally  measured  by  the  amount  of  deflec- 
tion caused  by  a  difference  of  weight,  jd,  equal  to  1  unit — say  that 
of  1  milligramme  in  the  case  of  extremely  fine  and  accurate 
balances  such  as  are  used  in  Physical  and  Chemical  Laboratories. 

If  the  point,  0,  of  support  of  the  beam  were  not  in  the  same 
right  line  as  the  points,  A  and  B^  of  suspension  of  the  pans,  it 
would  be  no  longer  true  that  the  sensi- 
bility depends  merely  on  the  difference 
of  the  weights  of  the  two  compared 
mass^  and  not  on  these  masses  them- 
selves. For,  if  the  arrangement  is  that 
represented  in  Fig.  162,  in  which  AOB  is  pjg  ,52, 

not  a  right  line,  and  if  OC  =  c,  we  have 
for  the  deflection  p  .  a 

tile  suspended  masses  being  P  and  Q,  whose  difference  =  p. 
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Fig.  163. 


Now  this  equation  shows  that  for  a  given  difference,  j9,  the 
deflection  is  less  than  it  would  be  for  the  balance  if  c  were  made 
zero  ;  i.e.,  if  0  were  at  C. 

Lightness  in  the  beam  is  attained  by  making  it  in  the  shape  of 
a  very  elongated  lozenge,  the  central  portion  of  which  is  nearly  all 

cut  out,  its  sides  being,  how- 
ever, braced  together  by  light 
brass  cross-pieces,  as  repre* 
sented  in  Fig.  1 63,  which  shows 
only  a  few  portions  of  the  deli- 
cate form  of  the  instrument^  as 
it  is  used  for  the  very  minute 
weighings  in  laboratories. 

The  axis  of  suspension  is,  in 
8uch  an  instrument,  a  knife 
edge  (represented  vertically 
under  C)  which  rests  on  a  fixed  horizontal  plane  of  agate.  The 
deflections  of  the  beam  from  the  vertical  are  indicated  by  a  very 
long  pointer,  F,  connected  with  the  beam,  the  end  of  this  pointer 
moving  from  right  to  left  just  in  front  of  a  fixed  vertical  scale, 
S^  divided  into  a  large  number  of  close  divisions. 

Absolute  equilibrium  between  the  masses  in  the  pans  is 
scarcely  ever  attained ;  but  even  if  these  masses  were  equal, 
some  slight  disturbance  might  set  the  pointer  swinging  to  right 
and  left  of  its  zero  position,  and  if  the  amplitudes  of  these  swings 
were  equal,  we  could  conclude  that  the  masses  in  the  pans 
are  equal.  Hence  it  is  obviously  desirable  that  the  iime  of 
these  small  oscillations  should  be  as  small  as  possible.  The 
determination  of  the  time  of  a  small  oscillation  depends  on 
kinetical  principles,  and  we  must  assume  the  result  here. 

If  k  is  the  radius  of  gyration  of  the  beam  about  the  axis  of 
suspension,  g  the  acceleration  of  a  body  falling  freely  in  vacuo 
near  the  Earth^s  surface,  and  if  two  equal,  or  very  nearly  equal, 
masses,  P,  are  suspended  in  the  pans,  the  time,  ^,  of  a  small 
oscillation  is  given  by  the  equation 


t 


=  ^  V 


Wi^  +  2Pd^ 


Whg 


(2) 


so  that  if  ^  is  to  be  very  small,  L  e.,  the  oscillations  rapid,  a  should 
]>e  small  and  k  large.     These  conditions  are  therefore  the  reverse 
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of  those  for  sensibility,  and  nothing  bnt  a  compromise  can  be 
effected  between  them. 

Two  methods  of  exact  weighing — i  e.,  weighing  to  within  a 
milligramme,  or  even  one-tenth  of  it — are  in  nse,  namely  the 
counterpoise  method,  or  method  of  Borda,  and  the  method  of  Gauss. 

In  the  first  method  a  mass  of  shot  or  sand  (the  amount  of 
which  we  need  not  know)  is  put  into  one  pan,  while  the  body  to 
be  weighed  is  put  into  the  other,  and  with  this  body  are  put  in 
known  weights  (multiples  of  a  gramme,  decigramme,  etc.)  until 
equilibrium  of  the  pointer  is  attained  either  in  the  middle  of  the 
scale  S  or  in  some  position  near  it.  The  body  to  be  weighed  is 
now  removed  from  its  pan,  and  its  place  is  occupied  by  known 
masses  (grammes,  etc.)  until  the  same  position  of  equilibrium  (or 
one  near  it)  of  the  pointer  is  again  attained.  Obviously  the 
mass  of  the  body  to  be  weighed  must  then  be  equal  to  the  sum 
of  the  masses  which  have  taken  its  place  and  which  produce  the 
same  effect  as  the  body  did. 

The  method  of  Gauss  consists  in  weighing  the  body  first  in  one 
pan  and  then  in  the  other,  and  taking  the  weight  of  the  body 
equal  to  the  geometric  mean  of  the  two  (very  nearly  equal) 
amounts  which  seem  to  represent  it.  If  the  arms,  OA,  OB,  of 
the  balance  were  absolutely  equal  in  length,  the  body  would 
appear  to  weigh  the  same  in  both  pans ;  but  very  slight  differ- 
ences between  the  arms  may  arise  from  various  causes,  and  we 
shall  therefore  assume  the  arms  to  be  of  different  lengths,  OA  =  a, 
OB  =  i.  Let  M  be  the  true  weight  of  the  body.  When  M  is 
suspended  from  A,  let  P^  be  the  weight  of  the  known  mass 
which  must  be  suspended  from  B  to  bring  the  pointer  to  rest  in 
the  vertical  position  ;  that  is,  P|  is  the  apparent  weight  of  the 
body,  and  it  appears  as  if  Jf  =  P^.  The  true  relation,  however, 
between  M and  Pj  is     M.a=z  P^.b.  (3) 

Again,  when  3f  is  suspended  from  B,  let  P^  be  its  apparent 
weight. 

Then  M.b-P^.a,  (4) 

From  these  equations  we  have,  by  multiplication, 

M  =  VP^^.  (6) 

which  proves  the  result  given  above.  In  practice,  since  the 
difference  between  the  apparent  weights  is  extremely  minute,  it 
is  usual  to  take  if  =  i  (P^  +  Pg),  (6) 
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i.  e.,  the  arithmetic,  instead  of  the  geometric,  mean,  the  two 
means  being  very  nearly  the  same. 

For  a  fnll  description  of  the  practical  use  and  details  of  the 
balance  the  stndent  may  very  profitably  consult  the  Leswns  in 
Elemenfary  Practical  Physics  by  Stewart  and  Gee,  (Vol.  I). 

135.]  Boberval's  Balance.  Roberval^s  Balance  is  an  excel- 
lent illustration  of  the  principle  of  work. 

Two  equal  bars,  AB  and  CD  (Fig. 
16.^),  revolve  round  axes  through  their 
middle  points,  H  and  E^  which  are 
fixed  in  a  vertical  support,  HN\  these 
bars  are  connected  by  smooth  joints  to 
two  equal  bars,  AC  and  BD^  and  to 
these  latter  bars  are  rigidly  attached 
two  plates  or  scale  pans,  P  and  Q,  the 
points  of  attachment  being  any  what- 
ever, and  one  or  both  of  the  plates  may 
lie  towards  the  vertical  support,  or  away  from  it  (as  Fig.  164). 

Suppose  P  and  Q  to  be  the  weights  of  two  masses  placed 
in  the  pans  P  and  Q,  respectively.  Then  if  for  any  displace- 
ment of  the  bars  round  the  points  H  and  E^  the  pans  describe 
vertical  spaces  p  and  q,  respectively,  we  shall  have  for  equili- 
brium pp_Q^^  0. 

Now,  the  bars  AC  and  BJD,  being  always  parallel  to  the  fixed 
line  HE,  will  be  always  vertical,  and  the  vertical  space  through 
which  one  moves  up  is  obviously  equal  to  that  through  which 
the  other  moves  down.  Hence  p  ^  q^  and  we  have  for  equi- 
librium p  _-  Q 

whatever  he  the  lengths  cf  the  pans  {provided  their  weights  are 
neglected),  whatever  he  their  points  of  attachment  to  BD  and  AC, 
and  whatever  the  points  in  the  pans  at  which  P  and  Q  are  placed. 

If  the  weights  of  the  pans  are  taken  into  account,  the  same 
results  follow  if  they  are  of  equal  weight. 

If  the  pan  P  were  replaced  by  the  pan  P',  and  the  weight  P 
placed  at  P',  the  other  pan,  Q,  remaining  unchanged,  and  the 
weights  of  the  pans  being  either  equal  or  neglected,  equilibrium 
would  still  subsist — a  result  which  seems  at  first  sight  very 
strange. 

If  the  lengths  AH  and  IIB,  CE  and  ED  are  not  equal,  it  is 
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_         Jf'R 

easy  to  prove  that  -  =  ytj  •  and  the  condition  of  equilibrium  i> 

J       HA 

P.HB^  q.HA. 

136.]  Balance  of  Quintans.  This  is  a  compound  balance 
formed  of  a  combination  of  several  levers,  and  is  used  for 
wei^hingf  veiy  heavy  loads.  This  machine  also  furnishes  an 
admirable  example  of  the  principle  of  work. 

AB  (Fig.  165)  is  a  lever  moveable  about  its  fixed  extremity,  A  : 
MX  is  another  lever  moveable 
about  a  fulcrum,  /*,  fixed  at  its     y  ^      f     tM 

middle  point ;  CD  is  a  moveable       i  j 

platform,    which    receives    the  < 

load  Q,  whose  weight  is  to  be  dL 


^SNC 


found;    this    platform    is   con-  ^^  ha 

nected  with  the  lever  MN  by  a  .  Fig.  165. 

rigid  vertical  bar,  2)/,  articulated 

at  D  and  / ;  and  the  platform  further  rests  against  the  lever. 

AB^  by  an  edge  of  contact  at  a  fixed  point,  ZT,  on  the  latter ; 

finally,  the  two  levers  are  connected  by  a  rigid  vertical  bar,  BM^ 

articulated  to  both. 

The  weight,  P,  employed  to  measure  Q  is  applied  to  the 
upper  lever  at  N.  Let  the  system  receive  any  slight  displace- 
ment, then  the  lever,  AB^  will  turn  round  A  through  an  angle 
hB^  suppose,  and  the  lever  MN  will  turn  round  F  through  an 
angle  5^. 

We  shall  arrange  the  dimensions  of  the  machine  in  such  a 
manner  that  the  platform,  CD,  may  remain  horizontal  in  the 
displacement.  The  vertical  descent  of  the  point  H  is  evidently 
AH .  IB^  and  this  is  also  the  vertical  descent  of  the  point  in  the 
platform  above  //. 

The  vertical  descent  of  the  point  D  is  the  same  as  that  of  /, 
and  this  latter  is  obviously  Fl  .h<f>\  hence  if  the  platform 
remains  horizontal,        Fl.h<i>^  AH .  hO. 

Again,  the  vertical  descent  of  M  is  the  same  as  that  of  B :  or 

F3r.b4>=z  AB.bO. 
Hence  from  these  equations  we  have 

MF  _  BA 

Fl  "  Air 
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which  is  the  condition  for  the  horizontality  of  the  platfonn. 

BA 
Denote  -rjf  by  «.     The  equation  of  work  is  obviously 

P  X  descent  of  iV  =  Q  x  descent  of  jD, 

n 

or  the  result  is  the  same  as  if  Q  were  suspended  from  the  point 
/  of  the  upper  lever. 

Loads  placed  on  the  platform  may  all  be  weighed  by  means  of 
a  constant  weight,  P,  by  merely  moving  the  point  of  suspension 
of  this  latter  along  the  arm  NF\  thus,  if  P  is  suspended  from 
the  point  K  between  N  and  F^  we  shall  have 

P^_FT 
Q  ^  FK 
137.]  Toothed  Wheels.  Motion  may  be  transferred  from 
one  point  to  another  and  work  done  by  means  of  a  combination 
of  toothed  wheels,  each  one  of  which  drives  the  next  one  in  the 
series.  The  discussion  of  this  kind  of  machinery  possesses  great 
geometrical  elegance ;  but  the  space  at  our  disposal  renders  it 
impossible  to  do  more  than  give  a  slight  sketch  of  the  simplest 
case — that  in  which  the  axes  of  the  wheels  are  all  parallel. 

For  the  investigation  of  the  proper  forms  of  teeth,  the  student 
is  referred  to  Willis's  Principles  cf  Mechanism^  CoUignon's 
Statique,  and  BesaVs  Mecaniqtie  Ginerale. 

Pig.   1 66  represents  a  toothed  wheel,  Jj,  moveable  round  a 

horizontal  axis,  ah\    the  effort,  P, 
is  applied  by  means   of  a  handle, 
^-{JJ]J3— |-  )— 1^  Bi  ^>  which,  when  turned,  causes  the 

axis  ah  to  rotate  in  its  bearings  at 

a  and  h  and  to  turn  the  wheel  A^ ; 

this  wheel  causes  another,  B^^  in 

contact  with  it,  to  rotate  round  a 

horizontal  axis  which  also  moves  in 

fixed  bearings  at  its  extremities ;  on 

this  latter  axis  is  fixed  another  wheel  A.^^  whose  rotation  in  like 

manner  turns  B^  on  its  axis,  which  in  the  figure  is  the  axis  of  a 

cylinder  to  which  the  resistance,  Q,  is  attached. 

Suppose  that  there  are  n  wheels,  .4p  J^*  •••  -"^m  whose  radii 
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mrpff,.A. tf..  and  *  wheels.  ^|.£^.  ...^..  whose  radii  are 

^1?  ^2»  •••  ^«*  *^  let  £r=/^  and  the  ladius  of  the  cyUnder 
(or  whed)  to  which  Q  is  attached  =  f .  Theiu  if  •»!  is  the  xngie 
thioagfa  whidi  the  radios  ic  levolTe?,  the  eflbit  bein^  always 
applied  tangentiallT  to  the  ciide  deecribed  by  its  point  of  appli- 
catioii,  the  work  expended  is 

and  if  «.  is  the  angle  through  which,  in  the  same  time,  the 
cylinder  rotates,  the  weight  Q  will  be  raised  throogh  a  distance 
^M.,  and  the  work  done  against  the  resistanee  is 

Supposing  then  that  no  work  is  lo^  either  by  the  friction  of  the 
axes  in  their  bearings,  or  by  the  friction  of  the  teeth  against 
each  other,  we  must  have 

when  the  machine  is  moving  uniformly. 

To  determine  the  kinematical  relation  between  m,  and  «».,  let 
the  ang^le  throogh  which  B^  tarns  be  u^.  Then,  since  the  dis- 
tances described  by  the  points  of  J^  and  B^  which  are  in  contact 
are  the  same,  tfi**!  =  iiu^*  -^^  ^^  ^z  ^  ^^  angle  through 
which  B^  tarns,  we  have  a^Mj  =  ^2^-  Proceeding  in  this  way. 
we  have,  by  multiplying  the  corresponding  sides  of  these  equa- 
tions together,         a,a^...a.  -  «i  =  *i  V-*-  •  «-• 

Hence  from  (1)  and  (2), 

Q  _  ^    ^i^a...^/. 

For  the  calculation  of  the  work  lost  bv  the  friction  of  the  teeth 
among*  themselves  see  CoUignon's  Statiqne,  p.  468. 


CHAPTER  IX. 

DETERMINATION   OF   MUTUAL   REACTIONS   OP   PARTS   OF   A    SYSTEM. 

138.]  Action  and  Beaotion.  If  in  any  system  of  bodies, 
connected  in  any  manner,  J  and  £  are  two  bodies  in  contact 
between  which  an  action  of  some  kind  is  exercised  ;  then,  what- 
ever be  the  forces  with  which  the  body  A  acts  upon  the  body  -B, 
the  very  same  forces,  reversed  in  directions,  will  constitute  the 
action  of  B  on  A.  Let  the  whole  system  of  forces  acting  on  A^ 
excluding  those  produced  by  B,  be  denoted  by  (P),  and  let  the 
forces  constituting  the  action  of  B  on  A  be  denoted  by  (R) ; 
then  we  may  sever  the  connexion  between  A  and  B,  provided 
that  we  have  other  means  of  producing  on  A  the  system  of 
forces  (i2).  In  the  same  way,  if  (Q)  denote  the  whole  system  of 
forces  acting  on  B,  those  constituting  the  action  of  A  on  it 
being  excluded,  the  body,  B,  may  be  severed  from  A  provided 
that  we  have  the  means  of  producing  a  system  of  forces  (— -B) 
on  -B,  ( —  R)  denoting  a  system  of  forces  obtained  by  reversing 
the  direction  and  preserving  the  magnitude  of  every  force  in  (R). 

For  example,  the  beam  CD  (Fig.  1 26)  may  be  severed  from 
the  other  beam  along  any  section,  CB^  provided  that  there  be 
introduced  on  CJD  either  the  single  force  R  acting  through  J, 
or  the  complex  system  of  tensile  and  compressive  forces  which 
act  at  the  section  CB.  This  equality  of  magnitude  and  oppo- 
siteness  of  direction  of  the  forces  existing  between  two  distinct 
bodies  in  contact,  or  between  ideally  severed  portions  of  the 
same  body^  is  sometimes  spoken  of  as  the  principle  of  lie 
equality  of  Action  and  Reaction ;  but  this  is  by  no  means  the  whole 
of  the  Newtonian  princii)le  called  by  this  name ;  for  Newton 
specifies  several  senses  in  which  the  terms  Action  and  Reaction 
can  be  taken,  and  in  discussing  one  of  them  he  has  explicitly 
anticipated,  in  great  part,  the  principle  of  the  Conservation  of 
Energy — as  has  been  pointed  out  by  Thomson  and  Tait. 

139.]  Examples  of  Internal  Action.  The  cases  which  we 
shall  consider  in  this   chapter   are  those  in  which  the  action 
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between  two  portions  of  a  system  ideally  severed  consists  of  a 
single  force.  The  simplest  example  of  such  action  ocenrs  when 
a  single  point  of  one  body  rests  against  the  surface  of  another, 
the  bodies  being  either  rough  or  smooth.  If  the  bodies  are 
smooth,  the  action  between  them  consists  of  a  single  force 
which  is  tiormal  to  the  surface  of  contact ;  and  if  rough,  the 
action  is  still  a  single  force  which  is  not  necessarily  normal 
to  this  sur&ce.  In  all  cases  in  which  smooth  spherical  joints 
or  hinges  are  concerned,  the  action  exercised  on  bodies  con- 
nected by  them  consists  of  a  single  force  passing  through  the 
centre  of  the  joint.  When  rough  joints  are  used,  the  action  will 
generally  consist  of  a  single  force  acting  somewhere  outside  the 
joint ;  or  of  a  couple  and  a  force  acting  at  the  joint ;  or,  possibly, 
of  a  couple  alone.  The  tension  of  a  string  is  also  an  instance 
of  internal  action,  and  its  nature  has  been  already  explained 
in  Chap.  II. 

Again,  if  we  ideally  separate  into  two  portions  by  an  arbi- 
trary surface  a  mass  of  a  perfect  fluid  in  equilibrium,  the  action 
of  one  portion  on  the  other  over  a  small  area  of  the  ideally 
separating  surfitce  will  consist  of  a  single  force  acting  normally 
on  the  area.  And  we  may  always  treat  as  a  separate  body  any 
portion  whatever  of  a  fluid  in  equilibrium*,  provided  that  we 
produce  along  the  surface  of  this  ideally  separated  portion  all  the 
forces  which  are  actually  produced  on  it  by  the  fluid  with  which  it 
was  surrounded.  This  is  what  we  have  already  enunciated  as  the 
principle  of  separate  equilibrium  (p.  32).  It  is  by  such  separate 
consideration  of  portions  of  a  fluid  that  we  arrive  at  a  knowledge 
of  its  internal  forces  or  pressures.  For  example,  if  a  heavy  fluid, 
whether  compressible  or  incompressible,  of  uniform  or  varying 
density,  be  contained  in  a  vessel,  we  can  prove  that  the  pressure 
is  the  same  at  all  points,  P,  Q,  in  the  same  horizontal  plane. 
For,  isolate  in  imagination  a  horizontal  cylindrical  column  of 
the  fluid,  having  small  vertical  and  equal  areas  at  P  and  Q 
for  extremities,  from  the  rest  of  the  fluid.  Then,  we  may  treat 
the  cylinder  of  fluid  PQ  as  a  separate  body,  provided  that, 
in  addition  to  the  external  force  (gravity)  acting  on  it,  we 
introduce  the  forces  which  it  actually   exi>erienced   from   the 

*  It  is  usually  said  that  we  may,  under  the  above  condition,  imagine  any 
portion  of  the  fluid  to  become  aoiidified ;  but  the  imagined  wlidi/ication  is  not 
only  wholly  unneoeaaary  but  misleading: 
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surrounding  fluid.  Now  these  forces  consist  of  normal  pressures, 
ja  and  q^  on  the  areas  at  P  and  Q,  together  with  normal  pressures 
all  over  its  curved  surface,  these  latter  being  all  at  right  angles 
to  the  axis  PQ.  If  now  we  resolve  horizontally  all  the  forces 
acting  on  the  cylinder,  we  get 

p—q  =  0,  or  p  =z  q. 

This  demonstration  shows,  moreover,  that  in  the  case  of  a 
heavy  viscous  or  imperfect  fluid,  the  pressures  are  not  necessarily 
equal  at  all  points  in  the  same  horizontal  plane. 

For,  in  this  case,  the  action  of  the  rest  of  the  fluid  on  PQ 
does  not  necessarily  consist  of  forces  normal  to  its  sutSeu^c,  but 
of  oblique  forces.  Hence  the  horizontal  component  of  the 
pressure  at  P  is  not  equal  to  the  horizontal  component  at  Q ; 
the  diflerence  between  them  is  equal  to  the  sum  of  the  hori- 
zontal components  of  the  oblique  forces. 

The  importance  of  keeping  such  considerations  in  view  may 
be  illustrated  by  the  following  example  from  Hydrostatics. 

A  conical  vessel  is  filled  with  water  through  an  aperture  at 
the  vertex.  From  Hydrostatical  principles  it  follows  that  the 
pressure  on  the  base  of  the  cone  is  equal  to  the  weight  of  a 
cylindrical  column  of  water,  standing  on  the  base,  and  having 
a  height  equal  to  that  of  the  cone ;  that  is,  the  pressure  on  the 
base  is  much  greater  than  the  weight  of  the  water  contained 
in  the  cone.  Now  if  we  imagine  the  water  to  become  solidified, 
the  curved  surface  of  the  cone  may  be  removed,  and  the  pressure 
on  the  base  will  be  equal  to  the  weight  of  the  ice,  that  is,  the 
weight  of  the  water  in  the  cone.  An  apparent  discrepancy  is 
the  result.  But  if  we  attend  to  the  proviso  that  in  the  separate 
consideration  of  the  equilibrium  of  any  portion  of  a  system,  solid 
or  fluid,  we  must  produce  upon  the  isolated  portion  all  the  forces 
which  were  originally  produced  upon  it  by  the  neighbouring 
portions  of  the  solid  or  fluid,  the  difliculty  disappears.  In  the 
fluid  state  the  liquid  in  contact  with  the  curved  surface  of  the 
cone  was  pressed  normally  by  a  system  of  varying  forces,  and 
the  circumstances  of  the  solidified  body  will  not  be  the  same  as 
those  of  the  fluid,  unless  its  surface  is  pressed  in  precisely  the 
same  way.  These  pressiu-es  have  a  total  vertical  component, 
which  must  be  added  to  the  weight  of  the  block  of  ice  in  order 
that  we  may  obtain  the  true  pressure  on  the  base. 

The  action  between  two  portions  of  a  perfect  fluid  ideally 
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separated  by  a  plane  surFaee  of  any  area  always  consists  of  a 
single  force  which  is  normal  to  the  area ;  bnt  the  action  between 
two  portions  of  an  elastic  solid  along  a  plane  section  is  by  no 
means  so  simple ;  the  latter  is  not  generally  reducible  to  a 
single  force. 

140.]  Equilibrium  of  several  Bodies  forming  a  System. 
It  will  now  be  clear  that  when  a  system  is  composed  of  several 
bodies  in  contact  with  each  other,  we  can  consider  the  whole  set 
as  forming  a  single  body  in  equilibrium  under  the  action  of 
given  external  forces;  or  we  may  consider  the  separate  equi- 
librium of  any  one  body  under  the  action  of  given  external  forces, 
and  the  reactions  of  the  other  bodies  with  which  it  is  in  contact. 
A  few  examples  of  such  systems  have  already  been  given  ;  but  it 
is  proposed  to  devote  the  present  chapter  more  especially  to  the 
consideration  of  such  questions. 

Examples. 

1.  Two  uniform  bars,  connected  at  a  common  extremity  by  a 
smooth  joint,  are  placed  in  a  vertical  plane,  their  other  extremities, 
wliich  rest  on  a  smooth  horizontal  plane,  being  connected  by  a  cord  ; 
find  the  tension  of  the  cord  and  the  reaction  at  the  joint. 

Let  AC  and  Ci?  (Fig.  167)  be  the  bars,  IF  and  fT' their  weights, 
a  and  a  their  inclinations  to  the  horizon,  R  and  Rf  the  reactions  of 
the  horizontal  plane  at  A  and  i^,  and 
T  the  tension  of  the  cord. 

If,  then,  we  consider  the  two  bars 
as  forming  one  system,  the  mutual 
reaction  at  C  and  the  tension  of  the 
cord  will  be  internal  forces  of  the 
system,  and  will  therefore  disappear  p^  ,5^ 

from   the   equations   of   equilibrium. 
The  forces  on  this  system  are  simply,  TT,  W\  R  and  R^, 

Resolving  vertically  for  the  equilibrium  of  the  system, 

R-{-R^=W^W\  (1) 

Again,  considering  the  equilibrium  of  the  bar  AC,  the  forces 
acting  on  it  are  fT,  R^  T,  and  the  unknown  reaction  at  C.  This 
latter  will  be  eliminated  by  taking  moments  about  C,     Thus  we  get 

2^  cos  a  =  2rsina+  IT  cos  a, 

(the  length  of  the  bar  dividing  out),  or 

R=zTi&na+\W.  (2) 

Similarly,  taking  moments  about  C  for  the  equilibrium  of  BC, 

R'=:TisLna'+\W\  (3) 

VOL.  I.  '  Q 
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By  adding  (2)  and  (3),  and  making  use  of  (1),  we  get 

2  (tan  a  +  tan  a')  ^  ' 

Again,  let  X  and  Y  be  the  horizontal  and  vertical  components  of 
the  reaction  at  the  joint.     Then,  for  the  equilibrium  of  the  bar  AC, 

2(tana  +  taua^) 
TT'tana-TTtana' 


Hence 


A^  = 


y  = 


2  (tan  a  +  tan  a') 

If  we  wish  to  determine  T  by  the  principle  of  virtual  work,  let  y  be 
the  height  of  the  middle  point  of  either  bar,  and  we  have 

-(  Tr4.  W')  dy^  Td  {AS)  =  0  (6) 

for  an  imagined  displacement  in  which  the  bars  are  drawn  out^ 
while  A  and  B  remain  on  the  ground.  If  AC  =-2 a,  BC  =  2a\ 
yzrasino,  AB  =z  2a  cos  a  +  2a'  cos  a'.     Therefore 

dy=zaco8ada,  d{AB)  1=  —  2a  sin  ac^a— 2 a' sin  a' (2a' 

sin  (a  +  a') 


=  -2a 


COB  a 


da 


(since  from  the  equation  asina  =  a'sina'  we  have  acosarfa=a'co8a''da'). 
Substituting  these  values  of  dy  and  d  (AB)  in  (5),  we  get  the  same 
value  of  T  as  befoie. 

2.  Two  equal  smooth  spheres  are  placed  inside  a  hollow  cylinder, 
o|)en  at  both  ends,  which  rests  on  a  horizontal  plane ;  find  the  least 
weight  of  the  cylinder  in  order  that  it  may  not  be  upset. 

Let  Figui'e  168  represent  a  vertical  section  of  the  system  through 
the  centres  of  the  spheres.     Let  F  be  the  weight  of  the  cylinder,  a  its 

i-adius,  W  and  r  the  weight  and  radius 
of  each  sphere,  B  and  R^  the  reactions 
between  the  cylinder  and  the  spheres 
whose  centres  are  0  and  O',  respectively. 
Then,  the  only  motion  possible  for  the 
cylinder  is  one  of  tilting  over  its  edge  at 
the  point  A^  in  which  Uie  vertical  plane 
containing  the  forces  meets  it.  For,  con- 
sider the  equilibrium  of  the  lower  sphere 
which  rests  against  the  ground  at  D. 
This  sphere  is  in  equilibrium  under  the  influence  of  it  (reversed  in 
Figure),  the  reaction  of  the  upper  sphere,  S,  acting  in  the  line  OC/,  its 
weight,  W,  and  the  reaction  of  the  ground  at  2>.  Now,  since  three  of 
these  forces  pass  through  0\  the  reaction  of  the  ground,  whether  the 
latter  is  rough  or  smooth,  must  also  pass  through  (/.  Hence,  if  B 
be  the  angle  which  OCX  makes  with  the  horizon,  we  have  for  the 
equilibrium  of  the  lower  pphere,  resolving  horizontally, 

E'^zScwO.  (1) 


Fig.  168. 
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The  upper  sphere  is  in  equilibrium  under  the  action  of  E  (reversed 
in  Figure),  IT,  and  S,     Hence  for  its  equilibrium  we  have  in  the  same 

way,  R  =  ScoBe.  (2) 

.-.     R^E".  (3) 

Again,  the  cylinder  is  in  equilibrium  under  the  action  of  R,  Ji',  P, 
and  the  reaction  of  the  ground.  Resolving  horizontally  for  its  equi- 
librium, we  have  the  horizontal  component  of  the  reaction  of  the 
ground  =  J?— /?'=  0.  Hence,  even  if  the  ground  is  rough,  there  is 
no  tendency  to  slip,  and  the  only  way  in  which  equilibrium  can  be 
broken  is  by  turning  round  A, 

Taking  moments,  then,  about  A,  the  point  at  which  the  reaction  of 
the  ground  acts,  we  have  for  the  equilibrium  of  the  cylinder 

Pa  +  i2V  =  i2(r+2rEind), 

Pa  =  2RrB\ne.  (4; 

Again,  for  the  equilibrium  of  the  upper  sphere,  we  have 


or 


^  =  cot  0. 

Substituting  this  value  of  R  in  (4),  we  have 

Pa  =  2HVcosd. 


(5) 


(6) 


But  evidently 
therefore,  finally. 


ccs^  = 


a—r 


i'  =  2r(i-r), 


3.  A  heavy  bar  is  moveable  in  a  vertical  plane  round  a  smooth 
hinge  fixed  at  one  extremity ;  a  heavy  sphere. is  attached  to  the  hinge 
by  a  cord;  the  two  bodies  rest  in 
contact ;  find  the  position  of  equili- 
brium and  the  internal  reactions,  there 
being  no  friction  between  the  bodies. 

Let  0  (Fig.  169)  l>e  the  hinge,  OA 
the  cord  by  which  the  sphere  is  at- 
tached, 0  the  inclination  of  the  cord 
to  the  veiiical.  Cm,  <(}  the  inclina- 
tion of  the  bar  to  the  vertical,  W 
the  weight  and  r  the  radius  of  the 
sphere,  I  the  length  of  the  cord,  a 
the  distance  between  0  and  Gy  the 
centre  of  gravity  of  the  bar,  and  P  its 
weight. 

Then,  considering  the  sphere  and 
bar  as  one  system,  this  system  is  acted 

on  by  the  given  forces  W  and  P,  by  the  tension  of  the  cord,  and 
by  the  resistance  of  the  hinge.  The  two  latter  forces  will  be 
eliminated  by  taking  moments  about  0,     We  have  then 

W.  Om=zP.On, 


Fig.  169. 
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Fig.  163. 


Now  this  equation  shows  that  for  a  given  difference,  7^,  the 
deflection  is  less  than  it  would  be  for  the  balance  if  c  were  made 
zero  ;  i.e.,  if  0  were  at  C. 

Lightness  in  the  beam  is  attained  by  making  it  in  the  shape  of 
a  very  elongated  lozenge,  the  central  portion  of  which  is  nearly  all 

cut  out,  its  sides  being,  how- 
ever, braced  together  by  light 
brass  cross-pieces,  as  repre* 
sen  ted  in  Fig.  1 63,  which  shows 
only  a  few  portions  of  the  deli- 
cate form  of  the  instrument^  as 
it  is  used  for  the  very  minute 
weighings  in  laboratories. 

The  axis  of  suspension  is,  in 
such  an  instrument,  a  knife 
edge  (represented  vertically 
under  C)  which  rests  on  a  fixed  horizontal  plane  of  agate.  The 
deflections  of  the  beam  from  the  vertical  are  indicated  by  a  very 
long  pointer,  F,  connected  with  the  beam,  the  end  of  this  pointer 
moving  from  right  to  left  just  in  front  of  a  fixed  vertical  scale, 
6\  divided  into  a  large  number  of  close  divisions. 

Absolute  equilibrium  between  the  masses  in  the  pans  is 
scarcely  ever  attained;  but  even  if  these  masses  were  equal, 
some  slight  disturbance  might  set  the  pointer  swinging  to  right 
and  left  of  its  zero  position,  and  if  the  amplitudes  of  these  swings 
were  equal,  we  could  conclude  that  the  masses  in  the  pans 
are  equal.  Hence  it  is  obviously  desirable  that  the  Ume  of 
these  small  oscillations  should  be  as  small  as  possible.  The 
determination  of  the  time  of  a  small  oscillation  depends  on 
kinetical  principles,  and  we  must  assume  the  result  here. 

If  k  is  the  radius  of  gyration  of  the  beam  about  the  axis  of 
8Uspension,  g  the  acceleration  of  a  body  falling  freely  in  vacuo 
near  the  Earth's  surface,  and  if  two  equal,  or  very  nearly  equal, 
masses,  P,  are  suspended  in  the  pans,  the  time,  t,  of  a  small 
oscillation  is  given  by  the  equation 


i 


=  71  /\/ 


(2) 


so  that  if  ^  is  to  be  very  small,  L  e.,  the  oscillations  rapid,  a  should 
]>e  small  and  k  large.     These  conditions  are  therefore  the  reverse 
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of  those  for  sensibility,  and  nothing  but  a  compromise  can  be 
effected  between  them. 

Two  methods  of  exact  weighing — i  e.,  weighing  to  within  a 
milligramme,  or  even  one-tenth  of  it — are  in  use,  namely  the 
counterpoise  methody  or  method  of  Borda,  and  the  method  of  Gauss, 

In  the  first  method  a  mass  of  shot  or  sand  (the  amount  of 
which  we  need  not  know)  is  put  into  one  }ian,  while  the  body  to 
be  weighed  is  put  into  the  other,  and  with  this  body  are  put  in 
known  weights  (multiples  of  a  gramme,  decigramme,  etc.)  until 
equilibrium  of  the  pointer  is  attained  either  in  the  middle  of  the 
scale  8  or  in  some  position  near  it.  The  body  to  be  weighed  is 
now  removed  from  its  pan,  and  its  place  is  occupied  by  known 
masses  (grammes,  etc.)  until  the  same  position  of  equilibrium  (or 
one  near  it)  of  the  pointer  is  again  attained.  Obviously  the 
mass  of  the  body  to  be  weighed  must  then  be  equal  to  the  sum 
of  the  masses  which  have  taken  its  place  and  which  produce  the 
same  effect  as  the  body  did. 

The  method  of  Gauss  consists  in  weighing  the  body  first  in  one 
pan  and  then  in  the  other,  and  taking  the  weight  of  the  body 
equal  to  the  geometric  mean  of  the  two  (very  nearly  equal) 
amounts  which  seem  to  represent  it.  If  the  arms,  OA^  OBy  of 
the  balance  were  absolutely  equal  in  length,  the  body  would 
appear  to  weigh  the  same  in  both  pans ;  but  very  slight  difi*er- 
ences  between  the  arms  may  arise  from  various  causes,  and  we 
shall  therefore  assume  the  arms  to  be  of  difierent  lengths,  OA  =  a, 
OB  =  b.  Let  M  be  the  true  weight  of  the  body.  When  M  is 
suspended  from  A^  let  P^  be  the  weight  of  the  known  mass 
which  must  be  suspended  from  B  to  bring  the  pointer  to  rest  in 
the  vertical  position  ;  that  is,  P|  is  the  apparent  weight  of  the 
body,  and  it  appears  as  if  Jf  =  P^ .  The  true  relation,  however, 
between  M and  P^  is     M.a  =  P^.h.  (3) 

Again,  when  M  is  suspended  from  By  let  P^  be  its  apparent 
weight. 

Then  M.b-P^.a.  (4) 

From  these  equations  we  have,  by  multiplication, 

M  =  yP^2,  (5) 

which  proves  the  result  given  above.  In  practice,  since  the 
difierence  between  the  apparent  weights  is  extremely  minute,  it 
is  usual  to  take  M^\  (P^  +  P^\  (6) 
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i.  e.,  the  arithmetic,  iiist<ead  of  the  geometric,  mean,  the  two 
means  being  very  nearly  the  same. 

For  a  full  description  of  the  practical  use  and  details  of  the 
balance  the  student  may  very  profitably  consult  the  LeMOM  in 
Elementary  Practical  Physics  by  Stewart  and  Gee,  (Vol.  I). 

135.]  Roberval's  Balance.  Bobervars  Balance  is  an  excel- 
lent illustration  of  the  principle  of  work. 

Two  equal  bars,  AB  and  CD  (Fig. 
i6^),  revolve  round  axes  through  their 
middle  points,  H  and  E^  which  are 
fixed  in  a  vertical  support,  HN\  these 
bars  are  connected  by  smooth  joints  to 
two  equal  bars,  AC  and  BD^  and  to 
these  latter  bars  are  rigidly  attached 
two  plates  or  scale  pans,  P  and  Q,  the 
points  of  attachment  being  any  what- 
ever, and  one  or  both  of  the  plates  may 
lie  towards  the  vertical  support,  or  away  from  it  (as  Fig.  164). 

Suppose  P  and  Q  to  be  the  weights  of  two  masses  placed 
in  the  pans  P  and  Q,  respectively.  Then  if  for  any  displace- 
ment of  the  bars  round  the  points  H  and  E,  the  pane  describe 
vertical  spaces  p  and  ^,  respectively,  we  shall  have  for  equili- 
brium Pp^Qq-O. 

Now,  the  bars  AC  and  BB,  being  always  parallel  to  the  fixed 
line  HE^  will  be  always  vertical,  and  the  vertical  space  through 
which  one  moves  up  is  obviously  equal  to  that  through  which 
the  other  moves  down.  Hence  p  =  q^  and  we  have  for  equi- 
librium p  ^  Q 

whatever  he  the  lengths  of  the  pans  (provided  their  weights  art 
neglected")^  whatever  he  their  points  of  attachment  to  BB  and  AC, 
and  whatever  the  points  in  the  pans  at  which  P  and  Q,  are  placed. 

If  the  weights  of  the  pans  are  taken  into  account,  the  same 
results  follow  if  they  are  of  equal  weight. 

If  the  pan  P  were  replaced  by  the  pan  P^,  and  the  weight  P 
placed  at  P^,  the  other  pan,  Q,  remaining  unchanged,  and  the 
weights  of  the  pans  being  either  equal  or  neglected,  equilibrium 
would  still  subsist — ^a  result  which  seems  at  first  sight  ver}' 
strange. 

If  the  lengths  AH  and  HB,  CE  and  ED  are  not  equal,  it  is 
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easy  to  prove  that  -  =  77J  >  and  the  condition  of  equilibrium  is 

136.]  Balance  of  Quintens.  This  is  a  compound  balance 
fonned  of  a  combination  of  several  levers,  and  is  used  for 
weighing  very  heavy  loads.  This  machine  also  furnishes  an 
admirable  example  of  the  principle  of  work. 

AB  (Fig.  165)  is  a  lever  moveable  about  its  fixed  extremity,  A  ; 
MN  is  another  lever  moveable 
about  a  fulcrum,  JF,  fixed  at  its     ^  F 

middle  point ;  CD  is  a  moveable       i 
platform,    which    receives    the 
load  Q,  whose  weight  is  to  be  nl     |     /^ 


tm 


found;    this    platform    is   con-  B^  g — -*^ 

nected  with  the  lever  MN  by  a  .  Fig.  165. 

rigid  vertical  bar,  2)7,  articulated 

at  D  and/;  and  the  platform  further  rests  against  the  lever, 

AB^  by  an  edge  of  contact  at  a  fixed  x>oint,  H,  on  the  latter ; 

finally,  the  two  levers  are  connected  by  a  rigid  vertical  bar,  Bit, 

articulated  to  both. 

The  weight,  P,  employed  to  measure  Q  is  applied  to  the 
upper  lever  at  N.  Let  the  system  receive  any  slight  displace- 
ment, then  the  lever,  AB^  will  turn  round  A  through  an  angle 
lOy  suppose,  and  the  lever  MN  will  turn  round  F  through  an 
angle  5^. 

We  shall  arrange  the  dimensions  of  the  machine  in  such  a 
manner  that  the  platform,  CD^  may  remain  horizontal  in  the 
displacement.  The  vertical  descent  of  the  x)oint  H  is  evidently 
AH .  h0,  and  this  is  also  the  vertical  descent  of  the  point  in  the 
platform  above  H, 

The  vertical  descent  of  the  point  J)  is  the  same  as  that  of  /, 
and  this  latter  is  obviously  FI  .b<l> ;  hence  if  the  platform 
remains  horizontal,       FI.b4>  =  AH,  bO. 

Again,  the  vertical  descent  of  M  is  the  same  as  that  of  jS  ;  or 

FM.bp  =  AB.bO, 
Hence  from  these  equations  we  have 

MF  _  BA 

FJ  "  Air 
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which  is  the  condition  for  the  horizontality  of  the  platform. 

BA 
Denote  - -^  by  n.    The  equation  of  work  is  obviously 

P  X  descent  o(  N  =  Qx  descent  of  J0, 
/.     P.NFh4>=:  Q.FIb<l>, 

n 

or  the  result  is  the  same  as  if  Q  were  suspended  from  the  point 
/  of  the  upper  lever. 

Loads  placed  on  the  platform  may  all  be  weighed  by  means  of 
a  constant  weight,  P,  by  merely  moving  the  point  of  suspension 
of  this  latter  along  the  arm  NF;  thus,  if  P  is  suspended  irom 
the  point  K  between  N  and  F,  we  shall  have 

p__Fr 

Q  '  FK 
137.]  Toothed  Wheels.  Motion  may  be  transferred  from 
one  point  to  another  and  work  done  by  means  of  a  combination 
of  toothed  wheels,  each  one  of  which  drives  the  next  one  in  the 
series.  The  discussion  of  this  kind  of  machinery  possesses  great 
geometrical  elegance ;  but  the  space  at  our  disposal  renders  it 
impossible  to  do  more  than  give  a  slight  sketch  of  the  simplest 
case — that  in  which  the  axes  of  the  wheels  are  all  paralleL 

For  the  investigation  of  the  proper  forms  of  teeth,  the  student 
is  referred  to  Willis's  Principles  cf  Mechanism^  Collignon's 
Statique,  and  Besars  Mecanique  Generate, 

Fig.   1 66  represents  a  toothed  wheel,  A^^  moveable  round  a 

horizontal  axis,  ab\    the  effort,  P, 
is  applied  by  means  of  a  handle, 
1-^JJO — [-  )— ►  Bi  ^>  which,  when  turned,  causes  the 

axis  ab  to  rotate  in  its  bearings  at 

a  and  b  and  to  turn  the  wheel  A^ ; 

this  wheel  causes  another,  B^^  in 

contact  with  it,  to  rotate  round  a 

horizontal  axis  which  also  moves  in 

fixed  bearings  at  its  extremities ;  on 

this  latter  axis  is  fixed  another  wheel  A^^  whose  rotation  in  like 

manner  turns  B.^  on  its  axis,  which  in  the  figure  is  the  axis  of  a 

cylinder  to  which  the  resistance,  Q,  is  attached. 

Suppose  that  there  are  u  wheels,  ^,,  Jj^,  ...  A^,  whose  radii 


1 37-]  TOOTHED    WHEELS.  221 

are  ^i,  a^*  *•*  ^«f  ^^^  ^  wheels,  Bi,  B.^^  ..,B^,  whose  radii  are 
^i»  ^2)  •••  ^i»'  ^^^  ^^^  bc=Pf  and  the  radius  of  the  cylinder 
(or  wheel)  to  which  Q  is  attached  =  q.  Then,  if  a)|  is  the  angle 
through  which  the  radius  be  revolves,  the  effort  being  always 
applied  tangentially  to  the  circle  described  by  its  x)oint  of  appli- 
cation, the  work  expended  is 

and  if  <a^  is  the  angle  through  which,  in  the  same  time,  the 
cylinder  rotates,  the  weight  Q  will  be  raised  through  a  distance 
^o),,  and  the  work  done  against  the  resistance  is 

Supposing  then  that  no  work  is  lost  either  by  the  friction  of  the 
axes  in  their  bearings,  or  by  the  friction  of  the  teeth  against 
each  other,  we  must  have 

when  the  machine  is  moving  unifoiml}'. 

To  determine  the  kinematical  relation  between  (o^  and  <»>^,  let 
the  angle  through  which  B^  turns  be  <a^.  Then,  since  the  dis- 
tances described  by  the  points  of  Ji  and  Bi  which  are  in  contact 
are  the  same,  a^co^  =  biia^*  Also  if  0)3  is  the  angle  through 
which  B^  turns,  we  have  ^2*^2  —  ^2^3*  Proceeding  in  this  way, 
we  have,  by  multiplying  the  corresponding  sides  of  these  equa- 
tions  together,         a^  a^^ .  .«„ .  co^  =  ij  b^. .  .*„ .  ft)„ . 

Hence  from  (1)  and  (2), 

P       q' a,a^...a^' 

For  the  calculation  of  the  work  lost  by  the  friction  of  the  teeth 
among  themselves  see  CoUignon's  Statiqiie,  p.  468. 


CHAPTER  IX. 

DETERMINATION   OP  MUTUAL   REACTIONS   OF   PARTS   OP   A   SYSTEM. 

138.]  Action  and  Beaotion.  If  in  any  system  of  bodies, 
connected  in  any  manner,  J  and  £  are  two  bodies  in  contact 
between  which  an  action  of  some  kind  is  exercised  ;  then,  what- 
ever be  the  forces  with  which  the  body  A  acts  upon  the  body  B, 
the  very  same  forces,  reversed  in  directions,  will  constitut-e  the 
action  of  B  on  A,  Let  the  whole  system  of  forces  acting  on  Ay 
excluding  those  produced  by  B,  be  denoted  by  (P),  and  let  the 
forces  constituting  the  action  ot  B  on  A  be  denoted  by  (R) ; 
then  we  may  sever  the  connexion  between  A  and  By  provided 
that  we  have  other  means  of  producing  on  A  the  system  of 
forces  (R).  In  the  same  way,  if  ( Q)  denote  the  whole  system  of 
forces  acting  on  B,  those  constituting  the  action  of  A  on  it 
being  excluded,  the  body,  B,  may  be  severed  from  A  provided 
that  we  have  the  means  of  producing  a  system  of  forces  {—R) 
on  B,  (—R)  denoting  a  system  of  forces  obtained  by  reversing 
the  direction  and  preserving  the  magnitude  of  every  force  in  (J?), 

For  example,  the  beam  CD  (Fig.  1 26)  may  be  severed  from 
the  other  beam  along  any  section,  CB,  provided  that  there  be 
introduced  on  CI)  either  the  single  force  R  acting  through  Ay 
or  the  complex  system  of  tensile  and  compressive  forces  which 
act  at  the  section  CB,  This  equality  of  magnitude  and  oppo- 
siteness  of  direction  of  the  forces  existing  between  two  distinct 
bodies  in  contact,  or  between  ideally  severed  portions  of  the 
same  body^  is  sometimes  spoken  of  as  the  principle  of  Ike 
equality  of  Action  and  Reaction  ;  but  this  is  by  no  means  the  whole 
of  the  Newtonian  principle  called  by  this  name ;  for  Newton 
specifies  several  senses  in  which  the  terms  Action  and  Reaction 
can  be  taken^  and  in  discussing  one  of  them  he  has  explicitly 
anticipated,  in  great  part,  the  principle  of  the  Conservation  of 
Energy — as  has  been  points  out  by  Thomson  and  Tait. 

139.]  Examples  of  Internal  Action.  The  cases  which  we 
shall  consider  in  this   chapter   are   those  in  which  the  action 
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between  two  portions  of  a  system  ideally  severed  consists  of  a 
single  force.  The  simplest  example  of  such  action  occnrs  when 
a  single  point  of  one  body  rests  against  the  surface  of  another, 
the  bodies  being  either  rough  or  smooth.  If  the  bodies  are 
smooth,  the  action  between  them  consists  of  a  single  force 
which  is  normal  to  the  surface  of  contact ;  and  if  rough,  the 
action  is  still  a  single  force  which  is  not  necessarily  normal 
to  this  surface.  In  all  cases  in  which  smooth  spherical  joints 
or  hinges  are  concerned,  the  action  exercised  on  bodies  con- 
nected by  them  consists  of  a  single  force  passing  through  the 
centre  of  the  joint.  When  rough  joints  are  used,  the  action  will 
generally  consist  of  a  single  force  acting  somewhere  ontside  the 
joint ;  or  of  a  couple  and  a  force  acting  at  the  joint ;  or,  possibly, 
of  a  couple  alone.  The  tension  of  a  string  is  also  an  instance 
of  internal  action,  and  its  nature  has  been  already  explained 
in  Chap.  II. 

Again,  if  we  ideally  separate  into  two  portions  by  an  arbi- 
trary surface  a  mass  of  a  perfect  fluid  in  equilibrium,  the  action 
of  one  portion  on  the  other  over  a  small  area  of  the  ideally 
separating  surface  will  consist  of  a  single  force  acting  normally 
on  the  area.  And  we  may  always  treat  as  a  separate  body  any 
portion  whatever  of  a  fluid  in  equilibrium*,  provided  that  we 
produce  along  the  surface  of  this  ideally  separated  portion  all  the 
forces  which  are  actually  produced  on  it  by  the  fluid  with  which  it 
was  surrounded.  This  is  what  we  have  already  enunciated  as  the 
principle  of  separate  equilibrium  (p.  32).  It  is  by  such  separate 
consideration  of  portions  of  a  fluid  that  we  arrive  at  a  knowledge 
of  its  internal  forces  or  pressures.  For  example,  if  a  heavy  fluid, 
whether  compressible  or  incompressible,  of  uniform  or  varying 
density,  be  contained  in  a  vessel,  we  can  prove  that  the  pressure 
is  the  same  at  all  points,  P,  Q,  in  the  same  horizontal  plane. 
For,  isolate  in  imagination  a  horizontal  cylindrical  column  of 
the  fluid,  having  small  vertical  and  equal  areas  at  P  and  Q 
for  extremities,  from  the  rest  of  the  fluid.  Then,  we  may  treat 
the  cylinder  of  fluid  PQ  as  a  separate  body,  provided  that, 
in  addition  to  the  external  force  (gravity)  acting  on  it,  we 
introduce  the   forces  which  it  actually   exj>erienced   from   the 

*  It  is  usually  said  that  we  may,  under  the  above  condition,  imagine  any 
portion  of  the  fluid  to  become  solidified  ;  but  the  imagined  solidification  is  not 
only  whoUy  unnecessary  but  misleading: 
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surrounding  fluid.  Now  these  forces  consist  of  normal  pressures, 
p  and  ^,  on  the  areas  at  P  and  Q,  together  with  nornud  pressures 
all  over  its  curved  surface,  these  latter  being  all  at  right  angles 
to  the  axis  PQ.  If  now  we  resolve  horizontally  all  the  forces 
acting  on  the  cylinder,  we  get 

p^q  =  0,  or  />  =  y. 

This  demonstration  shows,  moreover,  that  in  the  case  of  a 
heavy  viscous  or  imperfect  fluid,  the  pressures  are  not  necessarily 
equal  at  all  points  in  the  same  horizontal  plane. 

For,  in  this  case,  the  action  of  the  rest  of  the  fluid  on  PQ 
does  not  necessarily  consist  of  forces  normal  to  its  sur&ce,  but 
of  oblique  forces.  Hence  the  horizontal  component  of  the 
pressure  at  P  is  not  equal  to  the  horizontal  component  at  Q; 
the  difference  between  them  is  equal  to  the  sum  of  the  hori- 
zontal components  of  the  oblique  forces. 

The  importance  of  keeping  such  considerations  in  view  may 
be  illustrated  by  the  following  example  from  Hydrostatics. 

A  conical  vessel  is  filled  with  water  through  an  aperture  at 
the  vertex.  From  Hydrostatical  principles  it  follows  that  the 
pressure  on  the  base  of  the  cone  is  equal  to  the  weight  of  a 
cylindrical  column  of  water,  standing  on  the  base>  and  having 
a  height  equal  to  that  of  the  cone ;  that  is,  the  pressure  on  the 
base  is  much  greater  than  the  weight  of  the  water  contained 
in  the  cone.  Now  if  we  imagine  the  water  to  become  solidified, 
the  curved  surface  of  the  cone  may  be  removed,  and  the  pressure 
on  the  base  will  be  equal  to  the  weight  of  the  ice,  that  is,  the 
weight  of  the  water  in  the  cone.  An  apparent  discrepancy  is 
the  result.  But  if  we  attend  to  the  proviso  that  in  the  separate 
consideration  of  the  equilibrium  of  any  portion  of  a  system,  solid 
or  fluid,  we  must  produce  upon  the  isolated  portion  all  the  forces 
which  were  originally  produced  upon  it  by  the  neighbouring 
portions  of  the  solid  or  fluid,  the  difficulty  disappears.  In  the 
fluid  state  the  liquid  in  contact  with  the  curved  surface  of  the 
cone  was  pressed  normally  by  a  system  of  varying  forces,  and 
the  circumstances  of  the  solidified  body  will  not  be  the  same  as 
those  of  the  fluid,  unless  its  surface  is  pressed  in  precisely  the 
same  way.  These  pressures  have  a  total  vertical  component, 
which  must  be  added  to  the  weight  of  the  block  of  ice  in  order 
that  we  may  obtain  the  true  pressure  on  the  base. 

The  action  between  two  portions  of  a  perfect  fluid  ideally 
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separated  by  a  plane  surface  of  any  area  always  conBists  of  a 
single  force  which  is  normal  to  the  area ;  bnt  the  action  between 
two  portions  of  an  elastic  solid  along  a  plane  section  is  by  no 
means  so  simple ;  the  latter  is  not  generally  reducible  to  a 
single  force. 

140.]  Equilibrinm  of  several  Bodies  forming  a  System. 
It  will  now  be  clear  that  when  a  system  is  composed  of  several 
bodies  in  contact  with  each  other,  we  can  consider  the  whole  set 
as  forming  a  single  body  in  equilibrium  under  the  action  of 
given  external  forces;  or  we  may  consider  the  separate  equi- 
librium of  any  one  body  under  the  action  of  given  external  forces, 
and  the  reactions  of  the  other  bodies  with  which  it  is  in  contact. 
A  few  examples  of  such  systems  have  already  been  given  ;  but  it 
is  proposed  to  devote  the  present  chapter  more  especially  to  the 
consideration  of  such  questions. 

Examples. 

1.  Two  uniform  bars,  connected  at  a  common  extremity  by  a 
smooth  joint,  are  placed  in  a  vertical  plane,  their  other  extremities, 
wliich  rest  on  a  smooth  horizontal  plane,  being  connected  by  a  cord ; 
find  the  tension  of  the  cord  and  the  reaction  at  the  joint. 

Let  AG  and  CB  (Y\g,  167)  be  the  bars,  IT  and  IF' their  weights, 
a  and  a  their  inclinations  to  the  horizon,  R  and  Bf  the  reactions  of 
the  horizontal  plane  at  A  and  B^  and 
T  the  tension  of  the  cord. 

If,  then,  we  consider  the  two  bars 
as  forming  one  system,  the  mutual 
reaction  at  C  and  the  tension  of  the 
cord  will  be  irUemal  forces  of  the 
system,  and  will  therefore  disappear  p^^  ^g^ 

from  the   equations   of   equilibrium. 
The  forces  on  this  system  are  simply,  TT,  W\  R  and  R^, 

Resolving  vertically  for  the  equilibrium  of  the  system, 

R^-R'=W^W\  (1) 

Again,  considering  the  equilibrium  of  the  bar  ACy  the  forces 
acting  on  it  are  fT,  i?,  T^  and  the  unknown  reaction  at  C,  This 
latter  will  be  eliminated  by  taking  moments  about  C,     Thus  we  get 

2i^co8a=  2rsino+  IT  cos  a, 
(the  length  of  the  bar  dividing  out),  or 

7?=rtano+jr.  (2) 

Similarly,  taking  moments  about  C  for  the  equilibrium  of  BC, 

Rr  =  T\Ana'-\-\W\  (3) 

VOL.  I.  •  <i 
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By  adding  (2)  and  (3),  and  making  use  of  (1),  we  get 

2(tano+tano')*  ^  ' 

Again,  let  X  and  Y  be  the  horizontal  and  vertical  components  of 
the  reaction  at  the  joint.     Then,  for  the  equilibrium  of  the  bar  AC^ 

2(tana-f-taua^) 
TT'tana-TTtano' 


Hence 


-r  = 


y  = 


2  (tan  a  +  tan  a^) 

If  we  wish  to  determine  T  by  the  principle  of  virtual  work,  let  y  be 
the  height  of  the  middle  point  of  either  bar,  and  we  have 

-(TT-H  W')dy-^Td(AE)  =  0  (6) 

for  an  imagined  displacement  in  which  the  bars  are  drawn  ont> 
while  A  and  B  remain  on  the  ground.  If  i((7=2a,  J?C7  =  2a^ 
y  =  a  sin  a,  i(^  =  2a  cos  a  +  2a'  cos  a\     Therefore 

<?y  =  a  cos  ae^a,  d(AB)=.  —  2a  sin  ac^a— 2 a' sin  a' <ia' 

sin(o  +  a') 


=  —2a 


COB  a 


da 


(since  from  the  equation  a  sin  a  =  a^'hina''  we  have  a  cos  0(^=0^008 a'cia'). 
Substituting  these  values  of  c/y  and  d{AB)  in  (5),  we  get  the  same 
value  of  T  as  before. 

2.  Two  equal  smooth  spheres  are  placed  inside  a  hollow  cylinder, 
o|)en  at  both  ends,  which  rests  on  a  horizontal  plane ;  find  the  least 
weight  of  the  cylinder  in  order  that  it  may  not  be  upset. 

Let  Figure  168  represent  a  vertical  section  of  the  system  through 
the  centres  of  the  spheres.     Let  F  be  the  weight  of  the  cylinder,  a  its 

radius,  W  and  r  the  weight  and  radius 
of  each  sphere,  R  and  R^  the  reactions 
between  the  cylinder  and  the  spheres 
whose  centres  are  0  and  O',  respectively. 
Then,  the  only  motion  possible  for  the 
cylinder  is  one  of  tilting  over  its  edge  at 
the  point  A,  in  which  the  vertical  plane 
containing  the  forces  meets  it.  For,  con- 
sider the  equilibrium  of  the  lower  sphere 
which  rests  against  the  ground  at  2). 
This  sphere  is  in  equilibrium  under  the  influence  of  it  (reversed  in 
Figure),  the  reaction  of  the  upper  sphere,  Sj  acting  in  the  line  €(/,  its 
weight,  W,  and  the  reaction  of  the  ground  at  2).  Now,  since  three  of 
these  forces  pass  through  0',  the  reaction  of  the  ground,  whether  the 
latter  is  rough  or  smooth,  must  also  pass  through  (/.  Hence,  if  B 
be  the  angle  which  OiX  makes  with  the  horizon,  we  have  for  the 
equilibrium  of  the  lower  pphere,  resolving  horizontally, 

R^^ScobO.  (1) 


Fig.  168. 


I40.] 
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The  upper  sphere  is  in  equilibrium  under  the  action  of  R  (reversed 
in  Figure),  IT,  and  S,  Hence  for  its  equilibrium  we  have  in  the  same 
way,  R  =  Sco%e.  (2) 

.-.     R^B^.  (3) 

Again,  the  cylinder  is  in  equilibrium  under  the  action  of  R,  Ji',  P, 
and  the  reaction  of  the  ground.  Besolving  horizontally  for  its  equi- 
librium, we  have  the  horizontal  component  of  the  reaction  of  the 
ground  =z  R—R^^  0.  Hence,  even  if  the  ground  is  rough,  there  is 
no  tendency  to  slip,  and  the  only  way  in  which  equilibrium  can  be 
broken  is  by  turning  round  A, 

Taking  moments,  then,  about  A,  the  point  at  which  the  reaction  of 
the  ground  acts,  we  have  for  the  equilibrium  of  the  cylinder 

Pa  +  i^'r  =  i?(r+ 2  r  Bin  d), 

Fa=:2RrBme,  (4; 

Again,  for  the  equilibrium  of  the  upper  sphere,  we  have 


or 


^  =  cot^. 

Substituting  this  value  of  R  in  (4),  we  have 

Pa  =  2  Wr  cos  6. 


(5) 


(6) 


But  evidently 
therefore,  finally. 


coaO  = 


a^r 


P  =  2W{1-1} 


3.  A  heavy  bar  is  moveable  in  a  vertical  plane  round  a  smooth 
hinge  fixed  at  one  extremity ;  a  heavy  sphere. is  attached  to  the  hinge 
by  a  cord;  the  two  bodies  rest  in 
contact ;  find  the  position  of  equili- 
brium and  the  internal  reactions,  there 
being  no  friction  between  the  bodies. 

Let  0  (Fig.  169)  be  the  hinge,  OA 
the  cord  by  which  the  sphere  is  at- 
tached, 6  iiie  inclination  of  the  cord 
to  the  veiiical.  Cm,  <(}  the  inclina- 
tion of  the  bar  to  the  vertical,  W 
the  weight  and  r  the  radius  of  the 
sphere,  I  the  length  of  the  cord,  a 
the  distance  between  0  and  G^  the 
centre  of  gravity  of  the  bar,  and  P  its 
weight. 

Then,  considering  the  sphere  and 
bar  as  one  system,  this  system  is  acted 
on  by  the  given  forces  W  and  P,  by  the  tension  of  the  cord,  and 
by  the  resistance  of  the  hinge.  The  two  latter  forces  will  be 
eliminated  by  taking  moments  about  0,     We  have  then 

W.Om  =  F.  On, 


Fig.  169. 
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Obi  and  On  being  perpendiculars  from  0  on  the  directionn  of  W  and 
P.     But  Otn  =  (i  +  r)  iin  6,  and  On  =  a  aa  <f> ;  therefore 

W.{l+r)aiue  =  P.aBin<p.  (I) 

This  is  the  statical  equation  connecting  6  and  ^ ;  the  geometrical 
equation  is  - 

Bin  COB  = 


l+r 


8in(ff+*)=- 


(a) 


(1)  and  (2)  determine  0  ^ad  ift,  and  therefore  ^e  position  of  eqttili- 
brium.  If  S  is  the  mutual  reaction  of  the  sphere  and  the  bar,  we 
hare,  by  considering  the  equilibrinin  of  the  sphere  alone, 


R=W- 


Again,  if  tlie  cord  is  attached  to  the  hinge  but  not  to  tite  bar, 
and  if  X  and  Y  are  the  horizontal  and  vertical  components  of  the 
pressure  of  the  bar  on  the  hinge,  we  have  for  the  equilibrium  of  the 
sin  0  cos  ^ 


X=  R& 


Y=P-Ri^in<t>  =  P- 

a  the  resultant  of  X  and  1', 
adem<f> 


«(«  +  *)■ 


S*  =  P'-2PW- 

Evidently  S  acts  in  the  line 
iif  intersection  of  P  and  K. 
If  the  cord  is  attached  to 


:<^{t)  +  <f.)^        cos'(fl  +  *)  ^' 

OD,  which  joins  the  hinge  to  the  point 

the  bur,  A"  and  Y  are  the  components 
of  the  resultant  of  the  tension  of 
the  cord  and  the  pressure  on  the 

4.  Two  heary  uniform  rods  arf 
freely  jointed  at  a  common  ex- 
tremity, and  are  connected  at 
their  other  extremities  with  two 
smooth  hinges  in  the  same  hori- 
zontal line.  Required  the  mag- 
nitudes and  directions  of  the 
pressures  on  the  hinges,  and  the 
mutual  reaction  between  the  rods. 
^^B-  "T"-  Let  AC  and  CB  (Fig.  170)  be 

therods;  IT  and  H"  their  weight*, 
ikcting  through  their  middle  points, /and  g;  a  and  a' their  inclina- 
tions to  the  horizon ;  B  the  mutual  reaction  &t  C ;  8  and  iS*  the 
presBures  on  the  hinges  A  Hnd  B,  G  the  centre  of  giaTity  of  the 
Hystem  of  two  rods ;  and  6  the  inclination  of  B  to  the  horizon. 


ft  V         \ 

A  Tb  O 
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Consider  the  equilibrium  of  AC  alone.  It  is  acted  on  by  three 
forces  W,  B,  and  S ;  and  since  we  have  drawn  the  line  OC  to  represent 
the  direction  of  B,  the  direction  of  S  must  he  Aq,q  being  the  point  of 
intersection  of  W  and  B,  By  taking  moments  about  A  for  the  equili- 
brium of  ACf  we  shall  express  B  in  terms  of  W,  a,  and  0 ;  and  by 
taking  moments  about  B  for  the  equilibrium  of  BC,  we  hhaXi  express 
B  in  terms  of  W\  of,  and  6;  equating  the  two  values  of  B  thus 
obtained,  we  get  a  value  for  tan  6  which  is  obtained  by  dividing  the 
value  of  Y  by  that  of  X  in  Example  1 . 

Considering  the  two  rods  as  one  system,  this  system  is  acted  on  by 
the  three  external  forces,  S,  S'y  and  W+  IT',  acting  verticaDy  through 
G,     Hence  these  must  meet  in  a  point,  Q. 

It  is  evident  that  this  problem  is  the  same  as  that  in  Example  1,  and 
that  if  the  reactions  S  and  S^  are  resolved  each  into  a  vertical  and  a 
horizontal  component,  the  horizontal  components  will  be  equal  and 
opposite  (by  considering  the  two  rods  as  one  body  and  resolving 
horizontally).  These  horizontal  components  have  each  the  value  of 
the  tension  of  the  cord  in  Example  1,  and  the  vertical  components  are 
the  values  of  B  and  B^,  Thus  the  problem  might  be  completely 
solved  analytically. 

Geometrical  ^olvjtion*.  The  direction  of  the  resistance  at  the  joint  C 
can  be  easily  determined  as  follows : — From  A  and  B  draw  two  lines  to 
any  point,  i>,  on  the  line  Q/G)  let  AD  meet  qfm  E,  and  let  BD  meet 
rg  in  U.  Then  the  line  EH  will  meet  AB  in  0,  the  point  through 
which  the  line  of  resistance  at  C  passes.  For,  the  triangles  qrQ  and 
EHD  are  such  that  the  lines,  Eqy  DQ,  Ur^  joining  corresponding 
vertices  meet  in  a  point  (are  parallel),  therefore,  by  the  well-known 
property  of  triangles  in  perspective  (which  has  been  given  at  p.  141), 
the  intersections,  Ay  B,  0,  of  corresponding  sides  must  lie  on  a 
light  line.  Hence  0  is  determined,  and  therefore  OC,  the  line  of 
resistance. 

The  direction  of  B  can  also  be  found  thus  geometrically : — 

Since  qrO  is  a  transversal  cutting  the  sides  of  a  triangle  AQB,  we 
have 

AO 
OB' 


Aq 

qQ 

^^  Qr      Am  ^  np      Am    ^  np 
rB       mn      pB  ~~  pB       mn 

Am      gG       AG  cos  a     W 

"  pB       fG~  BCcosaf     W 

But  AO  =  AC  "'""^"t^K  and  OB  =  BC^^^;     therefore 

sm  d  sin  0 

sin(a  +  ^)  ^  coso.    W 
Bin^a'-e)"  cosa^'W 

from  which  we  get  the  same  value  of  tan  6  as  before. 


*  This  elegant  solution  was  suggested  to  me  by  Mr.  Henry  Rcilly. 
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5.  A  sphere  and  a  cone,  each  resting  on  a  smooth  inclined  plane, 
are  placed  in  contact ;  find  the  position  of  eqailihrium  of  the  Bjstem, 
and  the  reactions  of  the  planes. 

Let  the  sphere  rest  on  the 
plane  OA  (Fig.  171)  whose  in- 
clination to  the  horizon  is  a,  and 
the  cone  on  OB  whose  inclina- 
tion is  a  ;  let  F  and  IT  be  the 
weights  of  the  sphere  and  cone, 
R  the  mutual  reaction  between 
them,  S  the  reaction  of  the  plane 
OA  on  the  sphere,  T  the  re- 
action of  OB  on  the  cone,  and 
let  y  be  the  semivertical  angle 
of  the  cone. 

For  the  equilibrium  of  the 
sphere  we  have 


Fig.  171. 


R^W 


sma 


co8(aH-a  —  y) 
and  for  the  equilibrium  of  the  cone 


(1) 


/?=  IF' 


From  (1)  and  (2)  we  have 

W 


Bma 


sma 
cosy 


-Tr^°  i 


(2) 


cos  \a-\'a  r-y)  cos  y 

an  equation  which,  instead  of  giving  a  position  of  equilibrium,  gives 
a  condition  to  be  aatitfied  in  order  that  equilibrium  may  be  at  all 
possible. 

It  is  evident  that  (3^  is  the  only  statical  equation  that  can  be 
obtained  without  involving  the  unknown  reactions.  Hence,  if  it  is 
satisfied,  every  position  in  which  the  bodies  are  placed  is  one  of  equi- 
librium; and  if  it  is  not  satisfied,  the  problem  must  be  radically 
changed,  and  one  or  other  of  the  two  bodies  must  rest  in  contact  with 
hoik  planes.     Suppose  the  cone  in  contact  with  both  planes. 

Here  there  are  only  three  forces  acting  on  the  sphere,  and  there  are 
four  forces  acting  on  the  cone,  viz.  TT',  /?,  T^  and  F,  the  reaction  of 
the  plane  OA,  which  is  perpendicular  to  OA,  R  must  now  be 
determined  from  the  equilibrium  of  the  sphere.     Thus 


i?=  W 


sin  a 


co8(a+a'— y) 


To  determine  F,  consider  the  equilibrium  of  the  cone,  and  resolve 
along  OB,     Then 

ET      r  fir/  .      /      jtr     sin  a  cos  y     T  /         /^ 

Fr=z  rirsino'—  W -. r-^lcosecfa-haO. 

^  cos(a+a— y)-*  ^  ' 
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To  determiiie   th«   magnitude    of  T,    resolve   the   forces   on   the 
cone  in  the  direction  OA.     Then 

T=(W+W')  .   """  ,. 
'fan(a  +  a.') 

The  point  y  at  which   7  acta  is  obtained    by  taking  momenlB 
about  0  for  the  equilibrium  of  the  cone.     We  thus  get 


T.  OS  =  W'k  (tan  y  coa  a' 


1    , 


ia')  +  ftrcot(^-- 


r  being  the  radiofl  of  tlie  sphere,  and  h  the  height  of  the  cone. 

ON  a  obtained  hj  substitut- 
ing in  this  equation  the  valaes 
of  T  and  R  given  above,  and  it 
is  geometrically  evident  that 
the  point  N  lies  between  the 
foot  of  the  perpendicnlar  from 
P  on  OB  and  the  foot  of  the 
perpendicular  Irom  the  inter- 
section of  F  and  W  on  OB. 

1i  the  sphere  is  in  contact 
with  both  planes,  the  discussion 
proceeds  in  a  similar  manner.  R  is  then  determined  from  the 
equilibrium  of  the  cone,  T  acts  in  the  perpendicular  from  P  on  OB, 
and  the  reactions  of  the  planes  on  the  sphere  are  easily  calculated. 

If  the  weight  of  the  sphere  be  greater  than  the  value 
,  sina'.coB(a+u'-y) 


given  by  (3),  it  is  sufficiently  clear  that  the  sphere  will  descend  to 
contact  with    the  plane 
OB ;  whereas  if  it  is  less 
than  this  value,  the  cone 
will  descend. 

If  the  condition  (3)  is 
eatisfied,  the  reaction  T 
of  the  plane  OB  on  the 
cone  is  easily  found.  For, 
let  the  directions  of  W 
and  R  meet  in  P;  then 
T  must  act  in  the  per- 
pendicnlar, PQ,  Irom  P 
on  OB,  and 

Similarly  S  may  be  found. 

6.    Two  blocks,  AC  and  BC  (Fig.   173),  rest  against  two  fised 
snppnrta  at  A  aud  B,  atd  against  each  other  at  C ;  each  is  acted  on  by 
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a  given  force  (in  addition  to  its  weight)  ;  find  the  lines  of  resistance 
at  A,  B,  C. 

Ana.  Let  the  resultant  of  the  weight  of  the  block  AC  and  the 
ibrce  applied  to  it  be  the  force  P;  let  the  resultant  of  the  weight  of 
BC  and  the  force  applied  to  it  be  Q  ;  and  let  the  resultant  of  P  and  Q 
be  B,  Draw  the  line  AB ;  take  any  point,  h,  on  R,  and  draw  Ah  and 
Bhy  meeting  F  and  Q  in  /and  g,  respectively.  Then  the  line^  will 
intersect  AB  in  Of  the  point  through  which  the  line  of  resistance  at  C 
passes.  Draw  OC,  and  let  it  meet  P  in  F  and  Q  in  G,  Then  ili^  and 
BG  are  the  lines  of  resistance  at  A  and  B,     (See  Example  4.) 

7.  A  number  n  of  equal  smooth  spheres  of  weight  W  and  radius  r 
are  placed  witliiu  a  hollow  vertical  cylinder  of  radius  a,  less  than  2r, 
open  at  both  ends  and  resting  on  a  horizontal  plane.  Prove  that  the 
least  value,  TT',  of  the  weight  of  the  cylinder  in  order  that  it  may  not 
be  upset  by  the  spheres  is  given  by 

aTr'=(n-l)(a-r)Tr, 

or  aW^  =z  n {a—r) W, 

according  as  n  is  odd  or  even.     (Tripos,  1884.) 

141.]  System  of  Jointed  Bars.     When  a  system  consists  of 

a  number  of  rods  or  bars 
articulated,  or  connected 
together  by  smooth  joints, 
there  will  be  exerted  at 
the  extremities  of  each  rod 
certain  forces,  or  reactions^ 
which  are  produced  by  the 
connecting  joints,  and  the 
calculation  of  the  directions 
and  magnitudes  of  these 
reactions  forms  an  important  part  of  Statics  as  applied  to  the 
construction  of  framework.  These  reactions  are  sometimes  called 
jtfresites,  although  this  term  is  more  properly  applied  to  forces  pro- 
duced by  strains  or  deformations  in  a  body. 

The  joint  connecting  any  two  bars  may  be  either  a  portion 
of  one  of  the  bars  or  a  hinge-pin  distinct  from  both  bars,  and 
the  directions  of  the  reactions  at  the  extremities  of  a  bar  will 
depend  on  the  manner  in  which  the  external  forces  are  applied. 
Let  us  suppose  that  the  joints  at  B  and  C  (Kg.  174),  which 
connect  the  bar  PC  with  the  neighbouring  bars,  are  distinct 
from  PC  itself,  and  that  the  forces  applied  to  the  system  act  at 
and  ofi  the  joints.     Then  the  reactions  prodaced  at  P  and  C  on 


t'ig  1 74- 
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the  bar  BC  act  along  this  bar.  For,  the  only  forces*  acting  on 
the  bar  are  the  reactions  of  the  joints  B  and  C7,  and  when  two 
forces  keep  a  body  in  eqnilibrinm,  they  must  be  equal  and 
opposite.  Hence  the  reactions  must  act  along  BC,  Suppose, 
however,  that  the  forces,  still  applied  at  the  joints,  act  on  the 
extremities  of  the  bar  BC  itself, 
and  let  Fig.  175  represent  the 
bar  apart  from  the  joints.  Let 
the  forces  applied  to  it  be  P  and 
Q,  Now  the  smooth  joints  must 
produce  reactions  which  act  on 
the  bar  through  the  centres  of 
the  joints  (see  p.  159).     Hence  ^^-  '75- 

BC  is  again  kept  in  equilibrium  by  forces  acting  at  its  extremi- 
ties, and  therefore  the  resultant  of  the  forces  at  B  must  be  a 
force  acting  in  the  direction  BC  or  CBy  and  the  resultant  of 
the  forces  at  C  must  be  a  force  acting  in  the  direction  CB  or 
BC.  Hence  the  reactions  produced  by  the  joints  cannot  act 
along  the  bar,  but  must  assume  some  such  directions  as  R  and  8, 

Thus,  in  any  system  of  articulated  bars,  when  the  external  farces 
are  applied  at  the  joints,  the  reactions  will  be  in  the  directions  of  the 
bars  only  when  the  external  forces  act  at  the  joints  on  pins  which 
are  distinct  from  the  bars  which  they  connect. 

142.]  Theorem.  When  a  system  of  articulated  bars  is  in 
equilibrium  under  the  action  of  external  forces  applied  at  given 
points  in  the  bars,  the  statical  condition  of  the  system  may  be 
determined  by  resolving  the  force  applied  to  each  bar  into  any 
two  components  acting  on  the  joints  at  its  extremities,  and  then 
representing  each  joint  as  in  equilibrium  under  the  action  of  the 
components  transferred  to  it  together  with  reactions  acting  on 
it  along  the  directions  of  the  bars  which  it  connects. 

Let  Fig.  176  represent  one  of  the  bars  detached  from  the 
joints  at  its  extremities,  and  let  Fig.  177  represent  the  joint 
which  connected  the  bars  AB  and  BC  (Fig.  174).  If  a  force  F 
is  applied  to  BC,  it  is,  of  course,  allowable  to  break  it  up  into 
any  two  components,  P  and  Q,  acting  on  the  bar.  Let  P  and 
Q  act  on  the  bar  at  its  extremities,  and  let  R  be  the  reaction  of 
the  joint  at  B  on  the  bar,  and  S  that  of  the  joint  at  C.     The 


*  The  weight  of  the  bar  is  supposed  to  be  neglected. 
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bar  is  then  kept  in  equilibrium  by  the  forces  P  and  R  at  -B,  and 
the  forces  Q  and  S  at  C.  Hence  the  resultant  of  P  and  R  must 
be  a  force,  T^  along  the  bar ;  that  is  to  say,  if  the  forces  P  and 
R  act  at  any  point,  they  produce  a  resultant  T\  or  again,  if  we 
reverse  the  directions  of  R  and  T  (as  in  Kg.  177),  the  forces  P 


<? 


Fig.  176. 


Fig.  177 


and  T  are  equivalent  to  R,  Now  the  joint  was  kept  in  equi- 
librium by  the  equal  and  opposite  reactions,  R  and  Rf  (Fig.  177)) 
of  the  bars  BC  and  AB.  But  we  have  just  shown  that  R  is 
equivalent  to  the  transferred  component  P  of  the  force  F  and 
the  reaction  T^  acting  along  CB.  In  the  same  way,  Rf  may  be 
replaced  by  a  component  of  the  force  K  (Fig.  174)  acting  on  AB 
and  a  reaction  acting  along  AB. 

We  may,  then,  replace  the  external  forces,  K,  F^ ,.,  (Fig.  174), 
which  act  on  the  bars  by  any  system  of  components  passing 
through  the  centres  of  the  joints,  and  represent  two  equal  and 
opposite  reactions  as  acting  at  the  extremities  and  in  the  direction 
of  each  bar  of  the  system.  But  it  must  be  remembered  that  the 
reactions  thus  calculated  (such  as  T^  Fig.  1 76)  are  not  the  total 
reactions  at  the  joints. 

Tie  reaction  at  the  end  of  each  bar^  thus  calculated^  U  th€  re- 
sultant of  the  total  reaction  at  the  joint  and  the  component  cf  the 
force  acting  on  the  bar  which  has  been  transferred  to  the  joint. 

For  example,  the  reaction  along  the  bar  AB  is  the  resultant 
of  the  total  reaction,  R,  and  the  component  of  K  which  has  been 
transferred  to  the  joint  B. 

The  external  forces,  F,  K, ...  may  be  each  broken  up  into  two 
components  passing  through  the  centres  of  the  corresponding 
joints  in  an  infinite  number  of  ways.     In  the  calculation  of 


1 43-]  TRIANGULAR  FRAMEWORK,  GRAPHIC  CALCULATION.    235 

reactions  in  framework  it  is  nsnal  to  break  each  of  them  up  into 
two  parallel  forces. 

143.]  Triangular  Framework,  Graphio  Calculation.  Let 
ABC  (Fig.  178)  be  a  triangular  system  of  bars  connected  by 
smooth  joints ;  and  let  given  forces,  P,  Q,  JS,  keeping  the  system 
in  equilibrium,  be  applied  at  given  points  to  the  bars  BC^  CA, 
AB,  respectively.  It  is  required  to  find  the  reactions  at  the 
joints. 

The  reactions  on  BC  at  B  and  C  must,  for  the  equilibrium  of 
this  bar,  meet  on  P.  Suppose  that  they  act  along  aC  and  aB. 
Similarly  the  reactions  on  AB  at  A  and  B  must  meet  on  R. 


Fig.  178. 

Suppose  that  they  act  in  cA  and  cB,  And  let  the  reactions  on 
AC  act  in  bA  and  bC,  Then  aBc  is  a  right  line,  since  'action 
and  reaction '  at  B  are  equal  and  opposite.  Similarly  cA  h  and 
bCa  are  right  lines.  Hence  abo  is  a  triangle  whose  sides  pass 
through  three  given  points,  A^  J5,  C,  and  whose  vertices  lie  on 
three  concurrent  lines,  P,  Q,  R,  This  triangle  is  therefore  found 
(p.  141)  by  taking  any  point,  r,  on  J?;  let  rA  meet  Q  in  j,  and 
let  rB  meet  P  in  jo\  let  pq  meet  AB  in  z ;  join  z  U>C  \  then  zC 
meets  P  and  Q  in  a  and  i,  while  bA  and  aB  meet  R  in  c.  We 
have  thus  found  the  triangle  abc,  along  whose  sides  the  re- 
actions act. 
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Let  l\y  T^iT^yhe  the  magnitudes  of  the  reactions  at  A,  B,  C. 

^       ?o      sin  CaO       Ob  ,  sin  aOb     ac      ac  ,  Ob  ,R 

iTien  ~  =:  ^ •  —  = • 

1\      sin  BaO       Oc  .mic  Oa     ab      ab  .Oc .  Q 

Hence  r. :  r, :  T,  =  *£^  =  e^*  ^  «^c 
If  the  perpendiculars  of  the  triangle  abc  drawn  from  the  ver- 
tices are  jOj,  />2>i^3)  ^'^^  actual  magnitude  of  Tj  =  — . p » 


J^i 


or 


,  where  *=  HP+Q-^-B); 


2  0a    Vs.s-F.s-^Q.s—B 

Ih'  ? 

with  similar  values  of  T2  and  T^. 

The  triangle  abc  may  be  regarded  as  a  funicular  polygon  of 
the  given  forces  P,  Q,  B. 

144.]  Deformable  Polygon  of  Bars.  Let  a  plane  polygon 
of  n  sides  be  formed  by  w  bars  rigidly  joined  together  at  their 
extremities,  and  let  n  forces,  P^,  Pg*  •••  ^m  ^^  ^^®  plane  of  the 
polygon,  be  applied,  one  to  each  bar  at  a  ^iven  point  in  its  length. 


Fig.  179. 

Then  if  the  force  and  funicular  polygons  of  the  g^ven  forces  are 
both  closed,  the  figure  is  in  equilibrium.  Now  let  the  rigidity 
be  removed  from  the  joints,  and  let  them  become  perfectly  free. 
The  system  will  no  longer,  in  general,  remain  in  equilibrium, 
because  of  the  restriction  now  imposed  on  the  internal  force 
between  bar  and  bar — viz.,  that  it  must  act  through  their  point 
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of  junction  (see  Art.  106).  Let  iis  suppose  the  polygon  to  remain 
in  equilibrium  and  investigate  the  condition  for  this. 

Fig.  179  represents  a  polygon  of  five  bars  acted  upon  by 
forces  Pi ,  Pgj  •  •  •  ^5  whose  force  and  funicular  polygons  are  closed. 

Consider  the  separate  equilibrium  of  the  bar  A^j^  A^^.  It  is 
acted  on  by  three  forces,  viz.,  P,  and  the  reactions  at  its  ex- 
tremities. These  must  meet  in  a  point,  C|.  Similarly  the  re- 
actions at  A^i  and  A^  must  meet  in  a  point,  c^ ,  on  P^  ;  and  the 
equilibrium  of  the  joint  A^^  requires  that  c^  A^i  c^  should  be  a 
right  line,  and  that  the  components  of  P^  and  P5  along  it  (the 
other  components  of  these  forces  being  along  ^1^12  ^^^  ^6^45' 
respectively)  should  be  equal  and  opposite.  Producing  c^  A^^  to 
meet  Pj  in  C!^,  and  so  on  all  round,  we  obtain  a  polygon 
^1  ^2  ^3  ^4  ^6  ^1  which  is  a  funicular  of  the  given  forces.  Hence 
the  necessary  and  sufficient  condition  of  equilibriimi  of  the  de- 
formable  polygon  is  that — It  is  possible  to  describe  a  funicular 
polygon  of  the  given  forces  whose  sides  all  pass,  in  order,  through 
the  joints  of  the  deformable  polygon  of  bars. 

Analytical  expression  may  be  given  to  this  condition  by  finding 
the  locus  of  the  pole  of  a  fxmicular  polygon  two  of  whose  sides 
pass  through  A^^  and  ^^cs?  ^^^  locus  of  the  pole  of  a  itinicular  two 
of  whose  sides  pass  through  A.^^  and  A^^  and  so  on ;  and  express- 
ing that  all  these  loci  intersect  in  a  common  point,  0,  which  is 
the  pole  of  the  funicular  which 
circumscribes  the  polygon  of  bars. 

By  Art.  96  it  is  obvious  that  the  ^'^ f^ 

locus   of  the    pole    of   a   funicular     L^      '/■  \ 

which  passes  through  ^^^  and  A^.,  j    ■■"■\:^^::.r:  ;;;"■■■- \. 

is    a    right    line,    OZ,   (Fig.    180),  ^'K;"/         ^\^^ 

parallel    to    the    bar   A^^A^^'^    *^^  /V     ^^^ 

this    may    otherwise    be    seen    by  U.     ^^ 

the   cot-angent  formula   of  Art.  36,  pjg  ,3^ 

thus :     denote   the   length   of    this 

bar  (to  which  the  force  Pj  is  applied)  by  l^^\  and  denote  the 
segments,  iiili2  and  ^1^5,,  into  which  P^  divides  it  by  l./^^  and 
lr^^^\  the  first  being  that  adjacent  to  the  vertex  A^^  and  the 
second  adjacent  to  A^^^ .  Then  if  0  is  any  position  of  the  pole, 
draw  Oil  paraUel  to  ^jg-^rip  ^^^  we  easily  see  that  OL^  is  a 
fixed  line ;  for,  in  the  triangle  c^  A^y^  A^^  we  have 

/i  cot  e^  =  l^^"^  cot  a  -  /^(i)  cot  /3, 
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where  a  =  Ci  A^^  b^  and  d  =  ^1  ^12  ^1 ;  but  a  is  also  the  angle 
a^j  OX^,  and  /3  is  a^^OL^y  while  6y  is  the  angle  between  OL^ 
and  a^2  ^51  >  l^ci^<^  ^^^^  cotangent  formula  applied  to  the  triangle 
Oa^2^6i  sl^ows  that  OL^  divides  a^2^^^  in  the  given  ratio  IJ^^^ :  l^^^\ 
the  segment  next  a^j  being  proportional  to  ^^^^  <^d  that  next 
^12  ^  ^5^^^'  ^^  ^®  denote  the  length  of  a^i  a^^  ^7 Pi  >  ^^^  *®^®  *l^® 
line  a^i  a^^  ^  ^^  ^^^>  ^^^  ^  parallel  to  the  bar  A^^  A^^  through 
the  point  a^^  as  axis  of  x,  the  equation  of  OL^  is 

If,  in  the  same  way,  we  take  the  line  ^12^23  ^  ^^  ^^9>  '^^ 
a  parallel  through  a^^.  to  the  bar  ^jg  ^23  ^  ^^  of  27,  the  equation 
of  OZ2  will  be  /  (-0 

where  p^  is  the  length  of  ^^^23,  and  l^^"^  is  the  s^ment,  A^-^ss' 
of  the  bar  ^j2  ^jsi  adjacent  to  A^  made  by  P^ .  And  similarly 
we  have  the  equations  of  the  other  lines  OX3,  OL^^ ....  Trans- 
forming these  into  equations  all  referred  to  a  common  origin  and 
axes,  and  expressing  the  condition  that  the  co-ordinates  of  the 
point  of  intersection  of  any  two  must  satisfy  the  equations  of  all 
the  rest,  we  obtain  n  —  '^  new  conditions  of  equilibrium  of  a  de- 
formable  polygon  formed  of  n  bars,  each  acted  on  by  an  assigned 
force. 

The  analytical  conditions  are,  however,  more  rapidly  obtained 
by  the  Principle  of  Virtual  Work. 

Thus,  supposing  the  system  to  be  in  equilibrium,  choose  a 
virtual  displacement  in  which  all  the  vertices  except  A^^  and  A^^ 
remain  at  rest,  i.e.,  let  the  bars  A^^  A^^  *^^  ^u  -^23  pivot  round 
A^i  and  A^,  respectively.  Remembering  that  the  point  of  in- 
tersection, 7,  of  A^iAj2  with  A^A^^  (produced)  is  the  instan- 
taneous centre  for  the  bar  A^^^^z^  ^®  ^^^  with  no  difficulty  the 
equation 

P  P 

llX)  ^6^^^  ^^^  ^1  ^^^  ^23  +  /(I)  [^1^^^  sin  ^12  sin  (O^  -  ^23) 

p 

-/g^^)  sin  ^28  sin  (^2  +  ^12)]  +  ^)  ^4^^^  sin  ^3  sin  A^^  =  0, 

the  angles  of  the  polygon  being  denoted  by  the  letters  at  the 
vertices. 

Now  Pj  sin  ^1  is  the  component  of  P^  normal  to  the  bar  A^^  A^^ 
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P 
measured  outwards  from  the  polygon,  and  jtA  would  be  the 

normal  force  per  unit  length  if  the  normal  component  of  Pi  were 

/(I) 
uniformly  distributed  along  the  bar,  so  that  P^  fr^^  would  be 

the  total  normal  force  over  the  segment  ^1^51*     Denote  this 

hy  N^^\     In  like  case,  P^  -^  would  be  the  total  amount  of 

normal  force  over  the  segment  ^3  A^ ,  measured  outwards  from 
the  polygon.  Denote  it  by  -A^^^*^),  And,  moreover,  if  ^g  denotes 
the  angle  Ib^A^^  while  v^^^  denotes  the  component  of  Pg  P^^" 
pendicular  to  1^  62  measured  towards  the  same  side  of  this  line 
as  that  from  which  6^  is  measured  (i.e.,  the  lower  side  of  Zj^,  in 
the  Figure)^  this  equation  becomes 

sm  Ayy       sm  c^g      ^^^  -^23 
The  same  type  of  condition  is  obtained  for  the  three  bars 

-^12  -^  9  -^23  -^34 » -^34  -^45 »  ^^^  ^^^  ®^^  ^f  ^^®  «  —  2  systems  of  three 
similarly  taken  in  succession. 

Special  cases  of  deformable  polygons  of  bars  are  treated  inde- 
pendently in  the  examples  following,  and  the  student  may  verify 
the  general  results  typified  by  (a)  in  these  particular  cases. 

145.]  Polygonal  Framework.  We  shall  now  consider  a /ram^- 
fcari  of  bars  connected  with  each  other  by  smooth  pins  at  their 
extremities.  The  framework,  moreover,  is  supposed  to  contain  no 
superfluous  bars,  i.e.,  it  contains  just  so  many  as  are  necessary  to 
render  its  figure  invariable.  The  principle  of  calculating  the 
reactions  of  the  bars  in  such  a  framework  in  general  will  be 
sufficiently  undei'stood  from  the  discussion  of  the  simple  frame- 
work represented  in  Fig.  181.  The  graphic  method  here  used 
is  that  which  is  usually  employed  in  the  calculation  of  the 
reactions  in  bridges;  but  in  such  structures  the  bars  are  so 
numerous  that  the  figures  of  graphic  statics  which  apply  to 
them  are  extremely  complicated,  without,  however,  involving 
any  more  of  principle  than  is  involved  in  a  simple  framework 
consisting  of  only  a  small  number  of  bars. 

Fig.  181  repres^ts  a  framework  consisting  of  seven  bars  kept 
in  equilibrium  by  forces  applied  at  the  vertices.  These  forces 
must  of  course  satisfy  the  two  graphic  conditions  of  equilibrium, 
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i.e.,  their  force  and  fanieular  polygons  must  lx)th  be  closed.  Any 
three  of  them — suppose  P3 ,  P^ ,  P^ — may  be  arbitrarily  assumed 
both  in  magnitudes  and  in  directions ;  and,  in  addition,  we  may 
assume  the  line  of  action  of  Pg  •     Then  P^  and  Pg  *"^  completely 


pT 


Fig.  181. 

determinate,  because  we  can  constnict  the  resultant  of  P3,  P^jPr, 
(Art.  94)  ;  produce  the  line  of  action  of  Pg  to  meet  this  resultant ; 
join  their  point  of  intersection  to  the  vertex  1,  and  this  will  be 
the  line  of  action  of  Py     Hence  P^  and  Pg  are  both  known. 
Having  thus  completely  determined  the  external  forces  and 

drawn    their    force  polygon,   ''i5«i>«23''34''45^i5  (^ff*  ^82)>  ^® 

proceed  to    represent  the 


equilibrium  of  each  vertex 
separately. 

Each  vertex  is  in  equi- 
librium under  the  action  of 
the  external  force  at  it  and 
the  reactions  in  the  bars 
which  meet  in  this  vertex. 
Hence,it  is  obvious  that  the 
external  force  is  completely 
equivalent  to  these  reactions  reversed,  and  therefore  that  it 
might  be  replaced  by  them  in  the  force  polygon  of  the  external 
forces.  If  then  we  choose  to  replace  any  force — say  P4 ,  which  is 
represented  by  a^a^ — by  the  reversed  reactions  of  the  bars  which 
meet  in  the  vertex,  4,  it  is  clear  that  the  lines  representing  P4 


Fig.  182. 
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and  these  reactions  must,  in  Fig.  182,  form  a  closed  polygon. 
Denote  this  polygon  by  (P^,  p^).  Similarly  the  lines  in  Fig.  18a, 
which  represent  P5  and  the  reactions  in  the  bars  which  meet  in 
vertex  6,  must  also  form  a  closed  polygon,  (P5,  pg),  say.  And 
since  one  of  these  reactions — viz.,  that  in  the  bar  45  which  joins 
the  vertices  of  P^  and  P^ — belongs  also  to  the  previous  polygon, 
(P^,  p^),  these  two  polygons  must  have  one  side  in  common. 
But  in  the  for|^  polygon  of  the  external  forces,  the  forces  P^ 
and  P5  Aave  been  drawn  consecutively,  i.e.,  they  have  a  point, 
a^jsi  11^  common  ;  hence  the  side  common  to  the  two  polygons 
must  pass  through  this  point ;  or,  in  other  words,  through  the 
point  of  intersection  of  any  two  consecutive  forces  in  diagram  182 
must  be  drawn  a  parallel  to  the  bar  which  connects  their  vertices 
in  Fig.  181 ;  and,  moreover,  no  other  line  can  pass  through  this 
point,  because  in  drawing  the  polygon  (P4,  p^)  only  two  forces 
are  represented  at  each  vertex,  so  that  in  this  polygon  we  have 
P^  and  the  reaction  in  bar  45  at  the  point  a^^  ;  and  similarly  only 
two  forces  are  represented  at  this  point  in  the  polygon  (P,,  p^), 
viz.,  the  force  P^  and  the  reaction  just  mentioned. 

Hence  through  each  vertex,  fli2>  ^23'  •••  >  ^^  ^^®  force  polygon  of 
the  external  forces  pass  three  and  only  three  lines. 

But,  in  addition  to  the  vertices  ^12'  ^23v-*in  Pig.  182  which 
correspond  to  two  forces  in  Fig.  181  and  the  bar  joining  their 
vertices,  there  will  be  other  vertices,  fl^j^,  a^^^,  aum  through  each 
of  which  pass  also  three,  and  only  three,  lines,  viz.,  lines  parallel 
to  the  bars  forming  the  various  triangles  into  which  the  frame- 
work (Fig.  181)  is  divided.  That  is  to  say,  through  a^^  will 
pass  three  lines  parallel  to  the  sides  of  the  triangle  145  of 
Fig.  181.  It  is  easy  to  see  that  the  line  in  Fig.  182,  which 
answers  to  the  bar  45  in  Fig.  181,  must  pass  through  the  point  of 
intersection^  ^,45,  of  the  lines  answering  to  the  bars  15  and  54 
(Fig.  181).  For  we  may  replace  the  force  P^  by  its  two  com- 
ponents along  51  and  54  ;  and,  imagining  these  components  to 
act  at  the  vertices  1  and  4,  respectively,  suppress  altogether  the 
bars  51  and  54.  This  would  give  us  two  external  forces  at  the 
vertex  1,  and  also  two  external  forces  at  the  vertex  4  ;  but  the 
two  external  forces  must  at  each  vertex  be  replaced  by  one.  If 
this  is  done,  the  external  force  at  the  vertex  1  would,  in  Fig.  182, 
be  represented  in  magnitude  and  sense  by  the  line  a^^-  a^^,  and 
the  external  force  at  vertex  4  would  be  represented  by  the  line 

VOL.  L  R 
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tf 34  ^145  ;  these  forces  would  then  be  cofuecutive  in  the  force  poly- 
gon of  external  forces — which  would  be  then  a^^  a^^  a^g  a^  a^^ — 
and  14  (Fig.  181)  would  be  the  bar  joining  their  vertices  in  the 
framework.  But  we  have  just  seen  that  the  line  answering  to 
the  bar  14  should  be  drawn  through  the  point,  flj^j,  of  inter- 
section of  the  two  (consecutive)  external  forces  acting  at  vertices 
4  and  1. 

Hence,  then — Through  each  vertex  in  Fig,  i8a  pa%%  three^  and 
only  three,  lifies,  and  these  lines  answer  either  to  two  consecutive 
forces  and  the  bar  joining  their  vertices,  or  to  three  bars  forming  a 
triangle  in  the  framework. 

This  removes  any  ambiguity  which  may  arise  in  the  construc- 
tion of  the  diagram  representing  the  reactions  in  the  framework. 

Thus,  considering  the  equilibrium  of  the  simplest  vertices, 
viz.,  5  and  3,  in  Fig.  181,  we  determine  the  reactions,  a^  a.^^^  and 
^4->^i4r>j  i^  the  two  bars  43  and^45  which  belong  to  the  vertex  4. 
Then  for  the  equilibrium  of  this  vertex  we  draw  a^^^  ^34^45^4,5* 
reaching  the  point  a^^r^,  at  which  it  is  doubtful  for  a  moment 
whether  we  are  to  draw  a  parallel  to  the  force  in  the  bar  42  or  a 
parallel  to  the  force  in  the  bar  41 — which  are  the  two  remaining 
forces  acting  on  B,  The  consideration  that  the  three  lines  to  be 
drawn  through  a^^  answer  to  three  bars  forming  a  triangle,  and  that 
since  one  of  these  lines,  a^^  flj^g,  already  answers  to  bar  46  which 
belongs  to  the  triangle  451,  decides  the  question  in  favour  of 
the  bar  41.     Thus  the  doubt  is  removed. 

The  force  polygon  of  the  external  forces  may  be  drawn  in 
several  different  ways.  Indeed,  if  our  only  object  is  to  find  the 
resultant  of  any  number  of  forces  acting  on  a  rigid  body,  the 
sides  of  the  force  polygon  may  be  drawn  parallel  to  the  forces  in 
any  order  whatever.  But  in  the  calculation  of  the  reactions  in 
the  bars  of  a  framework  we  must  observe  the  rule  that  in  draw- 
ing the  force  polygon  of  the  external  forces  no  two  forces  are  to 
he  drawn  consecutively  unless  their  vertices  are  connected  by  a  bar. 
In  other  words,  two  consecutive  forces  in  the  force  polygon  cor- 
respond to  two  forces  at  the  vertices  connected  by  a  bar ;  but  the 
converse  does  not  hold — ^i.e.,  it  is  not  true  that  the  forces  which 
act  at  every  two  connected  vertices  of  the  framework  are  con- 
secutive in  the  force  polygon. 

For  example,  vertices  1  and  4  are  connected,  bat  their  forces 
are  not  consecntive  in  Fig.  182. 
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The  force  polygon  might  have  been  constraeted  by  dmwing, 

in  succession,   lines  to  represent  P^,  i^^,  P^,  P^,P^,     If  the 

external  forces  are  applied  at  given  points  in  the  bars^  and  not  at 

the  joints^  they  may  all  be  replaced  by  components  at  the  joints,  as 

explained  in  Art.  142,  and  the  calculation  of  the  reactions  which 

would   thence  result  proceeds  graphically  as   explained  in  this 

Article.     The  true  reactions  exerted  at  the  extremities  of  each 

bar  in  the  actual  case — reactions  which  are  not  directed  along  the 

bars — can  then  be  found  as  explained  in  Art.  142. 

The  student  who  is  desirous  of  studying  the  force  diagrams  of  systems 
of  frameworks,  such  as  those  which  belong  to  Engineering  and  Archi- 
tecture, is  recommended  to  study,  in  the  first  instance,  Levy's  Suuiqiie 
Graphique,  An  excellent  work,  treating  very  fully  of  the  tlieory  oi' 
reciprocal  figures  and  their  statical  applications,  is  Favaro's  Lezioni  di 
Statica  Orafica  (Padova,  1877).  For  great  elaboration  of  the  subject 
Culmann's  Bit  Grajihische  Statik  niny  be  consulted. 

146.]  Method  of  Separation  of  the  Bars.  Another  method, 
which  is  often  convenient  in  practice,  consists  in  representing 
the  bars  as  disjointed  from  each  other,  and  replacing  the  reactions 
by  rectangalar  components^  parallel  to  chosen  axes^  at  their  ex- 
tremities. Two  examples  will  suffice.  Four  equal  uniform 
bars,  AB^  BC,  CD,  and  BE  (Fig.  1 83),  are  connected  by  smooth 


Fig.  183. 


pins  at  By  C,  B,  and  the  extremities,  A£,  are  fixed  in  a  horizontal 
line  by  smooth  joints ;  it  is  required  to  find  the  p9eition  of  equi- 
librium. 

Let  a  be  the  common  inclination  of  AB  and  £B  to  the  horizon, 
and  p  that  of  CB  and  CB. 

Let  Pig.  184  represent  the  bars  AB  and  BC  separated  ;  Jg^he 
reaction  at  (7,  which  is  evidently  horizontal ;  Xy  and  Tj  the  com- 
ponents of  the  reaction  at  B,     These  components  act  on  AB  in 

R  2 
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directions  opposite  to  those  in  which  they  act  on  BC,     Finally, 
let  W  be  the  weight  of  each  bar. 

Resolving  vertically  for  the  equilibrium  of  BC^ 

Y,  =  r.  (1) 

'IVking  moments  about  C  for  the  equilibrium  of  -B6*, 

2X1  sin  /3  +  /rcos  /3  =  2  J^  cos  )3, 

or  Xi  =  i  root  /3.  (2) 

Taking  moments  about  A  for  the  equilibrium  of  AB, 

{JF+  2  rj  cos  a  =  2X1  sin  a, 

or,  substituting  the  values  of  Xj  and  Y^  from  (2)  and  (1), 

tana  =  3tan/3.  (3) 

With  this  equation  must  be  combined  the  geometrical  equa- 
tion which  expresses  that  AE  is  equal  to  the  sum  of  the  hori- 
zontal projections  of  the  bars.  If  the  length  of  each  bar  is  a, 
and  the  distance  AE  =  ^,  we  hav^e 

c  =  2  fl  (cos  a  +  COS  P).  (4) 

Equations  (3)  and  (4)  determine  a  and  (:i,  and  therefore  the 
J  position  of  equilibrium. 

Graphically,  a  and  /3  can  be  found  from  the  intersection  of  a 
right  line  and  a  magnetic  curve. 

When  the  bars  are  numerous,  the  use  of  a  large  number  of 
symbols,  X^,  1\^  X^,  ...  for  the  components  of  reactions  necessi- 
tates the  writing  down  of  a  large  number  of  equations  of  equi- 
librium, many  of  them  consisting  of  only  two  terms.  Hence 
a  saving  of  syml)ols  and  equations  is  easily  effected  by  making 
use  of  the  simple  results  of  resolution  of  forces  as  we  proceed  from 
joint  to  joint  and  bar  to  bar,  so  that  finally  we  have  to  use 
equations  of  moments  almost  entirely.  This  process  is  illus- 
trated in  the  solution  of  the  following  problem.  ABCJ)  (Fig.  1 85) 
is  a  hexagon  formed  of  equal  bars,  each  of  weight  JT;  it  is 
suspended  in  a  vertical  plane  from  the  pin  A  which  is  fixed,  and 
the  hexagon  is  kept  regular  by  cords  connecting  A  with  C,  D^ 
and  E,  Knd  the  tensions  of  these  cords  and  the  reactions  at  the 
various  joints. 

We  shall  assume  that  the  joints  are  formed  by  pins  distinct 
from  the  bars  themselves,  though  this  is  not  absolutely  necessary. 
Fig.  186  represents  the  framework  completely  disjointed,  and 
exhibits  the  separate  equilibrium  of  each  pin  and  bar. 
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Considering  the  equilibriam  of  the  framework,  it  is  kept  at 
rest  by  two  forces,  viz.,  its  weight,  6  JF,  and  the  reaction  of  tho 
wall  in  which  the  pin  ^  is  fixed ;  hence  this  reaction  =  eW. 
Consider  the  separate  equilibrium  of  the  pin  A.  It  is  at  rest 
under  the  influence  of  this  vertical  upward  reaction,  the  tensions, 
^,  in  the  cords  AC,  AE\  the  tension  T  in  AD,  and  the  reactions 
of  the  bars  A£,  AF,  of  which  nothing  is  yet  known. 


Fig.  185. 


Let  X  and  Y  be  the  horizontal  and  vertical  components  of  the 
reaction  of  the  pin  3  on  the  bar  AB.  These  reversed  are  tho 
forces  exerted  on  the  pin  3  by  the  bar  AB  ;  and  therefore  X  and 
Y  are  the  components  of  reaction  of  the  bar  BC  on  the  pin  B 
(from  consideration  of  separate  equilibrium  of  the  pin  B),  Hence* 
the  pin  B  exerts  on  the  bar  BC  the  components  X,  Y  in  th(» 
senses  opposite  to  those  in  which  these  components  act  on  AB. 
But  from  the  equilibrium  of  the  bar  BC  we  see  at  once  that 
JT  =  0,  since  BC  is  vertical  and  all  the  forces  acting  on  its 
except  X,  have  zero  moments  about  C,  This  now  enables  us  to 
see  that  Y  =  i  ^  by  considering  the  equilibrium  of  the  bar  AB  : 
for  if  Y  is  the  force  acting  on  it  at  J?,  the  force  at  A  must  bi' 
/r—  Y,  and  moments  about  either  A  or  7^  give  Y  =  \H^. 
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Henceforth  in  the  figure,  then,  we  may  discard  the  symbol  }' 
and  use  J  W  for  it. 

Consider  the  equilibrium  of  the  bar  BC,  It  is  acted  upon 
downwards  by  W^  and  by  i  i^  at  -B ;  therefore  the  pin  C  is 
producing  on  it  a  vertical  upward  force  =  7^,  and  no  horizontal 
foix»e. 

Consider  the  equilibrium  of  the  pin  C,  It  is  acted  upon 
downwards  by  |  JST  from  the  bar  BC^  by  the  tension  5,  and  by 
the  reaction   of  the  bar  CD,  whose  components   must  be  \S 

towards  the  left  and  %W'-'\SVz  vertically  up;  and  these  last 
components  reversed  are  those  exerted  by  the  pin  C  on  the  bar 
(72>,  the  other  forces  keeping  which  in  equilibrium  are  ^(its 
weight)  and  the  reaction  of  the  pin  D,  whose  components  must, 

therefore,  be  J 4S towards  the  left  and  |^  —  i  SV^  vertically  up. 

These  last  reversed  -are  the  components  of  the  force  exerted 
on  the  pin  2?  by  the  Ijar  CD, 

Finally,  considering  the  equilibrium  of  the  pin  2>,  we  see  that 

it  is  acted  upon  by  i-iS  towards  the  right  and  |  IF—  \SVz  down- 
wards from  the  bar  CD,  and  (by  symmetry)  by  J  4S  towards  the 

left  and  \W—\  SVs  downwards  from  the  bar  BE,  as  well  as  by 
the  tension  T,     Resolving  these  forces  vertically,  we  have 

which  is  precisely  the  same  as  the  result  obtained  by  considering 
the  separate  equilibrium  of  the  pin  A,  because  we  have  shown 
that  the  bar  AB  exerts  on  it  a  vertical  downward  force  =  IT—  Y, 
i.e.,  \Jr^  and  no  horizontal  force.  Similarly  the  bar  AF  exerts 
J  ^  on  it  vertically  down  wards. 

The  unknown  force  S  is  found  from  the  equilibrium  of  the  bar 
CB  by  moments  about  B,  from  which  we  have 

and  therefore  2'  =  2  »^, 

Thus,  then,  the  reaction  at  C  on  the  bar  CB  is  wholly  hori- 
zontal and  =iJf  \/3,  the  reaction  at  its  end  B  passing  through 
the  intersection  of  the  lines  of  action  of  this  force  and  the  weight 
of  the  bar,  and  being  equal  to  \  WVl. 
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Examples. 

1 .  A  triangalar  system  of  bars,  AB,  BCy  and  CA,  freely  jointed  at 
their  extremities,  is  kept  in  equilibrium  l>y  thi*ee  forces  acting  on  the 
joints  ;  determine  the  reactions  at  the  ends  of  each  bar. 

Since  the  forces  are  applied  directly  to  the  joints,  the  reactions  will 
act  along  the  bars.  Let  P,  Q,  R,  denote  the  forces  applied  at  A,  B,  C, 
respectively ;  let  the  reactions  in  the  sides  BC,  CA^  AB  be  denoted  by 
T^y  T^y  T^;  and  let  the  applied  forces  meet  in  a  point  0. 

Then  for  the  equilibrium  of  the  joint  (7,  we  have 

I\  _  BmACO  _  a.  OA, Bin  AOC 
2;  "■  BinBCO  ""  b.OB.BinBOC' 

a,  6,  e  being  the  sides  of  the  triangle. 

But  P :  Q :  i?  =  sin  BOC :  sin  CO  A  :  sin  A  OB.     Therefore 

T^_a.OA.Q 
T^^h.OB.F'     ^^ 

m       m      m  ^ ' OA      h.OB      C . OC 

li  Ova  the  centroid  of  the  triangle,  we  know  (p.  1 55)  that 

PiqiR  =  OA:OBiOC\ 
therefore  T^\T^:  2\  =  a:h: c, 

or  the  reactions  are  proportional  to  the  sides. 

If  0  is  the  orthocentre  (or  intersection  of  perpendiculars), 

P:Q\Rz=ia\h:c\ 

therefore  T^\T^\T^  — OA\OB\  OC, 

2.  A  number  of  bars  nre  jointed  together  at  their  extremities  and 
form  a  polygon ;  each  bar  is  acted  upon  perpendicularly  by  a  force 
proportional  to  its  length,  and  all  these  forces  emanate  from  a  fixed 
]>oint.  Find  the  magnitudes  and  directfons  of  the  reactions  at  the 
joints. 

[This  problem  and  the  following  elegant  method  of  solution  are  due 
to  FrofesEor  Wolstenholme.] 

Let  AB  and  BC  (Fig.  187)  be  any  two  adjacent  bars  of  the  polygon, 
and  let  P  be  the  point  from  which  emanate  the  forces,  Pp,  Pg, ..., 
acting  on  the  bars.  Then  the  reactions  at  the  joints  A  and  B,  acting 
on  ABy  must  meet  in  a  point,  p,  on  the  line  of  action  of  the  force  Pp. 
Draw  AQ  and  BQ  perpendicular  to  the  reactions  in  the  directions  Ajt 
and  Bp,  Now  since  the  sides  of  the  triangle  AQB  are  perpendicular 
to  three  forces  which  are  in  equilibrium,  and  since  the  side  AB  is 
proportional  to  the  force  to  which  it  is  perpendicular,  the  sides  AQ 
and  BQ  are  proportional  to  the  forces  to  which  they  are  perpen- 
dicular, that  is,  to  the  reactions  at  A  and  B^  repp'otively. 
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Fig.  187. 


Let  q  be  the  point  in  which  Bp  intersects  Pq.  Then  the  forces 
acting  on  the  bar  BC  must  act  in  the  directions  qB,  Pq,  and  qC, 
Draw  CQ. 

In  the  triangle  BQp  the  sides  BQ  and  BC  are  perpendicular  and 
proportional  to  two  of  three  forces  in  equilibrium  ;  therefore  CQ  is 

perpendicular  and  propor- 
tional to  the  third,  that  is, 
to  the  reaction  at  C,  In  the 
same  way  it  can  be  shown 
that  the  reaction  at  any  joint 
is  perpendicular  and  propor- 
tional to  the  line  joining  the 
joint  to  Q.  This  point  Q  is, 
therefore,  a  reaction  centre  for 
the  system.  It  may  be  sbown 
that  the  polygon  of  bars  fawit 
be  inscrihable  in  a  circle. 
For,  since  the  angles  at  A 
and  B  are  right,  the  quadri- 
lateral AjtBQ  is  inscribable 
in  a  circle  whose  diameter  is 
pQ.  If  at  the  middle  point 
of  AB  a  perpendicular  be  drawn  to  AB,  it  will  pass  througb  the 
centre  of  the  circle,  and  will,  therefore,  bisect  Qp.  But  this  per- 
pendicular is  parallel  to  Pp ;  therefore  it  bisects  PQ  in  0.  Also, 
since  the  reactions  at  A  and  B  are  proportional  to  QA  and  QB,  the 
Fame  point  Q  must  be  determined  by  considering  BC  and  the  next 
bar,  as  was  determined  from  the  bars  AB  and  BC ;  consequently  the 
])oint  0  must  be  the  same ;  and  since  it  is  evident  that  OB  =  OC, ... , 
0  must  be  equally  distant  from  all  the  vertices  of  the  polygon,  that 
is,  the  polygon  must  be  inscribable  in  a  circle. 

The  reaction  centre  is 
therefore  constructed  by  join- 
ing P  to  the  centre  of  the 
circumscribing  circle,  and  pro- 
ducing PO  to  Qy  so  that 
PO  =  OQ. 

3.  The  preceding  construc- 
tion can  be  extended  to  the 
case  in  which  the  forces  acting 
un  the  polygon  are  equally 
inclined,  but  not  perpendicu- 
lar, to  the  sides. 

Let  ABy  BC, ...  be  sides  of 
the  polygon,  and  let  forces 
proportional  to  the  sides  act 
in  the  lines  Pb,  Pc,...  so  that 


.t^JV.V 


Fig.  188. 


APbB  =  LPcC  =  —   It  is  required  to  prove  that  for  equilibrium  the 
polygon  must  be  inscribable  in  a  circle,  and  to  find  the  reaction  centre. 
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The  reactions  at  A  and  B  must  meet  in  a  point  on  the  force  in  Ph.  If, 
then,  we  draw  at  A  and  B  lineB,  QA  and  QB,  making  with  the  directions 
of  the  reactions  angles  equal  to  /.PbB,  we  shall  have  a  triangle,  QA  By 
the  sides  of  which  are  each  equally  inclined  to  the  corresponding 
force ;  and,  since  ^^  is  proportional  to  the  force  in  Fb,  it  follows  that 
QA  and  QB  are  proportional  to  the  reactions  at  A  and  B,  It  is  easy 
to  prove  that  if  through  A  and  B  any  two  lines,  Ap  and  Bpj  be  drawn, 
meeting  in  a  point  on  the  right  line  Pb ;  and  at  A  and  B  lines,  AQ 
and  BQ,  be  drawn  making  with  Ap  and  Bpy  respectively,  angles  equal 
to  PbBy  the  locus  of  Q  is  a  right  line,  ma,  making  Aa  =  Bb,  and 
AmaB  =  /.tnhA,  Drawing  the  line  Qd,  in  like  manner,  by  making 
Cd  =  Be  and  /,QdB  =  Pc(7,  we  obtain  the  point  Q,  which  is  the 
reaction  centre. 

Now,  since  APcC  =  LPbB,  it  follows  that  LbPc  is  the  supplement 
oi LB',  and  since  LQaA  =  AQdB,  it  also  follows  that  /.aQn^=  ir—B. 
Hence  the  quadrilateral  mPnQ  is  inscribable  in  a  circle,  and  this 
circle  must  pass  through  6?,  the  point  of  intersection  of  the  perpen- 
diculars to  ^^  and  BC  drawn  at  their  middle  points,  since  LmOn  is 
also  the  supplement  of  B,     Hence  also 

LQPO^  LQaO^\-ncC,    and    QO  =  OP, 

Agaii^  the  reactions  at  A  and  B  being  proportional  to  QA  and  QB, 
the  same  point  Q  roust  be  determined  when  BC  and  the  next  bar  are 
considered.     Hence  the  point  0  is  the  same.     But 

0A  =  0B=  0C  =  .,.; 

therefore  the  polygon  is  inscribable  in  a  circle. 

The  point  P  being  given,  if  the  angle  which  the  forces  through  it 
make  with  the  corresponding  bars  varies,  the  locus  of  the  reaction 
centre,  Q,  is  a  circle  concentric  with  that  round  the  polygon,  its  radius 
being  OP.  To  construct  the  reaction  centre,  then,  we  describe  a 
circle  round  0  as  centre,  having  radius  OP,  and  draw  PQ  making  the 
LOPQ  =  the  complement  of  the  angle  which  the  forces  make  with 
the  bars. 

4.  A  system  of  heavy  bars,  freely  articulated,  is  suspended  from 
two  fixed  points,  P  and  Q  (Fig.   1 89) ;    determine  the  magnitudes 
and  directions  of  the  reactions  at 
the  joints. 

Let  the  bars  be  denoted  by 
the  numbers  1,  2,  3,  ...,  and 
let  their  weights  be  IT,,  IFj, 
W^y  ....  Then  transfer  Jff, 
and   \W^\xi  the  joint    connect-  ^ 

ing    1    and    2,   which   we    shall  Fig.  189. 

denote  by  (1,  2).     Transfer  \W^ 

and  \W^  to  the  joint  (2,  3);  \W^  and  \W^  to  (3,  4),  &c.  Thus 
all  the  forces  act  at  the  joints.  Let  7\,  2\,  ^3,...  be  the  tensions 
acting  along  the  bai*s  1,  2,  3,...  on  the  joints,  and  let  S^^,  S^,  S^i--- 
be  the  total  reactions  at  the  joints  (1,  2),  (2,  3),  (3,  4),....     For 
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fiimplicity  suppose  the  bar  2  to  be  horizontal.    Now,  construct  a  force- 

diagmm  (Fig.  190),  by  drawing  a  vertical  line,  AD, 
and  measuring  off 

AB  =  ^^l±^.  BC=  "^^2  "',  CD=^^^'^.... 

Also  take  BO  parallel  to  the  bar  2  and  equal  to  the 
tension  T^,  which  is  the  constant  horizontal  component 
of  each  of  the  tensions.  The  lines  OA,  OC,  OD,... 
will  then  be  parallel  to  the  bars  1,  3,  4, ...  and  equal 
to  the  tensions  in  them.  Hence,  if  a  be  the  inclina- 
tion of  3  to  the  horizon, 

Fig.  .90.  tan/)Oi>=     «^^^^     *.t>na. 

and  in  the  same  way  the   inclinations  of  the    other 
bars  may  be  expressed  in  terms  of  the  inclination  a. 

W 

Again  (Art.  142),  the  reaction  #S',j  is  the  resultant  of  T^  and  — '•' 

W  2 

Hence,  taking  Aa  =  ~i   Oa   will   be   equal   and  parallel    to   *S^,,. 

w  w 

Similarly,  taking  Bh  =  — ^ »  and  Cc  =  -^  >  the  lines  Oh  and  Oc  will 

be  equal  and  parallel  to  the  reactions  S^  and  ^3^.     The  tAngentof 

the   angle    made    by  S.^^  with    the  horizon  =  ^7-  =  ^  —  =.  •  tan  a. 

Similarly  for  the  directions  of  the  other  reactions. 

If  the  weights  of  the  bars  are  all  equal,  the  tangents  of  the  inclina- 
tions of  the  successive  bars  are  tana,  2  tan  a,  3  tan  a,...  and  the 
tangents  of  the  inclinations  of  the  reactions  are  \  tan  a,  f  tan  a, 
I  tau  a, . . . . 

5.  A  rectangular  frame,  ABCD^  consists  of  four  bars,  whose  weights 
are  negligible,  freely  jointed  at  their  extremities,  the  bar  AD  being 
completely  fixed  in  a  vertical  position,  AB  being  the  upper  and  CI) 
the  lower  bar.  If  a  load  W  is  placed  at  a  given  point,  P,  on  AB^ 
while  the  rectangular  figure  is  preserved  by  a  cord  connecting  the 
joints  A  and  C,  find  the  tension  of  this  cord  and  the  stresses  in  the 
bars.  K  the  load  W  is  transferred  to  the  point  on  CD  vertically  under 
P,  prove  that  the  tension  is  unaltered,  and  find  the  stresses.  (Scholar' 
sJtip  Examination,  Cambridgey  1886.) 

Ana,  If  AP  =  a?,  AB  =  ct,  BC  =  6,  AC  =  c,  we  have  the  tension 

ex 
=  TT  — •    In  the  first  case  the  stress  in  BC  consists  of  pressure  equal 

X  X 

to  ir  -  J  and  in  CD  of  pressure  equal  to  W  y'    In  the  second  case, 
a  0 

if  the  bars  are  connected  by  pins  distinct  from  them,  there  is  no  stress 

in  AB  or  BC,  while  the  action  of  the  pin  C  on  the  bar  CD  is  the 

ten&ion  of  the  cord. 

6.  Six  equal  uniform  bars,  freely  articulated  at  their  extremities, 
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foim  a  hexagon  ABODE F  (Fig.   191).     The  har  ED  is  fixed  in  a 

horizontal  position,  and  its  middle  point  is  connected  hy  a  string  with 

the  middle  point  of  the  lowest  har,  AB^  in  such 

a  manner  that  the  hars  hang  in  the  form  of  a 

regular  hexagon.    Find,  by  a  force-diagram,  the 

tension  of  the  string  and  the  magnitudes  and 

directions  of  the  reactions  at  B  and  C 

Ani,  If  W  is  the  weight  of  each  bar,  the 
tension  of  the  string  =  3TK;    the  reaction  at 

W 


C  is  horizontal,  and  =  ;  the  reaction  at  A  B 

2  v3  Fig.  191. 

/13 
B  ^  W  /\  /  j^y  and  makes  with  the  horizon  an  angle  whose  tangent 

=  2^3. 

7.  Prove  that  the  reaction  centre  for  the  bar  BC  is  the  intersection 
of  a  perpendicular  to  BC  at  C  with  the  line  joining  the  middle  points 
of  AB  and  BC, 

8.  Three  bars,  freely  articulated,  form  a  triangle  ABC,  the  centre 
of  whose  inscribed  circle  is  0.  Each  bar  is  acted  on  by  a  force 
parsing  through  0,  proportionltl  to  the  sine  of  half  the  angle  sub- 
tended by  the  bar  at  0,  and  bisecting  this  angle.  Prove  that  the 
reaction  at  A  makes  with  OA  an  angle  whose  tangent  is 

.    A 
.in- 


B  C 

cos  TT  —  COS  -- - 

2  2 


(This  is  a  direct  example  of  the  Theorem  of  Art.  142.) 

9.  AB  (Fig.  192)  is  a  rigid  bar  whose  weight  is  neglected  fixed  at 
one  extremity,  ii,  by  a  smooth  joint ;  CD  is  another  such  bar  fixed  at 
C  by  a  smooth  joint,  which  is  vertically  below  ii,  and  jointed  to  AB 
at  D.  From  B  a  mass  of  weight,  P,  is  suspended  ;  find  the  magnitudes 
and  directions  of  the  reactions  at  the  joints. 

Ans,    The   reactions   at    C  and   D  are   along   CD,   and   each 

=  F  •        '     -.^  ;  the  reaction  at  A\%m  A0,0  being  the  intersection 

of  CD  produced  with  the  vertical  through  B,  and 

_        y/AE^.AD^ArAC^.BD'' 
"     '  ACAD 

10.  In  example  6,  if  the  bars  BC  and 
CD,  AF  and  FE^  are  replaced  by  any  bars 
all  equally  inclined  to  the  horizon,  show 
that  the  reactions  at  C  and  F  will  Ftill  be 
horizontal. 

[One  simple  proof  of  this  is  obtained  by  ^f^-  '9'- 

taking  moments  about  B  for  the  equilibrium 
of  BC,  and  about  D  for  the  equilibrium  of  CD.     It  follows  then  that 
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the  perpendiculars  from  B  and  D  on  the  line  of  action  of  the  reaction 
at  C  are  equal.] 

"11.  Two  uniform  heavy  bars  are  freely  jointed  at  a  common  ex- 
tremity, and  are  fixed  at  their  other  extremities  to 
two  smooth  joints  in  a  vertical  line ;  find  the  re- 
actions at  the  joints. 

Ans.  Let  G  (Fig.  193)  be  the  centre  of  gravity 
of  the  bars,  m  and  n  their  middle  points.  It  follows, 
by  taking  moments  about  A  and  C  for  the  equi- 
librium of  the  bars  separately,  that  the  segments  of 
"  *"  AC  made  by  the  line  of  the  reaction  at  B  are  pro- 
portional to  the  weights  of  the  bars.  Hence,  taking 
ng  =  mGy  the  reaction  acts  in  the  line  gB,  The 
reactions  at  A  and  C  act,  therefore,  \vi  Ag  and  Cg. 

If  Wis  the  weight  of  AB,  the  reaction  at  ^  =  |^  IF— j  and  the  re- 

gA  9^ 

action  at  ^  =  IW — •      Hence  the  reactions  at  A,  B,   and   C  are 

gn 

proportional  to  gA,  gB^  and  gC, 

12.  Five  equal  bars,  each  of  length  a,  are  hinged  together  and 
placed  on  a  smooth  hoiizontal  table,  one  of  the  angular  points  being 
joined  to  the  two  opposite  vertices  by  two  equal  strings  of  length  2c ; 
horizontal  forces,  each  equal  to  P,  act  at  the  middle  points  of  all  the 
rods  in  an  outward  direction  perpendicular  to  them  ;  find  the  tensions 
of  the  strings,  and  show  that  the  stress  at  each  of  the  joints  where 
there  is  no  string  is  parallel  to  the  nearest  string,  and  equal  to 

P         -^. 
2>/a«-c* 
{Tripos,  1887.) 

Ans,  Let  A,  By  C,  Z>,  B,  be  the  vertices,  A  being  connected  with 
C  and  D  ;  let  lACD  =  a,  AACB  =  ^  ;  if  T'  is  the  tension  of  each 
string,  we  have 

T=  —^P  (cosec  a -f  2  cosec  /3 -f  4  sin  /8), 

which  shows  that  strings  will  not  suffice,  so  that  A  must  be  connected 
with  G  and  D  by  bars. 

The  most  simple  way  of  seeing  that  the  stress  at  B  is  parallel  to 
AC  is  to  consider  the  separate  equilibrium  of  the  bar  AB  and  take 
moments  about  A,  The  moment  of  the  stress  about  A  is  equal  to 
\  Pa,  Again,  consider  the  separate  equilibrium  of  the  bar  BC,  and 
take  moments  about  C.  The  moment  of  the  stress  at  B  about  C  is 
again  \  Pa,  so  that  the  perpendiculars  on  its  line  of  action  from  A 
and  C  are  equal,  . * .  it  acts  in  a  line  parallel  to  AC ;  whence  its 
magnitude  follows  at  once. 

13.  Six  bars  of  equal  lengths  and  weights  are  freely  jointed  together 
at  their  extremities  and  form  a  hexagon  which  is  hung  vertically  from 
one  comer ;  the  two  middle  rods  are  connected  by  a  horizontied  bai* 
whose  weight  is  negligible.     Show  that  if  this  bar  is  eo  attached  that 
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the  two  middle  bars  rest  vertically,  the  ratio  of  the  segments  into 
which  it  divides  them  is  5:1,  no  matter  what  the  figure  of  the 
hexagon  is.  If  the  horizontal  bar  has  weight  equal  to  that  of  ecEch 
bar,  the  ratio  is  6  :  1.  Find  the  longitudinal  stress  in  the  connecting 
bar. 

Afu.  If  2  d  is  the  angle  at  the  fixed  corner,  the  compressive  stress 
is,  in  the  first  case,  3fFtand;  and,  in  the  second,  ^fTtan  6. 

14.  The  regular  hexagon  of  bars  in  example  6  rests  in  a  vertical 
plane,  the  bar  AB  being  fixed  in  a  horizontal  position,  and  the  joints 
F  and  C  are  connected  by  a  string ;  find  the  tension  of  the  string,  and 
the  reactions  acting  on  the  bar  FU  at  its  extremities. 

Ana.  The  tension  =  W  v^  ( W  l)eing  the  weight  of  each  bar) ; 

W        fl  .  .  /  3 

the  reaction  at  -^  =  -—  a   /  ■- ,  and  it  makes  with  FE  sin""*  i  a  /   - ; 

w      /sT  As" 

the  reaction  at  /*=  -^r  A  /  —  >  a"tl  it  makes  with  FR  sin""^  I  a  /  —  • 

2  '\      3  '  '^31 

15.  Four  equal  uniform  heavy  bars,  freely  jointed  together  at  their 
extremities,  form  a  square,  A  BOD;  the  joint  A  is  fixed,  while  {he 
diagonally  opposite  joints  B  and  D  are  connected  by  a  string,  and  the 
whole  system  rests  in  a  vertical  plane,  the  string  being  horizontal ; 
find  the  tension  of  the  string  and  the  magnitudes  and  directions  of 
the  reactions  on  the  bars  at  il,  By  and  C, 

An8.  The  tension  ==  2  IT ;  the  reaction  at  C  is  horizontal  and 
=  I  W;  the  reaction  on  the  bar  ^fat  B  makes  with  the  vertical  tan~^  J, 

-/5 


and  =  JT-T^ ;  the  reaction  on  il^  at  i^  makes  with  the  vertical  tan"'|, 


and  =  W :  and  the  reaction  on  il^  at  ^  intersects  the  line  BD 

2    ' 

at  a  distance  ^BD  from  B,  and  is  equal  to  |  W. 

16.  Two  uniform  heavy  bars,  AB  and  BO,  connected  by  a  smooth 
joint  at  By  rest  each  on  a  smooth  vertical  prop,  the  props  being  of  the 
same  height ;  find  the  position  of  equilibrium,  ABC  beiug  horizontal. 

Ana,  If  W  and  2  a  are  the  weight  and  length  of  AB,  IF'  and  26 
the  weight  and  length  of  BC,  c  the  distance  between  the  props;  then 
a?,  the  distance  of  the  middle  point  of  AB  from  the  corresponding 
prop,  is  given  by  the  equation 

(W+  W')x'  +  [{W+  W')(C'^a)-  W\a  +  b)]x-  W'a(c--a--b)  =  0. 

1 7.  Two  bars,  A  C,  CB,  connected  together  by  a  smooth  horieontal 
axis  at  C,  rest  with  their  extremities  A  and  ^  on  a  horizontal  plane, 
a  tight  cord,  AD,  being  attached  to  one  bar  at  A  and  to  the  other  at 
any  point,  2),  in  its  length  ;  determine  the  line  of  resistance  at  C,  and 
show  that  if  the  point  D  is  made  to  vary  along  CB,  the  point  of 
intersection  of  the  line  DA  and  the  line  of  resistance  will  describe 
a  given  vertical  line. 

(Let  TTbe  the  weight  of  AC,  and  let  the  line  of  action  of  W  meet 
AB  in  m ;  let  W^  be  the  weight  of  BC  and  let  its  line  of  action  meet 
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^^  in  m.     Let  AD  meet  the  vertical  at  i?  in  Q\  in  DA  produced 

take  0  such  that  77-7  =:   _ '  . —  ;  then  OC  is  the  line  of  resistance. 

OA        W,Am 

As  D  varies,  this  ratio  is  constant.     The  resistance  is  least  when  D 

is  at  B.) 

18.  ABC  is  an  isosceles  triangular  framework  of  heavy  bars  jointed 

,  together  at  the  vertices,  the  equal  sides  sltqAC  and  BC;  the  extremities 

A  and  B  rest  on  two  smooth  vertical  pillars  of  equal  height,  the 

plane  of  tlie  triangle  being  vertical ;   a  mass  P  is  suspended  from 

the  joint  C ;  find  the  reactions  at  the  joints. 

Ans,  Let  IF  =  weight  of  iiC=  weight  of  BC;  a  =  /.CAB; 
then  the  reaction  on  AC  &t  C  makes  with  AC  &n  angle  0  such  that 

tan  $  =  -;r — rrz — r—  j  thc  hoHzoutal  and  vertical  components  of  this 
P+  IT  cos*  a  ^ 

reaction  being,  respectively,  i{P+  W)  cot  a  and  \  P,  The  reaction 
between  the  bars  AC  and  AB  has  for  horizontal  and  vertical  com- 
ponents, respectively,  i  (P  +  W)  cot  a  and  W-^\P, 

'19.  Three  uniform  bars,  AB,  BCy  CD^  freely  jointed  at  B  and  C, 
are  attached  by  smooth  hinges  to  two  points  A  and  D  in  the  same 
horizontal  line,  the  lengths  oi  AB  and  CD  being  equal ;  a  fourth 
uniform  bar,  EF^  rests  hoi izon tally  against  AB  fit  E  and  against  CD 
at  F'y  find  the  reactions  at  the  joints  and  hinges. 

Ans.  Lei  a  =IDAB;  AB  =  CD—2a;  BC=:2b;  EF=2c; 
P  =  weigli  t  of  AB  =  weight  of  CD;  Q  =  weight  oiBC;  W=  weight 
of  EF,     Then  the  horizontal  component  of  reaction  at  A 

=  ^^(^^ co8'a)-i(P+C)cota; 

sm  2a  ^2acosa  ^ 

vertical  component  of  reaction  at  A  =  P-hi(Q-^W)',  horizontal  com- 
ponent at  ^  =  1^  fTtan  a— (previous  horizontal  component)  ;  vertical 
component  at  ^  =  \Q, 

20.  A  plane  polygon  is  formed  of  bars  jointed  together  at  their 
extremities,  and  forces  are  applied  at  the  joints;  show  that  there 
is  one  and  only  one  set  of  equilibrating  forces  meeting  in  a  point 
which  will  cause  given  stresses  in  three  selected  bars.    (Tripos,  1888.) 

(Since  the  polygon  is  a  funicular  of  the  forces,  the  point  of  inter- 
sect ion  of  any  two  sides  lies  on  the  resultant  of  the  intermediate  forces. 
If  the  stresses  in  the  two  sides  are  given,  the  resultant  of  the  inter- 
mediate forces  is  given  in  magnitude  and  line  of  action.  Similarly 
for  one  of  these  sides  and  any  other;  and  all  the  forces  are  given 
concurrent.) 

21.  A  BCD  is  a  jointed  quadrilateral  at  rest  under  two  pairs  of 
equal  and  opposite  forces,  viz.,  P,  P  applied  to  the  sides  AB  and  CD, 
and  Q,  Q  applied  to  the  sides  AD  and  BC.  If  the  reactions  at  the 
opposite  joints  are  parallel  to  each  other,  prove  that  they  are  pro- 
portional to  the  sides  of  the  parallelogram  along  which  they  act,  and 
that  the  applied  forces,  P,  Q,  are  proportional  to  its  diagonals. 
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22.  A  quadrilateral,  ABCDy  of  bars  freely  jointed  together  at  their 
extremities  is  to  be  held  in  equilibrium  in  a  given  figure  by  four 
forces,  Pj,  Pj,  Pg,  P^,  each  of  which  is  to  be  applied  to  a  side  of  the 
quadrilateral.  If  the  forces  P,  and  P,,  applied  to  the  sides  AB  and 
BCy  resi)ectively,  be  completely  given,  show  that  the  reactions  at  all 
the  joints  except  D  are  completely  given,  and  find  to  what  extent  the 
remaining  two  forces,  P,,  P^,  are  arbitrary. 

Ans,  The  remaining  forces  may  have  any  magnitudes  whatever, 
provided  that  their  arithmetical  sum  is  greater  than  the  magnitude  of 
the  resultant  of  Pj  and  P, ;  but,  once  the  magnitudes  of  Pj  and  P, 
are  assumed,  their  lines  of  action  are  determined,  and  so,  of  course,  is 
the  reaction  at  the  joint  D.     (Consider  Fig.  1 80.) 


CHAPTER  X. 

EQUILIBRIUM   OP   BOUGH   BODIES   UNDKE  THE   INFLUENCE  OP 

FORCES    IN   ONE   PLANE. 

147.]  Criterion  of  the  existence  of  Friction.  We  have 
already  learned  to  regard  Friction  as  a  passive  resistance ;  and 
every  passive  resistance  comes  into  existence  for  the  porpose  of 
l^re venting  some  motion.  Thus,  the  normal  reaction  of  a  surface 
on  a  body  in  contact  with  it  comes  into  existence  for  the  pur- 
pose of  preventing  the  body  from  penetrating  the  surface  at  the 
point  of  contact ;  and  if  the  circumstances  of  the  case  were  so 
arranged  that  there  was  no  tendency  to  this  penetration,  the 
magnitude  of  the  force  (normal  resistance)  required  to  prevent 
this  motion  would  be  zero. 

Friction  comes  into  existence  for  the  purpose  of  preventing 
a  certain  motion — motion  in  the  tangent  plane — of  a  body  resting 
against  a  rough  surface.  If  the  circumstances  in  any  case  of 
two  rough  bodies  in  contact  are  such  that  there  is  no  tendency 
to  slip  at  their  point  of  contact,  the  force  required  to  prevent 
this  motion  (friction)  will  not  come  into  existence. 

Generally,  in  the  case  of  all  passive  resistances,  if  there  is  no 
f^nihncy  to  the  displacement  which  a  passive  resistance  is  required 
to  prevent^  this  force  will  not  come  into  pilay. 

Hence  in  many  eases  of  contact  between  rough  bodies  the 
conditions  and  circumstances  are  exactly  the  same  as  if  the 
bodies  were  smooth  ;  and  to  find  whether  in  the  contact  of 
two  bodies  friction  acts  or  x^Gi— imagine  that  the  bodies  vere 
smooth  at  their  point  of  contact,  and  if  no  displacement  would  result 
from  this  supposition,  friction  does  not  come  into  pluy  at  that  point. 

In  illustration  of  this  consider  the  problem  in  Example  26, 
p.  174.  How  would  the  circumstances  be  altered  if  the  peg  Q 
were  rough  ? 

The  peg  being  rough,  let  it  be  imagined  to  become  smooth, 
and  what  motion  occurs  ?     Clearly  none,  supposing  the  board  to 
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be  rigid.  Hence  as  there  is  no  tendency  of  the  side  AB  to  slip 
over  the  peg,  there  is  no  friction  called  into  play,  and  the  case  i» 
the  same  as  if  the  peg  were  smooth.  Bnt  if  the  board  is  not 
rigid,  the  forces  acting  can  bend  its  fibres  and  elongate  or 
contract  them ;  and  if  we  imagine  the  peg  to  become  smooth, 
it  is  possible  that  (even  a  very  slight)  slipping  might  ensue  at 
the  p^,  and  as  this  slipping  is  prevented  by  the  roughness,  the 
force  of  friction  really  acts  in  the  case,  and  the  pressure  on  the 
hinge  is  modified  by  the  assumption  of  smoothness  at  the  peg. 

However^  even  when  the  board  is  elastic,  it  is  possible  that  no 
friction  is  called  into  play,  as  will  be  explained  in  Art.  154 

Bankine's  hint  that  friction  is  of  the  nature  of  shearing  stress 
has  been  already  pointed  out. 

148.]  The  Ck>ne  of  Friction.  The  essential  characteristic  of 
a  smooth  surface  is  that  it  is  capable  of 
resisting  in  a  normal  direction  only.  If 
two  rough  surfaces  are  in  contact,  their 
mutual  reaction  is  not  constrained  to 
assume  a  direction  normal  to  the  sur- 
face of  contact.  Each  surface  is  capable 
of  offering  resistance  to  the  other  in  any 
direction  which  does  not  make  with  the  Fig.  194. 

normal  to  the  surface  of  contact  an  angle 

exceeding  a  certain  magnitude.  Thus  (Fig.  194),  let  two  rough 
bodies,  A  and  5,  be  in  contact  at  any  point,  P,  and  let  PN  be 
the  normal  to  the  surface  of  contact. 

Let  A  denote  the  greatest  angle  that  the  total  resistance  at  P 
can  make  with  PN^  or,  in  other  words,  the  greatest  obliquity  of 
the  mutual  reaction ;  then,  describing  round  PN  a  right  cone. 
CQi>,  whose  semivertical  angle,  NPB^  is  equal  to  A,  this  cone  is 
called  the  cone  of  friction^  and  the  total  resistance  at  P  can  act 
in  any  direction  whatever  included  within  this  cone.  This 
angle  A  is  what  we  have  called  in  Chap.  Ill  the  angle  of  frictiofi, 
and  its  tangent  is  the  coefficient  of  friction  for  the  two  surfeces 
considered.  For,  if  N  denote  the  normal  pressure  between 
them  at  P,  and  F  the  force  of  friction  (which  acts  in  the 
common  tangent  plane),  it  is  clear  that  when  the  resultant  of 
iVand  jPacts  along  any  generator,  Pi>,  of  the  cone,  we  have 

F 

-^r  =  tan  NPD  =  tan  A, 

iV 

VOL.  I.  S 
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bo  tliat  tan  A  is  the  greatest  ratio  of  the  force  of  friction  to  the 
normal  pressure.     This  quantity  we  have  called  /ui. 

If  a  rigid  rod,  M  (p.  52),  of  negligible  weight,  be  pressed 
ag'ainst  a  rough  surface  at  0,  the  greatest  angle  that  the  rod 
can  make  with  the  normal  is  the  angle  of  friction.  For,  since 
the  rod  is  acted  on  by  only  two  forces,  viz.,  the  applied  pressure 
and  the  total  resistance  at  0,  these  must  be  equal  and  opposite, 
that  is  along  the  rod.  Hence  the  greatest  obliquity  of  the  rod 
to  the  normal  is  A. 

If  the  resistance  to  slipping  is  not  the  same  in  different 
azimuths,  i.  e.,  if  it  is  different  in  different  planes  through  the 
normal,  the  value  of  A  will  not  be  the  same  in  all  these  planes, 
and  the  cone  of  friction  will  not  be  a  right  circular  cone. 

149.]  Axiomatic  Law  of  Friction.  We  have  said  that  the 
total  resistance  of  a  rigid  siu*face  is  a  force  which  can  assume 
any  magnitude.  This  force  will  in  any  given  case  be  exerted 
by  the  surface  to  such  an  extent  as  is  necessary  to  preserve  equi- 
librium, but  to  no  greater  extent.  It  is  in  its  nature  a  passive 
resistance^  i.e.,  one  which  can  be  exerted  to  any  extent,  but 
which  will  not  be  exerted  beyond  the  bare  requirements  of  the 
case.  Within  certain  limits,  also,  it  can  assume  any  direction, 
and  in  any  given  case  it  will,  if  possible,  assume  such  a  direction 
as  will  preserve  equilibrium.  In  fact,  in  virtue  of  its  passive 
nature,  we  must  regard  the  resistance  of  a  rough  surface  as  an 
opposition  called  into  existence  by  the  action  of  extemal 
forces ;  and  it  is  evident  that  these  forces  will  call  into  play 
only  that  amount  of  opposing  force,  exact  both  in  niagnitiide 
and  in  direction,  which  will  just  counteract  their  own  action. 

The  amount  of  assumption  contained  in  this  principle  is 
enunciated  in  the  following  axiom  : — 

TAe  total  resistance  which  acts  at  any  point  of  a  rough  sufface 
tcill^  if  possible^  assume  such  a  magnitude  and  direction  as  wM 
preserve  equilibrium  at  that  point. 

This  axiom  is  sometimes  expressed  thus : — If  passive  resistances 
can  give  equilibrium^  they  will, 

150.]  Bemarkfl  on  this  Axiom.  Two  important  observations 
must  be  made  on  the  principles  contained  in  this  axiom. 
Firstly,  it  is  important  to  understand  the  circumstances  which 
may  render  it  impossible  for  the  resistances  of  rough  surfaces  to 
preserve  the  equilibrium  of  a  system  in   any  given   position. , 
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Fig.  J 95. 


Suppose  that  a  body,  acted  on  by  given  external  forces,  is  in 
contact  with  a  rough  surface  at  a  single  point,  P.  Then,  for 
equilibrium,  it  is  necessary  that  the  resultant  of  the  given 
external  forces  should  pass  through  P,  and  that  the  total  re- 
sistance at  P  should  be  equal  and  opposite  to  this  resultant. 
But  if  the  direction  of  the  resultant  makes  with  the  normal 
to  the  surfiice  of  contact  at  P  an  angle  >  A,  it  is  impossible  that 
the  total  resistance  could  take  the  required  direction,  and  equi- 
librium cannot  subsist. 

Again,  take  the  case  in  which  a  heavy  beam,  AB  (Fig.  195), 
rests  against  a  rough  horizontal  and 
an  equally  rough  vertical  plane. 
Describe  round  the  normals  to  the 
planes  at  A  and  B  the  cones  of 
firiction,  and  let  the  sections  of 
those  cones  by  the  plane  of  the 
figure  be  r^*  and  pBs,  Let  G  be 
the  centre  of  gravity  of  the  beam, 
and  G  V  the  vertical  line  through  it. 

Then  the  beam,  if  in  equilibrium,  is  so  under  the  action  of 
three  forces,  namely,  the  weight  through  G  and  the  total 
resistances  at  A  and  B.  These  three  forces  must  meet  in  a 
I)oint,  and  if  it  be  possible  to  find  a  point  in  which  €hey  can 
meet,  the  resistances  will  assume  proper  values.  Now,  in  the 
figure  it  is  impossible  to  find  any  point  on  6'  T,  the  line  of  action 
of  the  weight,  the  lines  drawn  from  which  to  A  and  B  could  be 
directions  of  possible  resistance  at  both  A  and  B.  For  the 
portion  oi  GV  which  is  inside  the  cone  of  f:iction  at  B  is 
outside  the  cone  of  friction  at  A,  and  vice  versa.  Hence,  for 
equilibrium,  there  must  be  some  portion  of  the  line  GF  included  in 
the  space  pqrs^  common  to  loth  cones  of  friction. 

Unless  this  condition  is  satisfied,  it  is  not  possible  for  the 
total  resistances  to  give  equilibrium,  whatever  their  magnitudes 
may  be.  A  possible  position  of  equilibrium  is  represented  in 
Fig.  196.  For,  if  from  any  point  on  the  portion,  mn,  of  GV, 
which  is  included  in  the  space  common  to  both  cones  of  friction, 
lines  be  drawn  to  A  and  B^  these  lines  are  possible  directions  of 
total  resistance  at  A  and  B  ;  and  in  this  case  the  actual  magni- 
tudes and  directions  of  the  resistances  at  A  and  B  cannot  be 

determined  by  what  is  called  Rational  Statics. 

s  2 
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If  it  be  proposed  to  find  the  position  of  limiting  equilibrium, 
that  is,  the  position  in  which  the  beam  is  bordering  on  motion, 


Pig.  197. 

we  must  make  the  vertical  through  G  pass  through  r,  as  in 
Fig.  197. 

In  this  case  there  is  only  one  point  on  ff?^  which  is  inside 
both  cones  of  friction,  viz.,  the  point  r.  Hence  the  total  re- 
sistances act  in  rA  and  r^,  and  each  makes  the  limiting  angle 
(A)  with  the  corresponding  normal.  Moreover,  both  resistances 
are  now  determinate.  If  ^  be  the  angle  made  by  the  beam 
%vith  the  horizon,  we  have,  from  the  triangle  Ar£, 

2  cot  rGB  =  cot  ArG  -  cot  Br  G, 
2  tan  0  =  cot  A  —  tan  A, 

l-iLl2 


or 


which  defines  the  position  of  limiting  equilibrium. 

It  may,  therefore,  in  certain  cases  be  impossible  for  the  total 
resistance  at  one  or  more  points  to  preserve  equilibrium ;  and 
this  impossibility  is  always  due  to  something  in  the  arrangement 
of  the  figure  or  the  external  forces  which  requires  the  direction 
of  the  resistance  to  make  with  the  normal  to  the  surface  of 
(*ontact  an  angle  >  the  angle  of  friction. 

Again,  in  the  axiom  is  contained  the  following  important 
proposition : — 

If  a  body  resU  against  a  rough  surface  at  a  pointy  and  if  the 
equilibrium  is  about  to  be  broken  by  some  change  in  the  acting  forces, 
fqnilibrium  at  that  point  will,  if  possible,  be  broken  by  a  rolling 
instead  of  a  sliding  motion. 
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For,  in  this  case,  the  point  of  the  body  actually  in  contact 
with  the  surface  would  be  kept  at  rest.  This  part  of  the  axiom 
is  sometimes  stated  thus — If  a  body  can  roll^  it  will  roll^  in 
preference  to  slipping.  Exactly  the  same  considerations  as  before 
determine  the  possibility  or  impossibility  of  the  rolling  motion. 
Such  a  motion  will  always  take  place  if  it  does  not  require  the 
total  resistance  to  make  with  the  normal  to  the  surface  of  con- 
tact an  angle  >  A. 

For  example,  let  us  discuss  the  following  problem : — 

A  heavy  cubical  block  rests  on  a  rough 
horizontal  plane ^  and  a  string  attached  to 
the  middle  of  one  of  the  upper  edges  passes 
over  a  smooth  pulley^  and  sustains  a 
weight  which  is  gradually  increased.  Find 
(he  nature  of  the  initial  motion  of  the 
blocky  the  string  and  the  vertical  through 
the  centre  of  gravity  of  the  block  being  in 
the  same  vertical  plane. 

Let  ABC  (Fig.  198)  be  the  vertical  plane  in  which  all  the 
forces  act;  CO  the  line  of  the  string,  intersecting  the 
vertical  through  the  centre  of  gravity  of  the  block  in  0 ;  P  the 
weight  of  the  suspended  mass,  and  /Fthe  weight  of  the  block. 
(Since  the  length  of  the  string  is  immaterial,  no  linear  magni- 
tude can  enter  into  the  result,  therefore  the  side  of  the  block- 
need  not  be  known.) 

Now  in  all  such  cases  as  this,  it  is  necessary  to  observe  the 
following  rules  : — 

1.  Write  down  the  motions  of  the  system  which  are  gat- 
metrically  possible. 

2.  Exclude  those  which  would  obviously  violate  any  of  the 
fundamental  rules  of  Statics. 

3.  If  there  remain  possible  cases  of  slipping  and  rolling  (or 
turning  over),  solve  the  problem  on  the  supposition  that  equi- 
librium is  broken  in  the  latter  way,  and  if  this  does  not  require 
too  great  a  value  of  the  angle  of  friction,  equilibrium  will  be 
broken  in  this  way. 

In  the  present  case,  the  following  motions  are  geometrically 
possible : — 

(a)  The  block  may  be  lifted  vertically  off  the  plane. 
()9)  It  may  turn  round  the  edge  A, 
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(y)  It  may  slide  in  tilie  direction  AJH. 
(b)  It  may  turn  round  the  edg«  7?. 

Now  (a)  is  obviously  excluded,  because  if  the  block  is  just  out 
of  contact  with  the  horizontal  plane,  it  is  acted  on  by  only  two 
forces,  namely,  its  own  weight  and  the  tension  of  the  string. 
But  since  these  cannot  be  equal  and  opposite,  equilibrium  cannot 
be  broken  in  this  way. 

Suppose  (S)  to  happen.  Then  the  total  resistance  of  the  plane 
jMisses  through  A  and  through  0.  But  it  is  impossible  that 
three  forces  acting  in  the  directions  o(  AO,  OC,  and  OW  could 
l)e  in  e(|uiHbrium.     Hence  (iS)  is  excluded. 

The  cases  (y)  and  (6)  remain.  Now  in  virtue  of  the  principle, 
if  (6)  is  possible,  it  will  happen.  Solve,  then,  on  the  sup|)osition 
that  the  block  turns  round  JB,  It  is  then  kept  in  equilibrium 
by  its  weight,  the  tension,  and  the  totnl  resistance  which  must 
act  in  IW.  If  the  LCBO  is  less  than  A,  the  angle  of  friction, 
the  block  will  turn  round  B ;  but  if  CBO  >  A,  this  motion  is 
impossible,  and  slipping  must  take  place  in  the  direction  AB. 

To  express  this  analytically,  let  6  be  the  angle  made  with  tin* 
horizon  by  the  string  OC^  and  let  fall  from  0  a  perpendicular  on 
BC  meeting  BC  in  /;.     Then 


Bp       BC-OpA^ne       2-tan^ 

Hence  if  u  (or  tan  A)  be  >  ^ — ;:  >  the  block  can  tiun  round 

^  '  2  — tan  6 

B,  and  will  do  so  if  P  is  gradually  increased. 

The  magnitude  of  P  which  will  just  cause  the  tilting  of  the 

block  is  found  by  taking  moments   about  B,     We   evidently 

""^^^^^  P  =  \  r  sec  e. 

Suppose  that  CBO>X,  or  that  /ui< Then  the  in- 

2  —  tan  6 

crease  of  P  will  produce  a  sliding  motion,  and  we  can  easily  find 

the  magnitude  and  point  of  application  of  the  total  resist^ince  of 

the  plane.     Now  since  CBO>X,  the  point,  J/,  of  application  of 

the  total  resistance  of  the  plane,  is  found  by  drawing  from  0  a 

line  03f  making  with  the  normal  to  the  plane  an  angle  =  A. 

The  j)Oint  M  lies  between  B  and  the  point  in  which  the  vertical 

through  0  cuts  AB.     P  can  f  hen  be  determined  either  by  taking 
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moments  about  3/,  or  by  resolving  vertically  and  horizontally. 
Resolving  vertically,  we  have, 

72  cos  A  =  ^~Psin(9; 
resolving  horizontally, 

RsinX  =:  P  cos  0  ; 

Pcos^      _  M^ 

•'•     fr-F^inO"^'     ^''  co8(9  +  M8in^' 

The  direction  of  the  string  might  be  so  modified  as  to  render 

possible  either  a  sliding  in  the  direction  JiA  or  a  tilting  over  A. 

Thus,  in  Fig.  199,  if  the  line  of  the  string  intersect  the  line 

of  action  of  the  weight  in  a  point,  0,  below  the  horizontal  plane, 

the  two  motions  possible  are  evidently  one  of  slipping  in  the 

direction  AB  and  one  of  tilting  over  the  edge  A,     The  latter 

will  take  place  if  it  can.     If  it  does,  the  total  resistance  must 

act  in  the  line  OA^  and  for  this  the  angle  DAR  must  be  <  A. 

But  if  DAR  is  >  A,  the  block  will  slip  in 

the    direction    AJB,    since   the    horizontal 

component   of   the   tension    acts    in   this 

sense.     The  condition  for  tilting  over  A  is 

now  evidently 

1 

'^^  tan^-2' 

The  values  of  P  corresponding  to   both 

kinds  of  motion  are  calculated  as  before. 

151.]    Ifimiting    Positions    of    Eqoi- 

librium.     When  a  body  rests  in  contact 

with   any  number   of  rough    surfaces   at    several    points,  the 

equilibrium  is  said  to  be  limithff  if  a  slight  alteration  of  a 

definite  kind  in  the  circumstances  of  the  body  would   cause 

the  equilibrium  to  be  broken.     The  slight  alteration  referred 

to  depends  on  the  nature  of  the  particular  problem  of  equilibrium. 

As  has  been  explained  in  p.  72,  every  statical  problem  relating 

to  the  equilibrium  of  a  body  is  always  one  or  other  of  the  three 

following : — 

(a)  What  is  the  least  force  that  will  sustain  a  body  in  a  giv.eii 
position  on  given  surfaces,  or  the  greatest  force  that  will  allow 
it  to  rest  in  such  a  position  ? 

(b)  With  given  forces  and  given  supporting  surfaces,  what  is 
the  position  of  equilibrium  such  that  if  this  position  be  slightly 
altered,  the  hoAy  will  not  rest  ? 
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(c)  With  given  forces,  what  is  the  least  amount  of  roughness 
of  the  surface  or  surfaces  which  will  allow  the  body  to  rest  in  a 
given  position? 

Thus  in  Fig.  198  of  the  last  Article,  supposing  that  the 
angle  CBO<\,  the  equilibrium  of  the  block  will  be  limiting 
if  jP  =  J  i^sec  0\  for  if  P  is  slightly  increased  above  this  value, 
the  block  will  turn  over  B, 

Again,  in  Fig.  197  of  the  same  Article,  supposing  the  question 
to  relate  to  the  position  of  equilibrium,  the  beam  AB  will  be 
in  limiting   equilibrium  if  its  inclination  to   the   horizon   be 

1  — M^ 
=  tan~^  ( ) ,  because  if  it  be  slightly  lowered  below  this 

position,  it  will  slip. 

Finally,  if  in  the  same  Kgure  we  wish  the  beam  to  be  sus- 
tained at  any  inclination  a  to  the  horizon  between  the  equally 
rough  vertical  and  horizontal  planes,  the  equilibrium  will  be 

limiting  if  the  angle  of  friction  =  —  —  —  ,  because,  if  it  be  less 

than  this,  the  beam  will  slip. 

152.]  Comparatiye  Safety  of  Equilibrium  of  a  System  at 
difOsrent  Points.  When  in  a  system  in  equilibrium  the  direc- 
tions of  the  total  resistances  at  the  various  points  of  contact 
with  rough  surfaces  are  known,  we  are  enabled  to  say  at  which 
of  the  points  slipping  is  most  likely  to  happen  in  case  some  of 
the  circumstances  should  be  altered. 

This  will  be  rendered  clear  by  the  following  examples,  taken 
from  Jellett's  *' Theory  of  Friction,''  p.  61  :— 

Two  uniform  beams,  AC  and  BC,  connected  at  C  by  a  smooth 
hinge,  are  placed,  in  a  vertical  plane,  with  their  lower  ex- 
tremities, A  and  J9,  resting  on  a  rough  horizontal  plane.  If 
equilibrium  be  on  the  point  of  being  broken,  determine  how  this 
will  happen. 

Fig.  170,  example  4^  p.  228,  will  represent  the  beams  if  the 
hinges  at  A  and  B  are  conceived  to  be  removed  and  these  points 
rest  on  the  ground.  Then,  exactly  as  in  that  example,  the 
direction  of  the  mutual  resistance  at  C  is  determined.  Supposing 
AC  to  be  the  longer  beam,  it  is  clear  that  the  angle  which  the 
total  resistance,  ^Q,  at  ^  makes  with  the  normal  to  the  surface 
of  contact  (i.e.,  to  the  ground)  is  greater  than  the  angle 
which  the  total  resistance  BQ  makes  with   the  normal  at  B. 
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For 


tan  AQn  _  Ah 

tan  BQn  "  Bn ' 

Now  An  =  Ani  +  mn;  and  if  2a,  2b,  2c,  are  the  sidea  BC,  CA, 
AB,  we  have 

ac         a{/i  con  a +  aciiap) 

+  (ICOBj3) 


=  icoea 


=/0  = 


Similarly 


therefore 


.  An  =  bQMa+  - 

_  (6'  +  2  ai)  cos  g  +  a'coB  J3 

An—Bn  =  ^^-^(cosa—coefi). 


-a  +  b^' 

Bat  since  AC  >  BC,  coa  a  >  cos  fi,  therefore  An>Bn. 
Hence  the  angle  AQn>BQn ;  that  is,  the  total  resistance  at  A 
makes  with  the  normal  at  A  an  angle  greater  than  that  made  by 
the  total  resistance  at  B  with  the  normal  at  B.  Consequently, 
if  any  circumstance  should  continually  diminish  the  angle  of 
friction  (which  is  supposed  to  be  the  same  for  both  beams)  the 
total  resistance  at  A  would  be  the  first  to  attain  its  limiting 
obliquity  to  the  normal,  and  slipping  would  then  take  place  at  A 
in  the  direction  BA,  while  the  beam  BC  would  turn  round  B. 

We  might  inquire  which  of  the  beams  will  first  slip  if  they 
are  drawn  out  bo  as  to  increase  the  an^e  C,  and  the  same  result 
will  follow,  since  for  any  given  position  of  the  beams  the  direc- 
tions of  all  the  resistances  are  determinate.  In  each  case  the 
angle  AQn  most  he  the  first  to 
reach  the  value  A,  and  therefore  the 
longer  beam,  AC,  must  slip  first. 

The  result  may  also  be  expressed 
thus — in  any  given  position  of  rest, 
equilibrium  is  more  safe  at  B  than 
at  J. 

There  are  also  cases  in  which  the 
comparative  safety  of  equilibrium 
can  be  determined,  although  the 
directions  of  total  resistance  are  not 
completely  determinate  at  all  the  points  at  contact.  For  exaroph' 
— two  unequal  cylinders  rest  on  the  ground  at  given  points, ./ 
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and  B  (Fig.  2Co),  while  a  third  cylinder  rests  on  them  at  points 
p  and  q. 

Supposing  either  that  there  is  a  gradual  diminution  of  the 
coefficient  of  friction  (which  is  the  same  at  all  the  points  of 
contact),  or  that  the  lower  cylinders  are  gradually  drawn  asunder, 
determine  the  nature  of  the  initial  motion  of  the  system. 

Denote  the  cylinders  by  the  letters  at  their  centres.  Then 
the  cylinder  D  is  kept  in  equilibrium  by  three  forces — namely, 
1st,  its  weight,  which  acts  through  A ;  2nd,  the  total  resistance 
of  the  ground,  which  also  acts  through  A  ;  and  3rd,  the  total 
resistance  of  the  cylinder  C  at  p.  Now,  since  the  first  two  forces 
act  through  A,  the  third  must  also  pass  through  this  jioint. 
Hence  the  total  resistance  at  p  acts  in  the  line  pA,  and  therefore 
the  total  resistance  of  the  ground  at  A  must  take  some  inter- 
mediate (but  unknown)  direction,  AR.  In  the  same  way,  the 
total  resistance  at  q  is  })roved  to  act  in  the  line  qB^  and  the  total 
resistance  of  the  ground  at  B  must  act  in  some  direction,  BS^ 
intermediate  to  BE  and  Bq.  The  resistances  in  Ap  and  Bq  at 
p  and  q  meet  in  a  point,  P,  on  the  circumference  of  the  upper 
cylinder. 

Now  the  comparative  safety  of  equilibrium  at  the  different 
points  of  contact.  A,  B,  p,  q,  will  depend  on  the  angles  made  by 
the  total  resistances  at  these  point*  with  the  normals  to  the 
surfaces  of  contact;  and  it  is  manifest  that  since  the  angle 
BAp  >  BAR  and  BpA  =  BAp^  the  total  resistance  at  p  makes  a 
greater  angle  with  the  normal,  i>C,  to  the  surface  of  contact 
than  that  which  the  total  resistance  at  A  makes  with  the  normal 
AB.  Hence  equilibrium  is  safer  at  A  than  at  p.  For  a  similar 
reason,  equilibrium  is  safer  at  B  than  at  q.  Consequently  the 
final  comparison  is  to  be  made  between  the  points  p  and  q.  Now 
the  line  pq  can  be  proved  by  geometry  to  pass  through  the  point 
in  which  EB  intersects  BA  ;  and  supposing  the  radius  BE>AB, 
this  point  will  be  at  the  left-hand  side  of  the  figure.  Let  a  be 
the  acute  angle  which  pq  makes  with  the  ground.  Then,  since  in 
the  triangle  pCq  the  base  angles  at  jo  and  q  are  equal,  it  is  easy  to 
see  that  LqCW^LpCJF-  2a,  or  qC}V>pCW,  But  the  angle 
which  the  total  resistance  at  q  makes  with  the  normal  jCis  4  qCW^ 
and  the  angle  which  the  total  resistance  at  p  makes  with  the 
normal  77C  is  \pCW\  therefore  if  the  friction  were  gradually  and 
uniformly  diminished  everywhere,  or  the  cylinders  drawn  out,  the 


1 54-]  FEICTION   AND    INITIAL    ARRANGEMENTS.  267 

resistance  at  q  would  reach  its  limiting*  obliquity  before  that  at  p. 
Hence  the  initial  motion  will  be  a  slipping  of  the  cylinders  C 
and  E  at  the  point  q,  and  a  motion  of  rotation  at  the  other  points 
of  contact. 

153.]  Virtual  Work  of  the  Total  Resistance.  Suppose  one 
rough  body  to  roll  on  another  fixed  one  through  a  small  angle 
whose  magnitude  is  regarded  as  an  infinitesimal  of  the  first 
order.  Then,  neglecting  infinitesimals  of  a  higher  order,  the 
point  of  the  rolling  surface  in  contact  with  the  other  surface  is 
at  rest  during  the  displacement — that  is,  the  virtual  displacement 
of  the  point  of  application  of  the  total  resistance  between  the 
two  bodies  is  zero.  Hence  for  a  virtual  displacement  which 
consists  of  a  small  rolling  motion  of  one  rough  body  on  another, 
the  total  resistance  will  not  enter  into  the  equation  of  virtual 
work  of  either  bodv.  Of  course  in  no  case  can  the  mutual  action 
of  two  rigid  bodies  in  contact  enter  into  an  equation  of  virtual 
work  for  both  bodies. 

It  is  a  principle  in  Kinetics  that  in  a  motion  of  pure  rolling 
of  a  lx>dy  on  a  rough  fixed  surface  no  work  is  done  between  any 
two  positions  by  the  total  resistance— a  principle  which  the 
student  will  have  no  diflBculty  in  comprehending,  since  for  each 
small  motion  the  work  done  by  this  force  is  infinitesimal  com- 
pared with  the  work  done  by  other  forces  acting  on  the  body. 

154.]  Friction  as  dependent  on  Initial  Arrangements.  In 
dealing  with  natural  solids,  and  not  with  strictly  rigid  or 
indeformable  bodies,  the  existence  or  non-existence  of  friction 
sometimes  depends  on  the  way  in  which  a  body  or  system  has 
been  placed  in  the  position  which  we  are  considering.  This  will 
1)0  made  clear  by  the  following  example.  A  heavy  trap  door  (or 
a  bar),  AB,  Fig.  132,  p.  166,  moveable  about  a  fixed  horizontal 
axis  at  A,  has  a  rope  attached  at  B^  and  this  rope  is  also  attached 
to  any  fixed  point  C ;  determine  the  pressure  on  the  axis  A, 

The  line  of  action  of  the  pressure  must,  of  course,  go  through 
0,  the  point  of  meeting  of  the  other  two  forces,  but  beyond  this 
we  know  nothing  about  it  until  we  know  the  nature  of  the  axis. 
If  the  axis  is  smooth,  or  if  it  is  rough  but  so  worn  that  the 
contact  of  the  door  with  it  takes  place  along  a  single  line,  the 
action  between  the  door  and  the  axis  will  consist  of  a  force 
passing  through  the  axis,  as  has  been  amply  explained  in  Art.  106. 
But  if  the  axis  is  rough  and  contact  takes  place  all  round  it,  the 
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line  of  action  of  the  resultant  force  is  not  generally  determinate. 
However,  even  in  this  case  this  resultant  force  may  pass  through 
the  axis.  The  axis  being  rough,  let  us  imagine  it  to  become 
smooth,  and  what  motion  results?  The  rope,  being  slightly 
extensible,  would  yield  a  little^  and  slipping  would  take  place 
over  a  small  surface  at  the  axis ;  so  that  the  supposition  of 
smoothness  alters  the  circumstances  of  the  case.  But  suppose 
that  (the  axis  being  still  rough)  the  rope  has  been  stretched, 
when  the  door  is  placed  in  position,  to  such  an  extent  that  the 
moment  of  its  tension  about  the  axis  is  equal  to  the  moment  of 
the  weight  of  the  door ;  then  clearly  if  we  imagine  the  axis  to 
become  smooth,  no  motion  will  result — no  slipping  at  the  axis ; 
and  since  the  displacement  which  friction  is  required  to  prevent 
does  not  take  place,  friction  does  not  act,  and  the  case  is  the 
same  as  if  the  axis  were  smooth.  The  resultant  in  this  case  is 
therefore  determinate. 

155.]  Friction  of  a  Pivot.     Let  a  cylindrical  pivot,  ABCD 
(Pig.  aoi),  on  the  top  of  which  a  given  force  is  applied,  revolve 


Fig.  ao2. 


in  a  closely  fitting  beaiing,  EFOH^  and  let  it  be  required  to 
calculate  the  moment  of  the  friction  on  the  base,  AB^  about  the 
axis  of  the  pivot.  Suppose  Fig.  20:2  to  represent  the  base  of  the 
pivot,  and  let  P  =  the  whole  normal  pressure  on  the  base,  which 
we  shall  suppose  to  be  uniformly  distributed  over  the  base.  Divide 
the  area  AB  into  a  number  of  narrow  circular  strips,  of  which 
one  is  represented  in  the  Figure.  Let  Oa  =  a?,  Oi  =  a?  +  rfia?, 
OB  =  r,  ft  =  coefficient  of  friction.  Then  since  the  whole 
pressure  is  uniformly  distributed,  the  pressure  on  the  strip  whose 


urea  is  =  2 it x fix  is  — ^'2-nxdXt  or 


2Pxdx 


.2 


Hence  the  sam  of 


the  forces  of  friction,  acting  in  the  directions  of  the  tangentB  to  the 
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.  •      •   2uPwdx        T»  .     •        .1      .  .,.!..  1. 

stnp,  18  — -^ —  •      JJut  since  the  tangents  to  the  strip  are  all  at 

the  same  distance  &om  the  centre,  the  moment  of  friction  on  the 
strip  is  equal  to  the  sum  of  the  forces  of  friction  multiplied  by 
the  radius,  x,  of  the  strip.  Hence  the  moment  of  friction  over 
the  whole  surface  is 


/: 


2fjLPx^dt  2 


or 


0  f*  3 


fiP/-.  (1) 


If  the  base^  instead  of  being  a  full  circle,  is  a  ring,  or  collar, 
whose  internal  and  external  radii  are  r^  and  r^ ,  the  friction  per 

unit  of  surface  is  —7—5 sr, ,  and  the  moment  of  friction  is 

156.]  Wearing  away  of  the  Step.  The  piece  which  supports 
a  pivot,  and  in  which  it  revolves,  is  called  a  step.  When 
the  pivot  revolves,  the  friction  against  the  step  wears  away  its 
own  surface  and  that  of  the  step.  The  amount  of  wear  at  any 
point  of  the  st«p  depends  on  the  magnitude  of  the  force  of 
friction  and  the  relative  velocity  of  the  rubbing  surfaces  at  this 
point.  Thus,  suppose  that  ABC  (Fig.  203)  represents  a  section 
of  the  step  through  the  axis,  £P,  of  the  pivot,  and  that  Q  is  any 
point  of  contact  of  the  pivot  and  step. 
If  /  is  the  magnitude  of  the  force  of 
friction  at  Q,  the  wearing  at  Q  in  the 
direction  of  the  normal  will  be  propor- 
tional to/  and  also  to  the  amount  of 
rubbing  surface  which  passes  over  Q  in 
a  unit  of  time.  Supposing  the  pivot 
to  revolve  round  its  axis  with  an  angu- 
lar velocity  o),  the  point  of  the  pivot  in  Fig.  203. 
contact  with   Q  moves  in  a  horizontal 

circle  with  a  velocity  =  <a  .  QM,  or  a>  .y;  QM,  or  y,  being  the 
perpendicular  from  Q  on  the  axis  of  the  pivot. 

But  the  amount  of  rubbing  surface  which  passes  over  Q  in  a 
unit  of  time  is  evidently  proportional  to  the  velocity  at  Q. 
Henee  the  normal  wearing  of  the  surface  at  Q  is  proportional  to 
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line  of  action  of  the  resultant  force  is  not  generally  determinate. 
However,  even  in  this  case  this  resultant  force  may  pass  through 
the  axis.  The  axis  being  rough,  let  us  imagine  it  to  become 
smooth,  and  what  motion  results?  The  rope,  being  slightly 
extensible,  w^ould  yield  a  little^  and  slipping  would  take  place 
over  a  small  surface  at  the  axis ;  so  that  the  supposition  of 
smoothness  alters  the  circumstances  of  the  case.  But  suppose 
that  (the  axis  being  still  rough)  the  rope  has  been  stretched, 
when  the  door  is  placed  in  position,  to  such  an  extent  that  the 
moment  of  its  tension  about  the  axis  is  equal  to  the  moment  of 
the  weight  of  the  door ;  then  clearly  if  we  imagine  the  axis  to 
become  smooth,  no  motion  will  result — no  slipping  at  the  axis ; 
and  since  the  displacement  which  friction  is  required  to  prevent 
does  not  take  place,  friction  does  not  act,  and  the  case  is  the 
same  as  if  the  axis  were  smooth.  The  resultant  in  this  case  is 
therefore  determinate. 

155.]  Friction  of  a  Pivot.     Let  a  cylindrical  pivot,  A  BCD 
(Pig.  aoi),  on  the  top  of  which  a  given  force  is  applied,  revolve 


Fig.  202. 


in  a  closely  fitting  bearing,  EFGH^  and  let  it  be  required  to 
calculate  the  moment  of  the  friction  on  the  base,  AB,  about  the 
axis  of  the  pivot.  Suppose  Fig.  202  to  represent  the  base  of  the 
pivot,  and  let  P  =  the  whole  normal  pressure  on  the  base,  which 
we  shall  suppose  to  be  uniformly  distributed  over  the  base.  Divide 
the  area  AB  into  a  number  of  narrow  circular  strips,  of  which 
one  is  represented  in  the  Figure.  Let  Oa  =  x,  Ob  =:  x  +  dx, 
OB  :=  r,  fi  =  coefficient  of  friction.  Then  since  the  whole 
pressure  is  uniformly  distributed,  the  pressure  on  the  strip  whoee 


urea  is  =  2iTXfIx  is  — ^•2i:xdXy  or 


2Pxdx 


,2 


Hence  the  sam  of 


the  forces  of  friction,  acting  in  the  directions  of  the  tangentB  to  the 
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stnp,  18  — -^ —  •      JJut  since  the  tangents  to  the  stnp  are  all  at 

the  same  distance  &om  the  centre,  the  moment  of  friction  on  the 
strip  is  equal  to  the  sum  of  the  forces  of  friction  maltiplied  by 
the  radius,  x,  of  the  strip.  Hence  the  moment  of  friction  over 
the  whole  surface  is 


r. 


2iiPa^dx  2 


or 


t*  3 


Zl^Pr.  (1) 


If  the  base,  instead  of  being  a  full  circle,  is  a  ring,  or  collar ^ 
whose  internal  and  external  radii  are  r^  and  r,^ ,  the  friction  per 

unit  of  surface  is  —7—3 5-, ,  and  the  moment  of  friction  is 

156.]  Wearing  away  of  the  Step.  The  piece  which  supports 
a  pivot,  and  in  which  it  revolves,  is  called  a  step.  When 
the  pivot  revolves,  the  friction  against  the  step  wears  away  its 
own  surface  and  that  of  the  step.  The  amount  of  wear  at  any 
point  of  the  step  depends  on  the  magnitude  of  the  force  of 
friction  and  the  relative  velocity  of  the  rubbing  surfaces  at  this 
point.  Thus,  suppose  that  ABC  (Fig.  203)  represents  a  section 
of  the  step  through  the  axis,  J9P,  of  the  pivot,  and  that  Q  is  any 
point  of  contact  of  the  pivot  and  step. 
If  /  is  the  magnitude  of  the  force  of 
friction  at  Q,  the  wearing  at  Q  in  the 
direction  of  the  normal  will  be  propor- 
tional io  f  and  also  to  the  amount  of 
rubbing  surface  which  passes  over  Q  in 
a  unit  of  time.  Supposing  the  pivot 
to  revolve  round  its  axis  with  an  angu- 
lar velocity  o),  the  point  of  the  pivot  in  Fig.  203. 
contact  with   Q  moves  in  a  horizontal 

circle  with  a  velocity  =  co  .  Q3/,  or  a>  .y ;  Q-3/,  or  y,  being  the 
perpendicular  from  Q  on  the  axis  of  the  pivot. 

But  the  amount  of  rubbing  surface  which  passes  over  Q  in  a 
unit  of  time  is  evidently  proportional  to  the  velocity  at  Q, 
Henee  the  normal  wearing  of  the  surface  at  Q  is  proportional  to 
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and  B  (Fig.  2Co),  while  a  third  cylinder  rests  on  them  at  points 
p  and  q. 

Supposing  either  that  there  is  a  gradual  diminution  of  the 
ooefTicient  of  friction  (which  is  the  same  at  all  the  points  of 
contact),  or  that  the  lower  cylinders  are  gradually  drawn  asunder, 
determine  the  nature  of  the  initial  motion  of  the  system. 

Denote  the  cylinders  by  the  letters  at  their  centres.     Then 
the  cylinder  D  is  kept  in  equilibrium  by  three  forces — namdy, 
1st,  its  weight,  which  acts  through  A  ;  2nd,  the  total  rcsistancf 
of  the  ground,  which  alto  acts  through  A  ;  and  3rd,  the  tota  . 
resistance  of  the  cylinder  C  at  p.     Now,  since  the  first  two  forof  ^ 
act  through  A,  the  third  must  also  pass  through  this  poir 
Hence  the  total  resistance  at  p  acts  in  the  line  pAy  and  therefr 
the  total  resistance  of  the  ground  at  A  must  take  some  int 
mediate  (but  unknown)  direction,  AR,     In  the  same  way, 
total  resistance  at  q  is  proved  to  act  in  the  line  qB^  and  the  t 
resistance  of  the  ground  at  B  must  act  in  some  direction, 
intermediate  to  BE  and  Bq.     The  resistances  in  Ap  and  1 
p  and  q  meet  in  a  point.  1\  on  the  circumference  of  the  K 
cylinder. 

Now  the  comparative  safety  of  equilibrium  at  the  di< 
points  of  contact,  A,  B,  /?,  q,  will  depend  on  the  angles  m; 
the  total  resistances  at  these  points  with  the  normals 
surfaces  of  contact;    and  it  is  manifest  that  since  the 
DAp  >  BAB  and  BpA  =  BAp,  the  total  resistance  at  j»  i  ' 
greater  angle  with  the  normal,  BC,  to  the  surface  of 
than  that  which  the  total  resistance  at  A  makes  with  th< 
AB.     Hence  equilibrium  is  safer  at  A  than  at  p.     Pop 
reason,  equilibrium  is  safer  at  B  than  at  q,     Consequ 
final  comparison  is  to  be  made  between  the  points  p  and  * 
the  line  pq  can  be  proved  by  geometry  to  pass  thiongb  x. 
in  which  EB  intersects  BA  ;  and  supposing  the  radius^ 
this  point  will  be  at  the  left-hand  side  of  the  figure.  *  *, 
the  acute  angle  which  pq  makes  with  the  ground.     Tb***^ 
the  triangle  pCq  the  base  angles  at  p  and  q  are  eqoal,^- 
see  that  lqCW^/.pCW=z  2a,  or  qC}F>pCW.     Br*-^^ 
which  the  total  resistance  at  q  makes  with  the  nQrmal'^). 
and  the  angle  which  the  total  resistance  at  p  nui'^ 
normal  j^C  is  \pCW\  therefore  if  the  friction  were  f^ 
uniformly  diminished  everywhere,  or  the  cylinders  6j.    *'*'? 
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line  of  action  of  the  resultant  force  is  not  generally  determinate. 
However,  even  in  this  case  this  resnltant  force  may  pass  through 
the  axis.  The  axis  being  rough,  let  us  imagine  it  to  become 
smooth,  and  what  motion  results?  The  rope,  being  slightly 
extensible,  would  yield  a  little^  and  slipping  would  take  place 
over  a  small  surface  at  the  axis ;  so  that  the  supposition  of 
smoothness  alters  the  circumstances  of  the  case.  But  suppose 
that  (the  axis  being  still  rough)  the  rope  has  been  stretched, 
when  the  door  is  placed  in  position,  to  such  an  extent  that  the 
moment  of  its  tension  about  the  axis  is  equal  to  the  moment  of 
the  weight  of  the  door ;  then  clearly  if  we  imagine  the  axis  to 
become  smooth,  no  motion  will  result — no  slipping  at  the  axis ; 
and  since  the  displacement  which  friction  is  required  to  prevent 
does  not  take  place,  friction  does  not  act,  and  the  case  is  the 
same  as  if  the  axis  were  smooth.  The  resultant  in  this  case  is 
therefore  determinate. 

155.]  Friction  of  a  Pivot.     Let  a  cylindrical  pivot,  ABCD 
(Pig.  aoi),  on  the  top  of  which  a  given  force  is  applied,  revolve 


Fig.  aoa. 


in  a  closely  fitting  bearing,  EFGH,  and  let  it  be  required  to 
calculate  the  moment  of  the  friction  on  the  base,  AB^  about  the 
axis  of  the  pivot.  Suppose  Fig.  202  to  represent  the  base  of  the 
pivot,  and  let  P  =  the  whole  normal  pressure  on  the  base,  which 
we  shall  suppose  to  be  uniformly  distributed  over  the  base.  Divide 
the  area  AB  into  a  number  of  narrow  circular  strips,  of  which 
one  is  represented  in  the  Figure.  Let  Oa  =  a?,  Ob  =  w-\-dx, 
OB  =  r,  ft  =  coefficient  of  friction.  Then  since  the  whole 
pressure  is  uniformly  distributed,  the  pressure  on  the  strip  whose 

area  is  =  2iTxax  is  — ^•2'nxaXf  or — •      Hence  the  sum  of 

the  forces  of  friction,  acting  in  the  directions  of  the  tangentB  to  the 
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2  u.  JPx  dx 
strip,  is  — -^ —  •      But  since  the  tangents  to  the  strip  are  all  at 

the  same  distance  from  the  centre,  the  moment  of  friction  on  the 
strip  is  equal  to  the  sum  of  the  forces  of  friction  multiplied  by 
the  radius,  x^  of  the  strip.  Hence  the  moment  of  friction  over 
the  whole  surface  is 


r 


2yLlhfidx  2 


or 


0         r^  3 


y^Pr.  (1) 


If  the  base,  instead  of  being  a  full  circle,  is  a  ring,  or  collar, 
whose  internal  and  external  radii  are  r^  and  r^ ,  the  friction  per 

unit  of  surface  is  -7—5 ^, ,  and  the  moment  of  friction  is 

156.]  Wearing  away  of  the  Step.  The  piece  which  supports 
a  pivot,  and  in  which  it  revolves,  is  called  a  step.  When 
the  pivot  revolves,  the  friction  against  the  step  wears  away  its 
own  surface  and  that  of  the  step.  The  amount  of  wear  at  any 
point  of  the  step  depends  on  the  magnitude  of  the  force  of 
friction  and  the  relative  velocity  of  the  rubbing  surfaces  at  this 
point.  Thus,  suppose  that  ABC  (Fig.  203)  represents  a  section 
of  the  step  through  the  axis,  BPf  of  the  pivot,  and  that  Q  is  any 
point  of  contact  of  the  pivot  and  step. 
If/  is  the  magnitude  of  the  force  of 
friction  at  Q,  the  wearing  at  Q  in  the 
direction  of  the  normal  will  be  propor- 
tional iof  and  also  to  the  amount  of 
rubbing  surface  which  passes  over  Q  in 
a  unit  of  time.  Supposing  the  pivot 
to  revolve  round  its  axis  with  an  angu- 
lar velocity  a>,  the  point  of  the  pivot  in  Fig.  203. 
contact  with   Q  moves  in  a  horizontal 

circle  with  a  velocity  =  o) .  Q3I,  or  (o.y;  QM,  or  y,  being  the 
perpendicular  from  Q  on  the  axis  of  the  pivot. 

But  the  amount  of  rubbing  surface  which  passes  over  Q  in  a 
unit  of  time  is  evidently  proportional  to  the  velocity  at  Q, 
Hence  the  normal  wearing  of  the  surface  at  Q  is  proportional  to 
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line  of  action  of  the  resultant  force  is  not  generally  determinate. 
However,  even  in  this  case  this  resultant  force  may  pass  through 
the  axis.  The  axis  being  rough,  let  us  imagine  it  to  become 
smooth,  and  what  motion  results?  The  rope,  being  slightly 
extensible,  would  yield  a  little^  and  slipping  would  take  place 
over  a  small  surface  at  the  axis ;  so  that  the  supposition  of 
smoothness  alters  the  circumstances  of  the  case.  But  suppose 
that  (the  axis  being  still  rough)  the  rope  has  been  stretched, 
when  the  door  is  placed  in  position,  to  such  an  extent  that  the 
moment  of  its  tension  about  the  axis  is  equal  to  the  moment  of 
the  weight  of  the  door ;  then  clearly  if  we  imagine  the  axis  to 
become  smooth,  no  motion  will  result — no  slipping  at  the  axis ; 
and  since  the  displacement  which  friction  is  required  to  prevent 
does  not  take  place,  friction  does  not  act,  and  the  case  is  the 
same  as  if  the  axis  were  smooth.  The  resultant  in  this  case  is 
therefore  determinate. 

155.]  Friction  of  a  Pivot.     Let  a  cylindrical  pivot,  ABCD 
(Fig.  2oi),  on  the  top  of  which  a  given  force  is  applied,  revolve 


Fig.  202. 


in  a  closely  fitting  bearing,  EFGH,  and  let  it  be  required  to 

calculate  the  moment  of  the  friction  on  the  base,  AB,  about  the 

axis  of  the  pivot.     Suppose  Fig.  202  to  represent  the  base  of  the 

pivot,  and  let  P  =  the  whole  normal  pressure  on  the  base,  which 

we  shall  suppose  to  be  uniformly  distributed  over  the  base.   Divide 

the  area  A£  into  a  number  of  narrow  circular  strips,  of  which 

one  is  represented  in  the  Kgure.     Let  Oa  =  a?,  Od  =  a?  +  dx, 

OB  r=  r,  /i  =  coefficient   of  friction.     Then    since    the    whole 

])ressure  is  uniformly  distributed,  the  pressure  on  the  strip  whose 

P                      2Pxffx 
«rea  is  =  2'nxdx  is  — ^•2iixdx,  or — •      Hence  the  som  of 

the  forces  of  friction,  acting  in  the  directions  of  the  tangents  to  the 
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stnp,  IS  — -g —  •      i5ut  since  the  tangeDts  to  the  strip  are  all  at 

the  same  distance  from  the  centre,  the  moment  of  friction  on  the 
strip  is  equal  to  the  sum  of  the  forces  of  friction  multiplied  by 
the  radius,  x,  of  the  strip.  Hence  the  moment  of  friction  over 
the  whole  surface  is 


r. 


2aPa^dx  2     _ 

p ,     or     -^Pr.  (1) 


r 


If  the  base,  instead  of  being  a  full  circle,  is  a  ring,  or  collar, 
whose  internal  and  external  radii  are  r^  and  r.^ ,  the  friction  per 

unit  of  surface  is  —7—5 5-, ,  and  the  moment  of  friction  is 

,  -2nPx^dx  2     ^  r'^—r.^ 

156.]  Wearing  away  of  the  Step.  The  piece  which  supports 
a  pivot,  and  in  which  it  revolves,  is  called  a  step.  When 
the  pivot  revolves,  the  friction  against  the  step  wears  awaj  its 
own  surface  and  that  of  the  step.  The  amount  of  wear  at  any 
])oint  of  the  step  depends  on  the  magnitude  of  the  force  of 
friction  and  the  relative  velocity  of  the  rubbing  surfaces  at  this 
point.  Thus,  suppose  that  ABC  (Fig.  203)  represents  a  section 
of  the  step  through  the  axis,  J9P,  of  the  pivot,  and  that  Q  is  any 
]>oint  of  contact  of  the  pivot  and  step. 
If  /  is  the  magnitude  of  the  force  of 
friction  at  Q,  the  wearing  at  Q  in  the 
direction  of  the  normal  will  be  propor- 
tional to  /  and  also  to  the  amount  of 
rubbing  surface  which  passes  over  Q  in 
a  unit  of  time.  Supposing  the  pivot 
to  revolve  round  its  axis  with  an  angu- 
lar velocity  o),  the  point  of  the  pivot  in  Fig.  203. 
contact  with   Q  moves  in  a  horizontal 

circle  with  a  velocity  =  o) .  Q3/,  or  (a  ,y;  QM,  or  y,  being  the 
perpendicular  from  Q  on  the  axis  of  the  pivot. 

But  the  amount  of  rubbing  surface  which  passes  over  Q  in  a 
unit  of  time  is  evidently  proportional  to  the  velocity  at  Q. 
Hence  the  normal  wearing  of  the  surface  at  Q  is  proportional  to 
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bo  that  tan  \  is  the  greatest  ratio  of  the  force  of  friction  to  the 
normal  pressure.     This  quantity  we  have  called  fx. 

If  a  rigid  rod,  M  (p.  52),  of  negligible  weight,  be  pressed 
against  a  rough  surface  at  0,  the  greatest  angle  that  the  rod 
can  make  with  the  normal  is  the  angle  of  friction.  For,  since 
the  rod  is  acted  on  by  only  two  forces,  viz.,  the  applied  pressure 
and  the  total  resistance  at  0,  these  must  be  equal  and  opposite, 
that  is  along  the  rod.  Hence  the  greatest  obliquity  of  the  rod 
to  the  normal  is  A. 

If  the  resistance  to  slipping  is  not  the  same  in  different 
azimuths,  i.  e.,  if  it  is  different  in  different  planes  through  the 
normal,  the  value  of  A  will  not  be  the  same  in  all  these  planes, 
and  the  cone  of  friction  will  not  be  a  right  circular  cone. 

149.]  Axiomatic  Law  of  Friction.  We  have  said  that  the 
total  resistance  of  a  rigid  surface  is  a  force  which  can  assume 
any  magnitude.  This  force  will  in  any  given  case  be  exerted 
by  the  surface  to  such  an  extent  as  is  necessary  to  preserve  equi- 
librium, but  to  no  greater  extent.  It  is  in  its  nature  a  passive 
resistance,  i.e.,  one  which  can  be  exerted  to  any  extent,  but 
which  will  not  be  exerted  beyond  the  bare  requirements  of  the 
case.  Within  certain  limits,  also,  it  can  assume  any  direction, 
and  in  any  given  case  it  will,  if  possible,  assume  such  a  direction 
as  will  preserve  equilibrium.  In  fact,  in  virtue  of  its  passive 
nature,  we  must  regard  the  resistance  of  a  rough  surface  as  an 
opposition  called  into  existence  by  the  action  of  external 
forces  ;  and  it  is  evident  that  these  forces  will  call  into  play 
only  that  amount  of  opposing  force,  exact  both  in  magnitude 
and  in  direction,  which  will  just  counteract  their  own  action. 

The  amount  of  assumption  contained  in  this  principle  is 
enunciated  in  the  following  axiom  : — 

The  total  resistance  which  acts  at  any  point  of  a  rough  turface 
willy  if  possible,  assume  such  a  magnitude  and  direction  as  will 
preserve  equilibrium  at  that  point. 

This  axiom  is  sometimes  expressed  thus : — If  jnissive  resistances 
can  give  equilibrium,  they  will, 

150.]  Remarks  on  this  Axiom.  Two  important  observations 
must  be  made  on  the  principles  contained  in  this  axiom. 
Firstly,  it  is  important  to  understand  the  circumstances  which 
may  render  it  impossible  for  the  resistances  of  rough  surfaces  to 
preserve  the  equilibrium  of  a  system  in   any  given   position. . 
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Pig.  195. 


Suppose  that  a  body,  acted  on  by  given  external  forces,  is  in 
contact  with  a  rough  surface  at  a  single  point,  P.  Then,  for 
equilibrium,  it  is  necessary  that  the  resultant  of  the  given 
external  forces  should  pass  through  P,  and  that  the  total  re- 
sistance at  P  should  be  equal  and  opposite  to  this  result-ant. 
But  if  the  direction  of  the  resultant  makes  with  the  normal 
to  the  surface  of  contact  at  P  an  angle  >  A,  it  is  impossible  that 
the  total  resistance  could  take  the  required  direction,  and  equi- 
librium cannot  subsist. 

Again,  take  the  case  in  which  a  heavy  beam,  AB  (Fig.  195), 
rests  against  a  rough  horizontal  and 
an  equally  rough  vertical  plane. 
Describe  round  the  normals  to  the 
planes  at  A  and  B  the  cones  of 
friction,  and  let  the  sections  of 
these  cones  by  the  plane  of  the 
figure  \^  rAs  and  pBs,  Let  G  be 
the  centre  of  gravity  of  the  beam, 
and  GV  \\iQ  vertical  line  through  it. 

Then  the  beam,  if  in  equilibrium,  is  so  under  the  action  of 
three  forces,  namely,  the  weight  through  G  and  the  total 
resistances  at  A  and  B.  These  three  forces  must  meet  in  a 
])oint,  and  if  it  be  possible  to  find  a  point  in  which  €hey  can 
meet,  the  resistances  will  assume  proper  values.  Now,  in  the 
figure  it  is  impossible  to  find  any  point  on  GV^  the  line  of  action 
of  the  weight,  the  lines  drawn  from  which  to  A  and  B  could  be 
directions  of  possible  resistance  at  both  A  and  B,  For  the 
portion  o{  GV  which  is  inside  the  cone  of  f:iction  at  B  is 
outside  the  cone  of  friction  at  A,  and  vice  ver^d.  Hence,  for 
equilibrium,  tAere  must  be  some  portion  of  the  line  GV  inelvded  in 
the  space  pqrs,  common  to  both  cones  of  friction. 

Unless  this  condition  is  satisfied,  it  is  not  possible  for  the 
total  resistances  to  give  equilibrium,  whatever  their  magnitudes 
may  be.  A  possible  position  of  equilibrium  is  represented  in 
Fig.  196.  For,  if  from  any  point  on  the  portion,  mn,  oi  GV, 
which  is  included  in  the  space  common  to  both  cones  of  friction, 
lines  be  drawn  to  A  and  B,  these  lines  are  possible  directions  of 
total  resistance  at  A  and  B  ;  and  in  this  case  the  actual  magni- 
tudes and  directions  of  the  resistances  at  A  and  B  cannot  be 

determined  by  what  is  called  Rational  Statics. 

s  2 
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If  it  be  proposed  to  find  tho  position  of  limiting  equilibrium, 
that  is,  the  position  in  which  the  beam  is  bordering  on  motion, 


Fig.  196. 


Pig.  197. 


we  must   make  the  vertical  through  G  pass  through  r,  as  in 
Fig.  197. 

In  this  case  there  is  only  one  point  on  GF  which  is  inside 
both  cones  of  friction,  viz.,  the  point  r.  Hence  the  total  re- 
sistances act  in  rA  and  rJiy  and  each  makes  the  limiting  angle 
(\)  with  the  corresponding  normal.  Moreover,  both  resistances 
are  now  determinate.  If  ^  be  the  angle  made  by  the  beam 
with  the  horizon,  we  have,  from  the  triangle  Ar£, 

2  cot  rGB  =  cot  ArG  -  cot  Br  G, 
2  tan  6  =  cot  X  —  tan  A, 


(»r 


which  defines  the  position  of  limiting  equilibrium. 

It  may,  therefore,  in  certain  cases  be  impossible  for  the  total 
resistance  at  one  or  more  points  to  preserve  equilibrium  ;  and 
this  impossibility  is  always  due  to  something  in  the  arrangement 
of  the  figure  or  the  external  forces  which  requires  the  direction 
of  the  resistance  to  make  with  the  normal  to  the  surface  of 
contact  an  angle  >  the  angle  of  friction. 

Again,  in  the  axiom  is  contained  the  following  important 
proposition : — 

I/*  a  body  rests  against  a  rough  surface  at  a  poinf,  and  if  tie 
equilibrium  is  about  to  be  broken  by  some  change  in  the  acting  forces, 
equilibrium  at  that  point  tai/l,  if  possible,  be  broken  by  a  rolling 
instead  of  a  sliding  motion. 
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For,  in  this  case,  the  point  of  the  body  actually  in  contact 
with  the  surface  would  be  kept  at  rest.  This  part  of  the  axiom 
is  sometimes  stated  thus — If  a  body  can  roll^  it  will  roll^  in 
preference  to  slipping.  Exactly  the  same  considerations  as  before 
determine  the  possibility  or  impossibility  of  the  rolling  motion. 
Such  a  motion  will  always  take  place  if  it  does  not  require  the 
total  resistance  to  make  with  the  normal  to  the  surface  of  con- 
tact an  angle  >  X. 

For  example,  let  us  discuss  the  following  problem : — 

A  heavy  cubical  block  rests  on  a  rough 
horizontal  phne^  and  a  string  attached  to 
tlie  middle  of  one  of  the  tipper  edges  passes 
over  a  smooth  pulley^  and  sustains  a 
weight  which  is  gradually  increased.  Find 
the  nature  of  the  initial  motion  of  the 
blocks  the  string  and  the  vertical  through 
the  centre  of  gravity  of  the  block  being  in 
the  same  vertical  plane. 

Let  ABC  (Fig.  198)  be  the  vertical  plane  in  which  all  the 
forces  act;  CO  the  line  of  the  string,  intersecting  the 
vertical  through  the  centre  of  gravity  of  the  block  in  0 ;  P  the 
weight  of  the  suspended  mass,  and  ^^the  weight  of  the  block. 
(Since  the  length  of  the  string  is  immaterial,  no  linear  magni- 
tude can  enter  into  the  result,  therefore  the  side  of  the  block 
need  not  be  known.) 

Now  in  all  such  cases  as  this,  it  is  necessary  to  observe  the 
following  rules  : — 

1.  Write  down  the  motions  of  the  system  which  are  gat- 
metrically  possible. 

2.  Exclude  those  which  would  obviously  violate  any  of  the 
fundamental  rules  of  Statics. 

3.  If  there  remain  possible  cases  of  slipping  and  rolling  (or 
turning  over)^  solve  the  problem  on  the  supposition  that  equi- 
librium is  broken  in  the  latter  way,  and  if  this  does  not  require 
too  great  a  value  of  the  angle  of  friction,  equilibrium  will  be 
broken  in  this  way. 

In  the  present  case,  the  following  motions  are  geometrically 
possible : — 

(a)  The  block  may  be  lifted  vertically  ofl*  the  plane. 
(fi)  It  may  turn  round  the  edge  A. 
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(y)  It  may  slide  in  the  direction  AB. 
(b)  It  may  turn  round  the  edge  Ji. 

Now  (a)  is  obviously  excluded,  because  if  the  block  is  just  out 
of  contact  with  the  horizontal  plane,  it  is  acted  on  by  only  two 
forces,  namely,  its  own  weight  and  the  tension  of  the  string. 
But  since  these  cannot  be  equal  and  opposite,  equilibrium  cannot 
be  broken  in  this  way. 

Suppose  (d)  to  happen.  Then  the  total  resistance  of  the  plane 
|)asses  through  //  and  through  0,  But  it  is  impossible  that 
three  forces  acting  in  the  directions  of  AOy  OC,  and  OIF  could 
l>e  in  e<iuilibrium.     Hence  (3)  is  excluded. 

The  cases  (y)  and  (6)  remain.  Now  in  virtue  of  the  principle, 
if  (6)  is  possible,  it  will  happen.  Solve,  then,  on  the  supjwsition 
that  the  block  turns  round  B.  It  is  then  kept  in  equilibrium 
by  its  weight,  the  tension,  and  the  total  resistance  which  must 
act  in  BO.  If  the  AC  BO  is  less  than  A,  the  angle  of  friction, 
the  block  will  turn  round  B ;  but  if  CBO  >  A,  this  motion  is 
impossible,  and  slipping  must  take  place  in  the  direction  AB, 

To  express  this  analytically,  let  6  be  the  angle  made  with  the 
horizon  by  the  string  OC,  and  let  fall  from  0  a  perpendicular  on 
BC  meeting  BC  in  p.     Then 


Bp       BC-  Op .  tan  6       2  -  tan  ^ 

Henco  if  /u  (or  tan  A)  be  >   - — - — -  >  the  block  can  turn  round 

2  —  tan  0 

B,  and  will  do  so  if  P  is  gradually  increased. 

The  magnitude  of  P  which  will  just  cause  the  tilting  of  the 

block  is  found  bv  taking  moments   about  B,     We   evidentlv 

«^*«i"  P  =  i  r  sec  0. 

Suppose  that  CBO  >  A,   or  that  /ut  < -:  •      Then  the   in- 

2  —  tan  u 

cnase  of  P  will  produce  a  sliding  motion,  and  we  can  easily  find 

the  magnitude  and  point  of  application  of  the  total  resistance  of 

the  plane.     Now  since  CBO  >  A,  the  point,  M,  of  application  of 

the  total  resistance  of  the  plane,  is  found  by  dra>ving  from  0  a 

line  OM  making  with  the  normal  to  the  plane  an  angle  =  A. 

The  ])Oint  3f  lies  between  B  and  the  point  in  which  the  vertical 

througli  0  cuts  AB.     P  can  then  be  determined  either  l)y  taking 
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moments  about  3/,  or  by  resolving  vertically  and  horizontally. 
Resolving  vertically,  we  have, 

72co9A=  r-Psin(9; 
resolving  horizontally, 

iZ  sin  A  =:  P  cos  6  ; 
P  cos  ^  ,.  ^x}F 


=  M, 


or     P  = 


^iP 


/f^— P  sin  ^  "~ '^'      ^"  cos^  +  iuisin^ 

The  direction  of  the  string  might  be  so  modified  as  to  render 

jjossible  either  a  sliding  in  the  direction  BA  or  a  tilting  over  A, 

Thus,  in  Fig.  199,  if  the  line  of  the  string  intersect  the  lino 

of  action  of  the  weight  in  a  point,  0,  below  the  horizontal  plane, 

the  two  motions  possible  are  evidently  one  of  slipping  in  the 

direction  AB  and  one  of  tilting  over  the  edge  A,     The  latter 

will  take  place  if  it  can.     If  it  does,  the  total  resistance  must 

act  in  the  line  OA,  and  for  this  the  angle  DAR  must  be  <  A. 

But  if  BAR  is  >  A,  the  block  will  slip  in 

the    direction    AB^    since   the    horizontal 

component   of   the   tension   acts    in    this 

sense.     The  condition  for  tilting  over  A  is 

now  evidently 

1 

'"^  tan^-2' 

The  values  of  P  corresponding  to   both 

kinds  of  motion  are  calculated  as  before. 

151.]  Iiimiting  Positions  of  Equi- 
librium. When  a  body  rests  in  contact 
with  any  number  of  rough  surfaces  at  several  points,  the 
<  quilibrium  is  said  to  be  limiting  if  a  slight  alteration  of  a 
definite  kind  in  the  circumstances  of  the  body  would  cause 
the  equilibrium  to  be  broken.  The  slight  alteration  referred 
to  depends  on  the  nature  of  the  particular  problem  of  equilibrium. 
As  has  been  explained  in  p.  72,  every  statical  problem  relating 
to  the  equilibrium  of  a  body  is  always  one  or  other  of  the  three 
following : — 

{a)  What  is  the  least  force  that  will  sustain  a  body  in  a  given 
position  on  given  surfaces,  or  the  greatest  force  that  will  allow 
it  to  rest  in  such  a  position  ? 

(b)  With  given  forces  and  given  supporting  surfaces,  what  is 
the  position  of  equilibrium  such  that  if  this  position  be  slightly 
altered,  the  body  will  not  rest  ? 
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(c)  With  given  forces,  what  is  the  least  amount  of  roughness 
of  the  surface  or  surfaces  which  will  allow  the  body  to  rest  in  a 
given  position  ? 

Thus  in  Kg.  198  of  the  last  Article,  supposing  that  the 
angle  CBO<\,  the  equilibrium  of  the  block  will  be  limiting 
if  P  =  i  /Tsec  0\  for  if  P  is  slightly  increased  above  this  value, 
the  block  will  turn  over  B, 

Again,  in  Fig.  197  of  the  same  Article,  supposing  the  question 
to  relate  to  the  position  of  equilibrium,  the  beam  AB  will  be 
in  limiting   equilibrium  if  its  inclination  to   the   horizon   be 

=  tan~^  (— — \ ,  because  if  it  be  slightly  lowered  below  this 

position,  it  will  slip. 

Knally,  if  in  the  same  figure  we  wish  the  beam  to  be  sus- 
tained at  any  inclination  a  to  the  horizon  between  the  equally 
rough  vertical  and  horizontal  planes,  the  equilibrium  will  be 

limiting  if  the  angle  of  friction  =  -  —  -  ,  because,  if  it  be  less 

than  this,  the  beam  will  slip. 

152.]  Comparatiye  Safety  of  Equilibrium  of  a  System  at 
diftorent  Points.  When  in  a  system  in  equilibrium  the  direc- 
tions of  the  total  resistances  at  the  various  points  of  contact 
with  rough  surfaces  are  known,  we  are  enabled  to  say  at  which 
of  the  points  slipping  is  most  likely  to  happen  in  case  some  of 
the  circumstances  should  be  altered. 

This  will  be  rendered  clear  by  the  following  examples,  taken 
from  Jellett's  "Theory  of  Friction,"  p.  61  :— 

Two  uniform  beams,  AC  and  BC,  connected  at  C  by  a  smooth 
hinge,  are  placed,  in  a  vei*tical  plane,  with  their  lower  ex- 
tremities, A  and  B^  resting  on  a  rough  horizontal  plane.  If 
equilibrium  be  on  the  point  of  being  broken,  determine  how  this 
will  happen. 

Fig.  170,  example  \,  p.  228,  will  represent  the  beams  if  the 
hinges  at  A  and  B  are  conceived  to  be  removed  and  these  points 
rest  on  the  ground.  Then,  exactly  as  in  that  example,  the 
direction  of  the  mutual  resistance  at  C  is  determined.  Supposing 
AC  to  be  the  longer  beam,  it  is  clear  that  the  angle  which  the 
total  resistance,  ^Q,  at  ^  makes  with  the  normal  to  the  surface 
of  contact  (i.e.,  to  the  ground)  is  greater  than  the  angle 
which  the  total  resistance  BQ  makes  with  the  normal  at  B. 
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Now  Aa  =  Am  + 1 
AB,  we  have 


tan  AQtt  _  An 
tan  Bq>t  ~  Bn' 
« ;  and  if  2a,  2b,  2e,  are  the  aides  BC,  VA, 

i  +  aeoaj3) 


■facoBj3) 


i'  +  2ttft)c. 


Similarly 


-  (g'+2ai)coflff  +  J'cofla 


therefore  J«— 2f«  = :(coea—eoB8). 

But  since  AC>BC,  coa  a  >  cob  fi,  therefore  An>  Ba. 
Hence  the  ang^le  AQ,n>BQti ;  that  is,  the  total  resistance  at  A 
makes  with  the  normal  at  A  an  angle  greater  than  that  made  by 
the  total  resistance  at  B  with  the  normal  at  B.  Consequently. 
if  any  circumstance  should  continually  diminish  the  angle  of 
friction  (which  is  supposed  to  be  the  same  for  both  beams)  the 
total  resistance  at  A  would  be  the  first  to  attain  its  limiting 
obliquity  to  the  normal,  and  slipping  would  then  take  place  at  A 
in  the  direction  BA,  while  the  beam  BC  would  torn  round  B. 

We  might  inquire  which  of  the  beams  will  first  slip  if  they 
are  drawn  out  so  as  to  increase  the  angle  C,  and  the  same  result 
will  follow,  since  for  any  given  position  of  the  beams  the  direc;- 
tions  of  all  the  resistances  are  determinate.  In  each  case  the 
angle  AQn  must  be  the  first  to 
reach  the  value  A,  and  therefore  the 
longer  beam,  AC,  mast  slip  first. 

The  result  may  also  be  expressed 
thus — in  any  given  position  of  rest, 
equilibrium  is  more  safe  at  B  than 
lit  J. 

There  are  also  cases  in  which  the 
compaiative  safety  of  equilibrium 
can    be   determined,   although    the  ^ig.  loo. 

directions  of  total  leaistance  are  not 

completely  determinate  at  all  the  points  at  contact.  For  example 
— two  unequal  cylinders  rest  on  the  ground  at  given  points, ./ 
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and  B  (Fig'.  2Co),  while  a  third  cylinder  rests  on  them  at  points 
p  and  q. 

Supposing  either  that  there  is  a  gradual  diminution  of  the 
coefficient  of  friction  (which  is  the  same  at  all  the  points  of 
contact),  or  that  the  lower  cylinders  are  gradually  drawn  asunder, 
determine  the  nature  of  the  initial  motion  of  the  system. 

Denote  the  cylinders  by  the  letters  at  their  centres.  Then 
the  cylinder  I)  is  kept  in  equilibrium  by  three  forces — namely, 
1st,  its  weight,  which  acts  through  A  ;  2nd,  the  total  resistance 
of  the  ground,  which  also  acts  through  A  ;  and  3rd,  the  total 
resistance  of  the  cylinder  C  at  p.  Now,  since  the  first  two  forces 
act  through  A,  the  third  must  also  pass  through  this  point. 
Hence  the  total  resistance  at  p  acts  in  the  line  7?^,  and  therefore 
the  total  resistance  of  the  ground  at  A  must  take  some  inter- 
mediate (but  unknown)  direction,  AR,  In  the  same  way,  the 
total  resistance  at  q  is  proved  to  act  in  the  line  qB^  and  the  total 
resiBt-ance  of  the  ground  at  B  must  act  in  some  direction,  B8, 
intermediate  to  BE  and  Bq.  The  resistances  in  Ap  and  Bq  at 
p  and  q  meet  in  a  point.  P,  on  the  circumference  of  the  ui)per 
cylinder. 

Now  the  comparative  safety  of  equilibrium  at  t.he  different 
points  of  contact,  A,  B,  /?,  q,  will  depend  on  the  angles  made  by 
the  total  resistances  at  these  points  with  the  normals  to  the 
surfaces  of  contact;  and  it  is  manifest  that  since  the  angle 
BAp  >  BAR  and  BpA  =  BAp,  the  total  resistance  at  p  makes  a 
greater  angle  with  the  normal,  BC,  to  the  surface  of  contoict 
than  that  which  the  total  resistance  at  A  makes  with  the  normal 
AB.  Hence  equilibrium  is  safer  at  A  than  at  p.  For  a  similar 
reason,  equilibrium  is  safer  at  B  than  at  q.  Consequently  the 
final  comparison  is  to  be  made  between  the  points  p  and  q.  Now 
the  line  pq  can  be  proved  by  geometry  to  pass  through  the  point 
in  which  EB  intersects  BA  ;  and  supposing  the  radius  BE  >  AB, 
this  point  will  be  at  the  left-hand  side  of  the  figure.  Let  a  be 
the  acute  angle  which  pq  makes  with  the  ground.  Then,  since  in 
the  triangle  pCq  the  base  angles  at /?  and  q  are  equal,  it  is  easy  to 
see  that  lqCJF^lpCWz=  2a,  or  qCW>pCW,  But  the  angle 
which  the  total  resistance  at  q  makes  with  the  normal  qC\9  \  qCU', 
and  the  angle  which  the  total  resistance  at  p  makes  with  the 
normal  j!?C  is  \pCW\  therefore  if  the  friction  were  gradually  and 
uniformly  diminished  everywhere,  or  the  cylinders  drawn  out,  the 
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resistance  at  q  would  reach  its  limiting  obliquity  before  that  at  p. 
Hence  the  initial  motion  will  be  a  slipping  of  the  cylinders  C 
and  E  at  the  point  q,  and  a  motion  of  rotation  at  the  other  points 
of  contact. 

153.]  Virtual  Work  of  the  Total  Besistanoe.  Suppose  one 
rough  body  to  roll  on  another  fixed  one  through  a  small  angle 
whose  magnitude  is  regarded  as  an  infinitesimal  of  the  first 
order.  Then,  neglecting  infinitesimals  of  a  higher  order,  the 
point  of  the  rolling  surface  in  contact  with  the  other  surface  is 
at  rest  during  the  displacement — that  is,  the  virtual  displacement 
of  the  point  of  application  of  the  total  resistance  between  the 
two  bodies  is  zero.  Hence  for  a  virtual  displacement  which 
consists  of  a  small  rolling  motion  of  one  rough  body  on  another, 
the  total  resistance  will  not  enter  into  the  equation  of  virtual 
work  of  eUher  bodv.  Of  course  in  no  case  can  the  mutual  action 
of  two  rigid  bodies  in  contact  enter  into  an  equation  of  virtual 
work  for  both  bodies. 

It  is  a  principle  in  Kinetics  that  in  a  motion  of  pure  rolling 
of  a  l)ody  on  a  rough  fixed  surface  no  work  is  done  between  any 
two  positions  by  the  total  resistance— a  principle  which  the 
student  will  have  no  difficulty  in  comprehending,  since  for  each 
small  motion  the  work  done  by  this  force  is  infinitesimal  com- 
pared with  the  work  done  by  other  forces  acting  on  the  body. 

154.]  Friction  as  dependent  on  Initial  Arrangements.  In 
dealing  with  natural  solids,  and  not  with  strictly  rigid  or 
indeformable  bodies,  the  existence  or  non-existence  of  friction 
sometimes  depends  on  the  way  in  which  a  body  or  system  has 
been  placed  in  the  position  which  we  are  considering.  This  will 
be  made  clear  by  the  following  example.  A  heavy  trap  door  (or 
a  bar),  AB^  Fig.  132,  p.  166,  moveable  about  a  fixed  horizontal 
axis  at  A^  has  a  rope  attached  at  B^  and  this  rope  is  also  attached 
to  any  fixed  point  C ;  determine  the  pressure  on  the  axis  A, 

The  line  of  action  of  the  pressure  must,  of  course,  go  through 
0,  the  point  of  meeting  of  the  other  two  forces,  but  beyond  this 
we  know  nothing  about  it  until  we  know  the  nature  of  the  axis. 
If  the  axis  is  smooth,  or  if  it  is  rough  but  so  worn  that  the 
contact  of  the  door  with  it  takes  place  along  a  single  line,  the 
action  between  the  door  and  the  axis  will  consist  of  a  force 
passing  through  the  axis,  as  has  been  amply  explained  in  Art.  106. 
But  if  the  axis  is  rough  and  contact  takes  place  all  round  it,  the 


268 


EQUILIBEIUM   OF   IM)UC4H    BODIES. 


bss- 


line  of  action  of  the  resultant  force  is  not  generally  determinate. 
However,  even  in  this  case  this  resultant  force  may  pass  through 
the  axis.  The  axis  being  rough,  let  us  imagine  it  to  become 
smooth,  and  what  motion  results?  The  rope,  being  slightly 
extensible,  would  yield  a  little>  and  slipping  would  take  place 
over  a  small  surface  at  the  axis ;  so  that  the  supposition  of 
smoothness  alters  the  circumstances  of  the  case.  But  suppose 
that  (the  axis  being  still  rough)  the  rope  has  been  stretched, 
when  the  door  is  placed  in  position,  to  such  an  extent  that  the 
moment  of  its  tension  about  the  axis  is  equal  to  the  moment  of 
the  weight  of  the  door ;  then  clearly  if  we  imagine  the  axis  to 
become  smooth,  no  motion  will  result — no  slipping  at  the  axis ; 
and  since  the  displacement  which  friction  is  required  to  prevent 
does  not  take  place,  friction  does  not  act,  and  the  case  is  the 
same  as  if  the  axis  were  smooth.  The  resultant  in  this  case  is 
therefore  determinate. 

155.]  Friotion  of  a  Pivot.     Let  a  cylindrical  pivot,  ABCD 
(Fig.  2oi),  on  the  top  of  which  a  given  force  is  applied,  revolve 


B 


H 


y  G 

Fig.  20I. 


Fig.  202. 


in  a  closely  fitting  bearing,  EFGH^  and  let  it  be  required  to 
calculate  the  moment  of  the  friction  on  the  base,  AB^  about  the 
axis  of  the  pivot.  Suppose  Fig.  202  to  represent  the  base  of  the 
pivot,  and  let  P  =  the  whole  normal  pressure  on  the  base,  which 
we  shall  suppose  to  be  uniformly  distributed  over  the  base.  Divide 
the  area  AB  into  a  number  of  narrow  circular  strips,  of  which 
one  is  represented  in  the  Kgure.  Let  Oa  =  a?,  Od  =  a?  +  d!a?, 
OB  =z  r,  ^  =  coefficient  of  friction.  Then  since  the  whole 
])ressure  is  uniformly  distributed,  the  pressure  on  the  strip  whose 


area  is  =  2'nxdx  is  — ^•2-na;dXy  or 


2Pxdx 


.2 


Hence  the  sum  of 


the  forces  of  friction,  acting  in  the  directions  of  the  tangents  to  the 
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strip,  is  —^-—2 —  •      But  since  the  tangents  to  the  strip  are  all  at 

the  same  distance  from  the  centre,  the  moment  of  friction  on  the 
strip  is  equal  to  the  sum  of  the  forces  of  friction  multiplied  by 
the  radius,  x^  of  the  strip.  Hence  the  moment  of  friction  over 
the  whole  surface  is 


r 


iyiPa^dx  2 


If  the  base,  instead  of  being  a  full  circle,  is  a  ring,  or  collar ^ 
whose  internal  and  external  radii  are  r^  and  r.^ ,  the  friction  per 

unit  of  surface  is  —7—5 ^^ ,  and  the  moment  of  friction  is 


r 


156.]  Wearing  away  of  the  Step.  The  piece  which  supports 
a  pivot,  and  in  which  it  revolves,  is  called  a  step.  When 
the  pivot  revolves,  the  friction  against  the  step  wears  away  its 
own  surface  and  that  of  the  step.  The  amount  of  wear  at  any 
point  of  the  step  depends  on  the  magnitude  of  the  force  of 
friction  and  the  relative  velocity  of  the  rubbing  surfaces  at  this 
point.  Thus,  suppose  that  ABC  (Fig.  203)  represents  a  section 
of  the  step  through  the  axis,  J9P,  of  the  pivot,  and  that  Q  is  any 
]>oint  of  contact  of  the  pivot  and  step. 
If/  is  the  magnitude  of  the  force  of 
friction  at  Q,  the  wearing  at  Q  in  the 
direction  of  the  normal  will  be  propor- 
tional to  f  and  also  to  the  amount  of 
rubbing  surface  which  passes  over  Q  in 
a  unit  of  time.  Supposing  the  pivot 
to  revolve  round  its  axis  with  an  angu- 
lar velocity  o),  the  point  of  the  pivot  in  Fig.  203. 
contact  with   Q  moves  in  a  horizontal 

circle  with  a  velocity  =  o) .  QM^  or  cd  .y;  QM,  or  y,  being  the 
perpendicular  from  Q  on  the  axis  of  the  pivot. 

But  the  amount  of  rubbing  surface  which  passes  over  Q  in  a 
unit  of  time  is  evidently  proportional  to  the  velocity  at  Q. 
Henee  the  normal  wearing  of  the  surface  at  Q  is  proportional  to 
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Fig.  204. 


1(  u  be  the  inagnitade  of  the  normal  pressui-e  per  unit  of  euifacc 
at  Q,  and  /x  the  coefficient  of  friction,  we  h&yef^^n. 

Hence  the  normal  wearing-  of  the  surface  at  Q  is  proportional 

^^  (tifi)/f/,  (a) 

157.]   Friction  of  a  Conical  Pivot.     Let  A£C  (Fig.  204) 

represent  a  section  of  a  conical  step  by 
a  plane  through  the  axis,  J^F,  of  the 
pivot,  APC  being  the  surface  at  which 
the  pivot  enters  the  step. 

Supposing  that  the  pressure  on  the 
top  of  the  pivot  is  uniformly  dis- 
tributed, it  will  evidently  be  uniformly 
distributed  over  the  area  APC ;  that 
is,  there  will  be  a  constant  normal 
pressure,  fi,  per  unit  of  area  on  AFC. 
Now  it  is  impossible  to  determine  the  law  of  distribution  of  the 
pressure  on  the  step.  The  following  investigation  proceeds  on 
the  assumption  that  the  normal  pressure  per  unit  of  area,  cr  as 
it  is  properly  called,  the  normal  intetisUy  of  pressure^  is  const<ant 
over  the  surface  of  contact. 

Let  u  be  the  constant  pressure  per  unit  of  surface  of  the  step. 
If  ^«  is  a  small  element  of  the  line  BC  at  Q,  the  distance  of 
which  from  BF  is  ^,  the  corresponding  elementary  strip  of 
conical  surface  is  2-n^ds^  and  the  moment   round  BF  of  the 
friction  on  this  strip  is 

or  2  fill  uy^  (Is, 

du 
Putting   ds  =    T^ ,  and  integrating  over  the  surface  of  the 

step  from  ^  =  0  to  ^  =  FC  =  r,  we  have  the  moment  of  the 

whole  friction  equal  to 

2yL'tTnf^ 

3  sin  (9 

F 

If  P  =  the  whole  pressure  on  the  top  of  the  pivot,  n  =  —     ; 

hence  the  moment  of  friction 

=    ^''-     Ft 
d8in(? 

Tomparing  this  with  the  result  in  Ai-t.  155,  we  see  that  the 
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moment  of  friction  in  the  case  of  a  conical  is  greater  than  in  tlie 
case  of  a  cylindrical  pivot  of  equal  radias. 

158.]  The  Traotory,  or  Anti-Friction  Curve.  In  the  case 
of  a  conical  j)ivot  the  wearing  away  of  the  step  is  not  uniform  at 
all  points.  Hence  after  a  sufficient  time  the  pivot  will  not  be  in 
perfect  contact  with  its  step.  If,  however,  the  step  has  such 
a  form  that  the  vertical  wear  is  the  same  at  all  points,  the  pivot 
will  simply  sink  into  the  piece  which  supports  it,  and  remain 
always  in  contact  throughout  its  surface  with  the  step. 

We  propose  to  investigate  the  form  of  the  step  in  which  the 
vertical  wear  wDl  be  the  same  at 
all  points.  Let  Fig.  205  represent  a 
section  of  the  step  through  the  axis 
of  the  pivot,  and  let  CC  be  the 
vertical  wear  at  (7,  and  QQ'  the  ver- 
tical wear  at  Q.  Then  CC  ^  qQ\ 
Q  being  any  point  on  the  curve  BC, 
Hence  the  new  curve,  BQ'  C\  is 
simply  the  old  curve  BQC  moved 
through  a  vertical  distance  CCf 
=  QQ'=ih,  suppose. 

Now  (Art.  156)  the  normal  wear  at  Q  per  unit  of  surface  is 
proportional  to  w/xMy.     Hence,  if  Qq  is  normal  to  the  step  at  Q, 

Qq  =  k(ii\i.ny, 

n  being  the  normal  pressure  per  unit  of  surface  on  AFC^  which 
we  also  take  to  be  the  normal  pressure  per  unit  of  surface  on 
the  step,  and  k  a  constant. 


Fig.  205. 


^^  "cos(2'(2^""sinify'(2' 

the  curve  at  Q.     Hence 

kiji\i.ny 


QT  being  the  tangent  to 


k  = 


dy 
ds 


or 


kh 


=  a  constant. 


or  Q  7  =  a  constant. 

Therefore  the  curve  BC  is  such  that  the  length  of  the  tangent 
terminated  by  PBy  or  the  axis  of  ^,  is  constant  at  all  points. 
This  curve  is  known  as   the  Tractorv.      If  ^  =  the   constant 


272 


EQUILIBRIUM   OF   ROUGH    BODIES. 


[158. 


Icngtii  of  the  tangent,  and  PC  is  the  axis  of  jr,  we  have 


or 


r»r 


^\'-0='- 


^f-f 


.f 


(ijf=  ^  ttx. 


the  minos  sign  heing  given  to  the  square  root,  because  MQ 
diminishes  as  x  increases.  Integrating  this  last  eqoation  (by 
assuming  jf  -=  i  ^va  <f>)  we  have  for  the  eqoation  of  the  tracton* 

flog ^  +J-+  Vf-y"^  =  0. 

The  curve  approaches  PB  asymptotically,  and  the  step  is  formed 
by  the  revolution  of  the  curve  round  PB.  This  pivot  is  known 
as  ScAie/€*t  Anii-friction  Pitof 


Examples*. 

1.  A   uniform   rectangular   board,  A  BCD  (Fig.   206),  rests  in   a 
vertical  plane  against  two  equally  rough  pegs,  P  and  Q,  in  the  same 

horizontal  line,  two  adjacent  sides 
of  the  board  being  each  in  contact 
with  a  peg.  Find  the  position  of 
limiting  equilibrium. 

Let  A.  be  the  angle  of  friction,  6 
the  inclination  of  the  Ride  ^4^  to 
the  horizon  in  the  jKwition  of 
limiting  equilibrium,  0  the  centre 
of  gravity  of  the  board,  PQ  =  a, 
nnd  AG  =  c. 

Then  if  the  board  is  on  the  point 
of  slipping  down  at  Q  and  up  at 
P,  the  total  resistances  at  P  and  Q 
will  act  in  the  directions  PO  and 
f^O,  which  are  inclined  at  the  angle  A  to  the  normals  at  P  and  Q  to 
the  sides  AB  and  ADj  respectively.  If  (/  (not  represented  in  Figure) 
he  the  |)oint  of  meeting  of  the  normals  at  P  and  Q,  it  is  clear  that 
a  circle  will  pass  through  the  points  APCOQ  ;  and  therefore  LOAff 
=  A.     And  since  AO^  •=-  PQ  =  a,  we  have 

-10  =  a  cos  A.  ^1) 


Fig.  206. 


*  Many  of   the   following    examples    aro    taken  from  Jellett'a  TVory  t^ 
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Again,   Bince    LO'QP  —  Q,    we    have    ZQ06r' =  |-(A  +  (?),    and 

evidently,  LQOA  =  ^, therefore  LAOG  =  ~  -(A  +  2^).    If  LGAB  =  a, 

it  is  clear  that  LAGN  =  - — (^4-  a).    Now  the  position  of  equilibrium 

is  found  by  the  equation 

AO,  sin  AOG  =  AG.  sin  il(?A^ 
Substituting  in  this  equation  the  value  oi  AO  from  (1),  we  liave 

acosA.  co8(A  +  2^)  =  c  ,  co8(a  +  ^), 
which  defines  the  position  of  equilibrium. 

2.  A  heavy  uniform  beam  rests  against  a  rough  horizontal  plane 
and  against  a  rough  vertical  wall,  the  vertical  plane  through  the  beam 
being  at  right  angles  to  the  wall  and  the  ground;  determine  the 
weight  of  the  greatest  mass  that  can  be  affixed  to  it  at  a  given  point, 
so  that  equilibrium  may  be  preserved. 

If  the  beam  be  inclined  to  the  vertical  at  an  angle  less  than  the 
angle  of  friction  for  the  beam  and  the  ground,  equilibrium  cannot  be 
broken  by  attaching  a  mass,  however  great,  to  any  point  of  the 
beam. 

Let  AB  (Fig.  207)  be  the  beam,  0  its  inclination  to  the  horizon,  W 
its  weight,  2a  its  length,  P  the  weight  of  the  mass  suspended  from 
the  point  Q  in  the  beam,  BQ^  =  a;,  A  and  A^  the  angles  of  friction  at  A 
and  By  respectively. 

Draw  the  lines  AO  and  BO,  making  the  angles  A  and  A^  with  the 
normals,  An  and  Bm^  at  A  an(l  B. 

Then  when  the  resultant  of  TT  and  P  passes  through  0,  equilibrium  will 
be  at  its  limit.  For,  if  this  resultant 
acts  in  a  line  to  the  left  of  0  F,  the 
vertical  through  Oy  it  will  be  possible 
to  find  an  infinite  number  of  points 
on  it  such  that  when  joined  to  A 
and  B  the  joining  lines  will  be 
posifible  directions  of  total  resistance 
at  A  and  B  (see  Art.  1 50). 

If  the  resultant  of  W  and  F  acts 
in  a  line  to  the  right  of  OV^  there      "y^  " 

will  be  DO  point  on  it  inside  both  Fig.  207. 

cones  of  friction,  and  therefore  equi- 
librium will  be  impossible.     Hence  for  limiting  equilibrium,  we  have 
by  taking  moments  about  0, 

G  being  the  centre  of  gravity  of  the  beam. 

The  lengths  G  V  and  QV  are  easily  obtained  from  the  data.  We 
may  observe  that  if  the  point  Q  lies  between  G  and  F,  equilibrium 
can  never  be  broken,  however  great  P  may  be.  For  it  will  then  be 
impossible  by  increasing  F  to  bring  the  resultant  of  P  and  W  to  the 
right  of  OF. 

VOL.  I.  T 
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Tlicse  results  follow  also  from  the  usual  mode  of  solution  of  such  a 
problem. 

Let  R  and  S  be  the  normal  reactions  at  A  and  B,  and  /x  and  f/  the 
coefficients  of  friction  at  these  points.     Then,  resolving  horizontally, 


(2) 
(3) 

(4) 


(5) 


resolving  vertically,       B  +  i/S  =:  F+W; 
taking  moments  about  B, 

2aR{coB  e—ii  sin  0)  =  (Paj+  Wa)  cos  0. 
From  (2)  and  (3)  we  have     R  = >> 

and  by  substituting  this  value  of  R  in  (4),  we  get 

/>=  Wa      ^+W^'~2(l-/itan(9) 

2a(l— fx  tan  ^)— 05(1 +/ifA')* 

Now  it  is  easy  to  see  that  BO  =  2a  ^^/f^J.    and  BVz^BOx 

\'                                       1         4,      a    cos  (A— A') 
cos  A     ,,       ^       _^      ^    1— utan^        _^.  .      '    , 
;: ;  therefore  BV=  2a  — 7—,  and  (6)  may  be  written 

from  which  it  appears  that  if  a?  =  ^F,  the  required  force  is  infinite; 
and  if  x>BVy  it  is  negative,  or  equilibrium  can  never  be  broken  by 
any  downward  force. 

The  second  part  of  the  problem  follows  from  (5),  because  if 
/i  tan  0  >  1,  or,  in  other  words,  if  the  angle  nAB  <  A,  the  denominator 
will  be  negative.  That  it  is  impossible  to  break  equilibrium  in  this 
case  is  evident  firom  Fig.  208.  For  the  point  0  is  now  at  the  right 
of  the  vertical  wall,  and  at  whatever  point  along  AB  the  resultant  of 
F  and  W  acts,  it  is  possible  to  find  points  on  it  which  are  within  both 
cones  of  friction. 


Fig.  308. 


Kg.  309. 


3.  Two  unequal  uniform  beams,  connected  by  a  light  rope  attached 
to  their  middle  points,  rest  in  a  vertical  plane,  an  extremity  of  each 
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beam  resting  on  a  rough  horizontal  plane.  If  the  coefficient  of  friction 
is  gradually  diminished,  which  beam  will  Elip  first  f 

Let  the  beams  be  AB  and  A^B^  (Fig.  209),  and  let  C  and  (/  be  their 
centres,  and  AB  >  A^B^,  Now  the  beam  AB  is  in  equilibrium  under 
the  infinence  of  three  forces,  viz.,  its  weight,  the  tension  of  the  rope 
CC,  and  the  total  resistance  at  A  ;  and  since  the  first  two  meet  in  C, 
the  third  must  also  pass  through  this  point,  that  is,'  the  resistance  at  A 
acts  along  the  beam.  In  the  same  way  the  resistance  9,tA^  acts  along 
A^B' ;  and  by  considering  the  equilibrium  of  the  system,  we  see  that 
the  vertical  through  G^  the  common  centre  of  gravity,  must  pass 
through  Of  the  point  of  intersection  of  the  resistances.  Now  the 
angles  which  these  resistances  make  with  the  normals  at  A  and  A^ 
are  equal  to  mOA  and  mOA\  respectively;  and  the  comparative  safety 
of  the  equilibrium  at  A  and  A'  depends  on  the  magnitudes  of  these 
angles.  Now  mOA'  >mOA,  For,  draw  C^q  horizontal  and  Cq 
vertical ;  then,  since  CG  <  (TG^  qn  <  nC\  and  d  fortiort,  pn  <  nC 

Therefore  Am<  mA' :  but  — ~,  = -— r? ;  therefore,  mOA'>fnOA , 

mA       tanm(M 

and  if  the  friction  were  gradually  diminished,  the  total  resistance  at 
A'  would  reach  its  limiting  inclination  before  that  at  A.  Hence  the 
short  beam  will  slip  first. 

4.  A  cylinder  is  supported  on  a  rough  inclined  plane  by  a  string 
coiled  round  it  in  a  direction  perpendicular  to  its  axis,  the  string 
passing  over  a  smooth  pulley  and  sustaining  a  given  mass.  Find  the 
limits  to  the  direction  of  the  string. 

Round  Af  the  point  of  contact  of  the  cylinder  and  plane,  describe 
the  cone  of  friction,  tlie  section  of  which  by  the  plane  of  the  figure  is 
nAm^  the  angles  nAC  and  CAm  being  each  =  A. 

Let  OB  be  any  direction  of  the  string,  intersecting  the  vertical 
through  the  cenbre  of  the  cylinder  in  0,  Then,  so  long  as  0  is 
between  the  points  m  and  n,  equilibrium  is 
possible,  because  i4  0  is  a  possible  direction 
of  total  resistance  at  A.  There  is,  of 
course,  a  particular  magnitude  of  the 
weight,  P,  corresponding  to  the  direction 
OB  of  the  string,  and  this  magnitude  is 
found  by  taking  moments  about  A,  If  0 
is  the  angle  made  by  the  string,  OB,  with 
the  inclined  plane,  we  have 


F=zW 


sin  t 
2cos»^ 


t  being  the  inclination  of  the  inclined  plane. 

If,  the  direction  of  the  string  being  OB, 
P  have  a  value  greater  or  less  than  this, 
the  cylinder  will  roll  up  or  roll  down  the  plane. 

Drawing  from  m  two  tangents,  mt^  and  m/.^*  ^^  ^^®  cylinder,  we 

T  a 
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have  the  extreme  directions  of  the  string ;  that  is,  the  point  at  which 
the  string  leaves  the  cylinder  must  lie  between  the  points  of  contact 
of  mt^  and  nU^ ,  on  the  upper  portion  of  the  cylinder ;  for  it  is  evident 
that  if  the  string  leaves  the  cylinder  at  any  point  outside  these  limits, 
the  point  in  which  its  line  intersects  that  of  IT  will  he  vertically 
nhove  m,  that  is,  outside  the  cone  of  friction. 

5.  A  heavy  sphere  is  placed  on  a 
rough  inclined  plane  at  a  point  P 
(Fig.  211),  and  is  kept  in  position  by  a 
heavy  rough  beam,  AB,  which  is  move- 
able about  a  fixed  extremity,  B,  the 
coefficient  of  friction  for  the  sphere  and 
the  beam  being  the  same  as  that  for  the 
sphere  and  plane.  Supposing  that  the 
friction  is  gradually  diminished  at  both 
points  of  contact,  F  and  Q,  or  that  the 
pphere  is  pushed  further  up  between  the 
plane  and  beam,  determine  the  nature 
of  the  initial  motion. 
The  total  resistances  at  P  and  Q  must  meet  in  some  point,  0,  on  the 
vertical  through  (7,  the  centre  of  gravity  of  the  sphere.  Beyond  this, 
however,  their  directions  cannot  be  determined.  The  comparative 
safety  of  equilibrium  at  P  and  Q  will  depend  on  the  relative  magni- 
tudes of  the  angles,  CPO  and  CQO,  which  the  resistances  at  these 
points  make  with  the  corresponding  normals.     Now  it  is  easy  to  show 

CO  CO 

that  CQO  >  CPO  ;  for  sin  CPO  =  ^  sin  COP,  and  sin  CQO  =  ^  X 


Fig.  211. 


sin  COR,  therefore 


CP 
sin  CPO      sin  COP 


but  COR  >  COP,  therefore 


sin  6*^0       Bin  COR' 
CQO  >  CPO,  and  if  from  any  cause  the  friction  is  diminished,  or  the 
sphere  pushed  higher  up,  slipping  must  take  place  at  Q  and  rolling  at  P. 

6.  A  cylinder  is  placed  on  a 
rough  inclined  plane,  and  a  light 
rope  is  coiled  round  it  in  a  plane 
perpendicular  to  its  axis  and 
containing  its  centre  of  gravity ; 
this  rope,  after  passing  round 
the  cylinder,  is  attached  to  the 
middle  point,  //  (Fig.  2 1 2),  of  an 
edge  of  a  cubical  block  whose 
height  is  equal  to  the  diameter 
of  the  cylinder.  Supposing  the 
inclination  of  the  plane  to  be 
gradually  increased,  determine 
the  manner  in  which  equili- 
brium will  l>e  broken,  the  co- 
efficient of  friction  being  the  same  for  the  cylinder  and  plane  as  for 
the  cube  and  plane. 


Fig.  213. 


58-] 


EXAMPLES.  277 


The  motions  which  are  here  geometrically  possible  are — 

(1)  The  cylinder  may  roll  and  the  cube  may  turn  over  the  edge  C, 

(2)  The  cylinder  may  roll  and  the  cube  may  slip. 

(3)  The  cylinder  may  slip  and  the  cube  may  slip. 

(4)  The  cylinder  may  slip  and  the  cube  may  turn  over. 

Now  if  0  is  the  point  of  intersection  of  the  veiiical  through  the 
centre  of  gi'avity  of  the  cylinder  with  the  rope,  it  is  evident  that 
the  total  resistance  at  A  acts  in  the  line  OA,  In  the  same  way  if 
(/  is  the  point  of  intersection  of  the  vertical  through  G,  the  centre 
of  gravity  of  the  cube,  with  the  line  of  the  rope,  the  total  resistance 
of  the  plane  on  the  cube  must  pass  through  (/,  and  if  D  is  the  point 
in  which  the  line  of  action  of  the  weight  of  the  cube  intersects  its 
base,  the  total  resistance  must  evidently  pass  through  some  point 
between  C  and  J), 

Now  this  total  resistance,  wherever  it  acts,  makes  with  the  normal 
to  the  plane  an  angle  greater  than  BAO\  for  tan^^iO  =  ^  tan  t\ 
i  being  the  inclination  of  the  plane,  and  the  angle  which  (/D  makes 
with  the  normal  to  the  plane  =  t;  hence  the  angle  made  with  this 
normal  by  a  line  joining  &  to  any  point  between  C  and  i)  is  >  t,  and, 
hfyrtioriy  >  BAG,  Consequently  the  cylinder  can  never  slip  before 
the  cube,  and  cases  3  and  4  are  to  be  rejected.  The  choice  then  is 
to  be  made  between  1  and  2 ;  and  (see  Art.  150)  if  the  cube  can  turn 
over,  it  will  do  so.  Hence  we  solve  on  the  supposition  that  the 
cube  turns  over  (7,  and  if  this  does  not  require  too  great  a  value  of 
the  coefficient  of  friction,  the  cube  will  turn  over. 

The  problem  is  to  be  solved  by  equating  the  values  of  the  tension 
of  the  rope  derived  from  the  consideration  of  the  equilibrium  of  the 
cylinder  and  that  of  the  cube. 

For  the  equilibrium  of  the  cylinder  take  moments  about  Ay  and  we 
have  T=z\Wsmi,  (1) 

T  being  the  tension  of  the  rope  and  W  the  weight  of  the  cylinder. 

Again,  since  by  supposition  the  cube  is  about  to  turn  round  (7,  the 
total  resistance  of  the  plane  acts  through  this  point.  Taking  moment k 
about  C  for  the  cube, 


T,CH=:\y'.CQ^m(^-i), 


or  T=\  fF'(cos t-sin t).  (2) 

Equating  the  values  of  T  m{})  and  (2),  we  have 

But  in  order  that  Off  may  be  a  possible  direction  of  total  resistance, 
tlie  angle  HOC/  must  be  <  A,  or  tan  HC(y  <  /x.  Now,  it  is  easy  to 
see  that  i  j.  tan  i 


278 


EQUILIBEIUM   OP   BOUGH   BODIES. 


[158. 


TIT  I    O  TT^' 

Hence  if  J  -=r — =1^7-  <  jjl,  equilibrium  will  be  brokeu  by  a  rolling  of 

the  cylinder  and  turning  over  of  the  cube.  If  /ui  is  less  than  the 
quantity  in  (4)  the  cylinder  will  roll  and  the  cube  will  slip,  and  there 
is  no  difficulty  in  determining  the  inclination  of  the  plane  when  this 
happens.  We  may  either  draw  from  (/  a  line  making  the  angle  of 
f notion,  A,  with  the  normal  to  the  plane,  and  then  determine  T  by 
the  triangle  of  forces,  or  resolve  along  and  perpendicular  to  the  plane 
for  the  equilibrium  of  the  cube.  If  R  is  the  normal  reaction  of  the 
plane  on  the  cube,  we  find  in  the  latter  way 

Ji  =  W'  cos  t , 

IjlR=:W' sini+T; 

therefore  7*  =  TT'  (/i  cos  t  —  sin  t). 

Equating  this  to  the  value  given  by  (1),  we  have 

which  gives  the  inclination  at  which  the  cube  slips. 

7.  Two  equal  curiiage  wheels  whose  centres  are  connected  by  a 
smooth  bar  are  placed  on  a  rough  inclined  plane  ;  determine  whether 
the  equilibrium  of  the  system  will  be  best  preserved  by  locking  the 
hind  or  the  fore  wheel. 

Let  C  and  D  (Fig.  213)  be  the  centres  of  the  wheels,  and  first  sup- 
pose the  hind  wheel  to  be  locked.     Since  there  is  no  fnction  between 

the  bar  CD  and  the  axle  at  C, 
the  action  of  the  bar  on  the 
lower  wheel  consists  of  a  force 
through  C  (see  p.  159). 

The  weight  of  this  wheel  also 
acts  through  (7,  and  therefore 
the  total  resistance  at  A,  which 
is  the  third  force  keeping  the 
wheel  in  equilibrium,  must  also 
act  through  C, 

Let  G  be  the  centre  of  gravity 
of  the  two  wheels,  and  consider 
the  equilibrium  of  the  system 
formed  by  them.  There  are 
three  forces  acting  on  the  sys- 
tem,  viz.,  its  weight  through  6r, 
the  total  resistance  at  A  (which 


Fig.  313. 


has  been  proved  to  act  in  a  line  AC),  and  the  total  resistance  at  B, 
If,  then,  0  is  the  point  of  intersection  of  CA  and  the  vertical  through 
Gy  the  total  resistance  at  B  must  act  in  the  line  OB, 

We  shall  now  determine  the  inclination  at  which  equilibrium  is 
broken. 

Since  the  hind  wheel  slips,  the  angle  DBn  =  A ;  also  let  r  =  the 
radius  of  each  wheel,  CD  =  2a,  and  t  =  the  inclination  of  the  plane. 
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Then 


or 


tan  COG  _  CG 
tan  COn  ""  On 
tant  a 


\JL         2a  +  iJLr 

since  Dn  =  r  tan  DBn  =  fir.      The  inclination  of  the  plane  when 
equilibrium  is  broken  is  therefore  given  by  the  equation 

tHUt=— ^^^^^ (1) 

Again,  suppose  the  fore  wheel  alone  to  be  locked.  In  this  case  the 
total  resistance  at  B  acts  in  the  line  BD,  and  that  at  A  acts  in  AC/,  (/ 
being  the  intersection  of  BD  with  OG,  If  i'  is  the  new  inclination 
At  which  equilibrium  is  broken,  we  have,  since  ACA(/=-  A, 

tant^_/^g_       a 

II     ^Dm^2a-—yLT 

or  tan  t'=  ^  ^^      •  (2) 

2a— fir  ^  ' 

Now  it  is  clear  that  V  is  greater  than  i,  and  that,  consequently, 
equilibrium  will  be  safer  when  the  fore  wheel  is  locked  than  when  the 
hind  wheel  is  locked. 

8.  A  cylinder  is  supported  on  a  rough  inclined  plane  by  a  light  rope 
coiled  round  it  in  a  plane  perpendicular  to  its  axis  passing  through 
its  centre  of  gravity,  the  rope  being  attached  to  a  fixed  point.  Find 
the  direction  of  the  rope  in  order  that  the  inclination  of  the  plane  may 
be  the  greatest  possible. 

Let  C/B^  (Fig.  214)  be  the  line  of  the  rope,  and  C(/  the  vertical 
through  the  centre  of  gravity  of  the  cylinder.     Then  evidently  the 


Fig.  214. 


Fig.  315. 


total  resistance  at  A,  the  point  of  contact  with  the  plane,  must  act  in 
the  direction  AC/,  If  the  rope  took  the  direction  OB,  which  is  hori- 
zontal, the  direction  of  the  total  renstance  would  he  AO^  and  evidently 
the  angle  CAO<CAO^;  or,  in  other  words,  the  equilibrium  of  the 
cylinder  will  be  farther  from  its  limit  when  the  rope  is  horizontal 
than  when  it  takes  any  other  direction.     For  a  given  inclination,  i. 
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of  the  plane,  the  angle  CAO  =  ^)  and  it  is  clear  that  when  GAO 

is  equal  to  the  angle,  A,  of  friction,  the  inclination  of  the  plane 
will  he  at  its  greatest.     Hence  the  greatest  inclination  of  the  plane 
=  2A. 
If  the  coefficient  of  friction  he  >1,  the  greatest  inclination  of  the 

plane  will  he  >  — )  and  the  figure  of  limiting  equilihrium  will  he  that 

represented  in  Fig.  215,  in  which  the  angle  CAO  (=  A)  is  >  t-*    But 

whether  the  cylinder  will  stay  in  this  position  or  not  depends  on  the 
initial  arrangement.  Unless  the  rope  is  pulled  with  such  a  force  as 
to  cause  the  resultant  of  this  force  and  W  to  act  in  the  line  OA ,  equi- 
lihrium  cannot  he  preserved  hy  the  resistance  of  the  plane.  In  fact, 
unless  this  requisite  tension  of  the  rope  is  produced  hy  pressing  and 
scraping  the  cylinder  against  the  plane,  it  would  he  possihle  for  the 
cylinder  to  take  a  motion  of  and  round  its  centre  C  which  would  keep 
its  surface  out  of  actual  contact  with  the  plane ;  and  in  this  case  the 
plane  would  not  exert  any  resistance. 

9.  If  in  the  preceding  prohlem  the  rope,  instead  of  heing  attached 
to  a  fixed  point,  is  attached  to  a  mass  which  hangs  freely  over  a 
smooth  pulley,  find  the  conditions  of  equilihrium. 

Let  O'B^  (Fig.  214)  he  the  direction  of  the  rope,  P  the  weight  of 
the  suspended  mass,  W  the  weight  of  the  cylinder,  i  the  inclination  of 
the  plane,  A  the  angle  of  friction,  0  the  angle  which  the  rope  makes 
with  the  inclined  plane. 

Then  for  equilihrium  it  is  necessary  that  A  (/  should  he  the  direction 
of  total  resistance  at  A,  and  tliat  the  moments  of  P  and  W  ahout  A 
should  he  equal  and  opposite.     Hence  we  must  have 

CAO' =  or  <K  (1) 


and 


P=W 


sint 

2cos»- 
2 


(2) 


the  second  condition  heing  equivalent  to  that  ohtained  hy  the  triangle 

of  forces  for  equilihrium  at  0^, 

If  the  angle  C-4  O'  <  A,  and  P  is  slightly 
increased  ahove  the  value  in  (2),  the  initisd 
motion  will  evidently  he  a  rolling  up,  since 
moment  of  P  ahout  A  >  moment  of  IT  ahout 
A ;  hut  if  P  is  slightly  diminished  the  roll- 
ing will  he  down. 

1 0.  A  heavy  uniform  heam,  AB  (Fig.  2 1 6), 
is  to  he  sustained  in  a  horizontal  position, 
one  end,  By  resting  on  a  rough  inclined 
plane,  while  the  other  end,  A,  is  attached 

to  a  light  rope  which  passes  over  a  smooth  pulley  and  sustains  a  mass. 

Find- 


ing, a  1 6. 
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(a)  The  limits  to  the  direction  of  the  rope,  and  tlie  corresponding 
limiting  values  of  the  weight  of  the  suspended  mass. 

(h)  The  least  weight  that  will  sustain  the  beam. 

Let  W  be  the  weight  of  the  beam,  F  the  weight  of  the  suspended 
mass,  and  £N  the  normal  to  the  inclined  plane  at  B,  llien  if  ^10  be 
the  line  of  the  rope,  intersecting  the  vertical  through  the  centre  of 
gravity  of  the  beam  in  0,  BO  must  be  the  direction  of  the  total 
resistance  at  B ;  and  in  order  that  this  may  be  a  possible  direction  of 
total  resistance,  the  angle  NBO  must  be  <  A,  the  angle  of  friction. 
Hence  the  limiting  directions  of  the  rope  are  obtained  by  drawing 
BO  and  BO^  making  the  angle  A  with  BN  on  opposite  sides.  If  the 
rope  takes  the  direction  AO^  the  beam  must  be  on  the  point  of  slipping 
up,  since  the  force  of  friction  acts  doum  the  inclined  plane;  and  if 
the  direction  of  the  rope  ia  AO,  the  beam  is  on  the  point  of  slipping 
down.  The  corresponding  magnitudes  of  P  are  easily  determined  by 
taking  moments  about  B,  Let  p^  and  p^  be  the  perpendiculars  from 
B  on  AO  and  AO^,  respectively,  a  half  the  length  of  the  beam,  and 
Pj  and  F^  the  corresponding  values  of  F,     Then 

Pi 

The  values  of  p^  and  p^  can,  of  course,  be  easily  expressed  in  terms 
of  a,  A,  and  t,  the  inclination  of  the  plane. 

If  the  rope  takes  a  direction  intermediate  to  AO  and  ^(X,  and  if  p 
is  the  length  of  the  perpendicular  from  B  on  its  direction,  we  have 

P 
Hence,  if  P  is  a  minimum,  p  must  be  a  maximum,  since  Wa  is  given. 
Now  p  will  be  a  maximum  when  it  is  equal  to  AB,  that  is,  when  the 
rope  is  vertical  In  this  case  the  total  resistance  at  B  should  also  be 
vertical ;  but  if  the  inclination  of  the  plane  >  A,  this  is  impossible. 
Hence  when  t>A,  p  is  a  maximum  (consistently  with  the  conditions 
of  the  problem)  when  the  direction  of  the  rope  is  AO ;  and  therefore 
in  this  case  F^  is  the  least  value  of  P. 

If  t<  A,  the  vertical  at  ^  is  a  possible  direction  of  total  resistance, 
and  therefore  ii^  is  an  admissible  value  of  p.  The  corresponding 
value  of  P  is  therefore  \  W, 

The  student  will  easily  see  that  if  the  angle  of  friction  is  greater 
than  the  com])lement  of  the  inclination  of  the  plane,  there  can  be  no 
limiting  equilibrium  in  which  the  beam  is  about  to  slip  up. 

IL  A  cylinder  is  laid  on  a  rough  horizontal  plane,  and  is  in  contact 
with  a  rough  vertical  wall ;  a  string  coiled  round  it  at  right  angles  to 
the  axis  passes  over  a  smooth  pulley  and  sustains  a  weight  which  is 
gradually  increased  till  equilibrium  is  broken.  Determine  the  nature 
of  the  initial  motion.   (Jellett's  Theory  of  Friction^  Example  21,  p.  21 4.) 
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Let  IT  be  the  weight  of  the  cylinder,  P  the  weight  of  the  suspended 
mass,  0  the  angle  made  by  the  string  with  the  horizon,  A  and  Xf  the 
angles  of  friction  at  A  and  B,  the  points  of  contact  of  the  cylinder 
wiUi  the  vertical  and  horizontal  planes,  and  O  the  point  in  which  the 

line  of  the  string  intersects  the  vertical 
through  (7,  the  centre  of  gravity  of  the 

"^V           /I  cylinder. 

\       /    I  Now,  in  accordance  with  Article  160, 

\  /      A  we  first  consider  what  motions  are  geo- 

y  metrically  possible.     These  are 

/  (1)  Boiling  round  A  up  the  vertical 

^^^ plane. 

/  (2)  Slipping  forward  at  B  while  con- 

/  tact  ceases  at  A. 


(3)  Slippi ng  at  ii  and  B  simultaneously. 
If  (1)  can] 


(1)  can  happen  it  wiU  (see  Art.  150) ; 
Fig.  a  1 7.  let  us  suppose,  therefore,  that  the  cylinder 

is  on  the  point  of  turning  round  A  and 
coming  out  of  contact  at  B.  In  this  case  there  are  only  three  forces 
keeping  the  cylinder  in  equilibrium,  namely,  IT,  F,  and  a  total  re- 
Fistance  at  A,  This  last  force  should,  for  equilibrium,  pass  through 
0  and  act  in  the  direction  OA,  Now  whether  the  angle  OAC  is  less 
or  greater  than  A,  this  is  not  a  possible  line  of  action  of  tot»il  resistance, 
because  the  plane  caimoi  puil.    Hence  (1)  is  physically  impossible. 

Suppose  that  (2)  happens.  Then,  as  before,  there  are  only  three 
forces  keeping  the  cylinder  in  equilibrium,  namely,  TF,  P,  and  the 
resistance  at  B,  This  last  must  pass  through  0,  and  must  therefore 
act  vertically.  But  it  is  obvious  that  such  a  force  could  not  equi- 
librate W  and  F ;  therefore  (2)  is  impossible. 

There  remains  the  third  case,  which  alone  is  possible.  To  deter- 
mine the  value  of  F  corresponding  to  limiting  equilibrium,  draw  the 
lines  A  (/  and  BC/  making  with  the  normals  at  A  and  B  the  angles, 
A  and  A',  of  friction  for  the  cylinder  and  planes.  Then  by  taking 
moments  about  0^  we  easily  obtain  the  value  of  F,  which  may  also  be 
obtained  by  the  ordinary  equations  of  resolution  of  forces.  Thus,  let 
B  and  E^  be  the  normal  pressures,  and  therefore  fiR  and  i/B^  the 
forces  of  friction,  at  A  and  B. 

Taking  moments  about  B,  we  have 

R{l+fi)  =  F{l-coB0),  (1) 

Taking  moments  about  A^ 

2?'(l-pt')  =  ir-P(l  +  sin^).  (2) 

Besolving  horizontally, 

t/B'-R^^FcoBO.  (3) 

Substituting  in  (3)  the  values  of  R  and  R^  given  in  (1)  and  (2),  we 
obtain  the  value  of  P  correspondiug  to  limiting  equilibrium. 

It  will  be  a  useful  exercise  for  the  student  to  vary  the  position  of 
the  pulley  in  such  a  way  as  to  render  possible  a  case  of  limiting  equi- 
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librium  in  which  the  cylinder  is  about  to  ascend  the  vertical  plane  by 
turning  round  A. 

12.  A  heavy  right  cone  is  placed  with  its  base  on  a  rough  inclined 
plane,  the  inclination  of  which  is  gradually  increased;  determine 
whether  the  initial  motion  of  the  cone  will  he  one  of  sliding  or 
tumbling  over. 

Let  ABC  (Fig.  218)  be  the  vertical  section  of  the  cone  through  its 
axis,  CU,  and  let  G  be  the  centre  of  gravity  of  the  cone.  {GJI  is  \ 
CHf  as  will  appear  in  a  subsequent  Chapter.) 
Then,  in  accordance  with  rule  3  of  Art.  1 50,  ^' 
if  it  is  possible  for  the  cone  to  turn  over  the 
point  A,  the  cone  will  do  so.  Solve,  there- 
fore, on  the  supposition  that  equilibrium  is 
broken  by  turning  round  A,  )n  this  case, 
the  two  forces  acting  on  the  cone  are  its 
weight  and  the  total  refristance  of  the  plane, 
which,  of  course,  passes  through  A ;  and 
these  forces   must  be  equal  and  opposite,  Fig.  318. 

i.e.,  the   total  resistance  must  act   in  the 

vertical  line  AG.  Now  this  will  be  possible  only  if  AG  makes  with 
the  normal  to  the  plane  an  angle  lens  than  the  angle  of  friction,  A. 
Hence  for  a  tumbling  motion  AGH<  A.     Bat  if  a  =  il  CH, 

tan  AGH  =  4  tan  a. 

Therefore  if  /m  >  4  tan  a,  the  initial  motion  of  the  cone  will  be 
tumbling,  and  if  fi<  4  tan  a,  the  initial  motion  will  be  sliding,  and 
this  sliding  will  evidently  occur  when  the  inclination  of  the  plane 
reaches  the  value  A. 

13.  A  heavy  uniform  bar,  AB,  rests  on  a  rough  horizontal  table; 
at  a  given  point,  P,  in  it  is  attached  a  string  which  is  pulled  per- 
pendicularly io  AB  in  the  plane  of  the  table;  find  the  point,  /,  about 
which  the  bar  will  begin  to  rotate  when  the  tension  of  the  string  is 
sufficiently  increased. 

Let  iFr=  weight  of  bar,  AB  =  2  a,  AP  =  c,  BI  =  a,  fx  =  coefficient 

W  , 
of  friction.     Then  —  is  the  weight  per  unit  length  =  the  pressure 

per  unit  length  on  the  table,  so  that,  when  the  bar  is  about  to  rotate 

about  7,  the  force  of  friction  on  any  element  of  length,  eb,  of  the  bar 

W 
is  iJLrr-  'ds,     Now  these  forces  of  friction  on  the  portion  BI  will  be 

all  perpendicular  to  the  bar  in  one  sense,  while  on  the  portion  AI  they 

will  all  act  in  the  opposite  sense ;  also  the  resultant  friction  on  BI 

W  W 

acts  at  the  middle  i)oint  of  BI  and  =  fx  —-  .  BI,  or  /i  —  x,  while 

W 
the  force  on  A I  acts  at  its  middle  jioint  and  =  fi---  (2a-ar).    Again, 

2a 

since  all  the  forces  on  the  bar  are  just  in  equilibrium,  the  resultant 

of  these  forces  of  friction  acts  at  P,  opposite  to  the  tension  of  the 
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string.     Hence  taking  momentH  about  P,  we  have 

W  X  W  X 

^  2^^^^"  ■"  "^ "  2^  "^  ^  2^  ^^''■"^^ ^"  "■  k  ""  ^^' 

or  352— 2(2a— c)a?+2a(a— c)  =  0, 

which  gives  two  positions  of  /,  one  of  which  is  outside  the  bar. 
The  values  of  x  are 

which  give  the  following  construction  :  at  C,  the  middle  point  of  AB, 
erect  a  perpendicular,  CQ^  equal  to  a,  to  ^1^  ;  with  P  as  centre  and 
PQ  as  radius  describe  a  circle  which  will  cut  AB  in  two  points,  /,  /', 
one  of  which,  /,  is  within  AB^  and  the  other  outside  it.  The  second 
is  manifestly  irrelevant  since  for  the  corresponding  value  of  x  the 
tension  of  the  string  is  negative. 

When  c  =  a,  i.e.,  when  the  string  is  applied  at  tlie  middle  point, 
the  whole  bar  moves  in  the  same  acLse,  and  the  tension  =  fiTT,  as  i» 
h  priori  evident. 

1 4.  A  circular  cylinder,  or  a  uniform  circular  plate,  lies  on  a  rough 

horizontal  table ;  to  a  given  point 
on  the  circumference  is  attached 
a  string  which  is  pulled  hori- 
zontally by  a  gradually  increasing 
force;  show  that  the  body  will 
begin  to  rotate  about  some  point 
on  that  diameter  of  the  base 
which  is  perpendicular  to  the 
direction  of  the  string. 

Suppose  that  I  (Fig.  219)  is  the 
point  about  which  rotation  begins ; 
then  if  W  is  the  weight  of  the 
body  and  aS'  the  area  of  the  base, 
the  normal  pressure  on  the  base 
^8*  219.  18  uniformly  distributed  and  is 

W 

-=-  per  unit  ai*ea,  so  that  on  an  element,  da,  of  area  at  any  point  P 

W 
the  force  of  friction  will  be  fx  —  .  rf«  when  rotation  begins.    This  force 

b  represented  by  the  arrow  at  P  perpendicular  to  P/,  the  rotation 
being  supposed  to  take  place  counter-clockwise.  Draw  the  diameter 
10 ;  then  we  can  find  a  point,  P',  situated  at  the  other  side  of  this 
diameter,  symmetrically  with  P,  at  which  if  we  take  the  same  element, 
dsj  of  area  the  force  of  friction  will  be  the  same  as  before,  and  will 
be  perpendicular  to  P'l  in  the  sense  of  the  arrow  at  P'.  But  these 
two  forces  give  a  zero  component  parallel  to  07,  their  resultant  being 
manifestly  perpendicular  to  01  and  towards  the  right  of  the  figure. 
At  all  pairs  of  symmetrically  situated  points,  Q,  ^,  below  the  line 
through  I  perpendicular  to  10 j  the  resultant  of  the  forces  of  friction 
on  equal  elements  is  perpendicular  to  01,  but  towards  the  left. 
Hence  the  total   resultant  of  friction  acts  perpendicularly  to  01) 
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and,  if  A  is  the  point  of  attachment  of  the  string  and  AT  its 
direction,  since  the  resultant  of  friction  is  exactly  equal  and  opposite 
to  Tf  the  tension  of  the  string,  01,  must  be  perpendicular  to  AT, 

To  determine  the  point  /,  let  a  =  radius  of  base,  OB  =  c  =  per- 
)>endicular  from  0  on  AT,  and  01  =  x.  Then  expressing  the  element 
of  surface  at  F  with  respect  to  /  as  pole,  let  IF  =  r,  and  let  <^  be 
the  angle  which  IP  makes  with  01  The  element,  da,  of  area  at  Pis 
rdrdff},  and  the  perpendicular  from  B  on  the  line  of  action  of  the 
friction  at  P  is  r+(c  +  x)  cos  <^.  Hence  equating  to  zero  the  sum  of 
the  moments  of  all  the  forces  of  friction  about  B  (which  is  a  point  on 
their  resultant),  we  have 

J     /    [^  +  (c  +  «)  r  cos  <^]  d(l>dr  =  0, 
0  Jo 

in  which  E  =  -v/a*— 05*  sin*<^  — x  cos  <^. 

Integrating  first  with  respect  to  r,  it  is  obvious  that  all  the  rational 
terms  in  x  and  <f}  vanish  because  each  of  them  is  of  the  form 

/     sin**<^  .  co8<^<:f<^, 
0 

and  we  have  simply 


in 


x^ 


which    A  =  A  /   1 1  sin'i^,  according  to  the  usual  notation 


a 


of  elliptic  integrals ;  and  of  course  the  upper  limit  may  be  taken  as 


-•     But  it  is  well  known,  by  methods  of  reduction,  that 

Hence,  denoting  the  complete  integrals  of  the  first  and  second  kinds 
by  K  and  E,  respectively,  the  equation  for  x  becomes 

(|-j-3-¥)^=(J-s)C-5h 

a  transcendental  equation  for  x, 

15.  If  one  cord  of  a  snsh  window  breaks,  find  the  least  coefficient 
of  friction  against  the  sa^h  in  order  that  the  other  cord  may  still 
support  tho  window. 

Ans.  M=  19   where  h  is  the  height  and  6  the  breadth  of  the 
window. 

16.  A  mass  whose  weight  is  nTT  is  attached  to  a  small  ring  which 
is  threaded  on  a  rough  circular  hoop  of  weight  W  and  radius  a,  whose 
plane  is  vertical  and  which  hangs  from  a  fixed  rough  peg,  the  angle 
of  friction  between  ring  and  hoop  being  X ;  show  that  the  hoop  will  be 
in   equilibrium   with   its    centre  at  any  distance  not  greater  than 
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string,     llenoe  takiug  moments  about  Fy  we  have 

W  X  W  X 

/x  — a;(2a  -  c  ~ -)  =  fi  —  (2a-a?) (a  -  -  -  c), 

or  a*— 2(2a— c)a;  +  2a(a— c)  =  0, 

which  gives  two  positions  of  /,  one  of  which  is  outside  the  bar. 
The  values  of  x  are 

which  give  the  following  construction :  at  C,  the  middle  point  of  AB^ 
erect  a  perpendicular,  CQ,  equal  to  a,  to  ii^  ;  with  P  as  centre  and 
PQ  as  radius  describe  a  circle  which  will  cut  AB  in  two  points,  /,  /', 
one  of  which,  /,  is  within  AB,  and  the  other  outside  it.  The  second 
is  manifestly  irrelevant  since  for  the  corresponding  value  of  x  the 
tension  of  the  string  is  negative. 

When  c  =  a,  Le.,  when  the  string  is  applied  at  the  middle  point, 
the  whole  bar  moves  in  the  same  geuse,  and  the  tension  =  /xTT,  as  is 
d  priori  evident. 

14.  A  circular  cylinder,  or  a  uniform  circular  plate,  lies  on  a  rough 

horizontal  table ;  to  a  given  point 
on  the  circumference  is  attached 
a  string  which  is  pulled  hori-  < 
zontallybya  gradually  increasing 
force;  show  that  the  body  will 
begin  to  rotate  about  some  point 
on  that  diameter  of  the  base 
which  is  perpendicular  to  the  '  ^ 
direction  of  the  string. 

Suppose  that  /  (Fig.  219)  isthe     "" 
point  about  which  rotation  begins; 
then  if  TT  is  the  weight  of  the 
body  and  S  the  area  of  the  base, 
the  normal  pressure  on  the  base  "  - 
Fig.  219.  is  uniformly  distributed  and  it 

W  ,  .         '< 

-^  per  unit  ai-ea,  so  that  on  an  element,  ds,  of  area  at  any  point  P  :.^ 

W  ** 

the  force  of  friction  will  be  /x  —  'da  when  rotation  begins.    This  foro 

is  represented  by  the  arrow  at  P  perpendicular  to  P/,  the  rotatioi^    - 
being  supposed  to  take  place  counter-clockwise.     Draw  the  diametC^  - 
10 ;  then  we  can  find  a  point,  jP',  situated  at  the  other  side  of  th?  - 
diameter,  symmetrically  with  P,  at  which  if  we  take  the  same  elemev    - 
da,  of  area  the  force  of  friction  will  be  the  same  as  before,  and  wiv  ^. 
be  perpendicular  to  P'l  in  the  sense  of  the  arrow  at  P',     But  the 
two  forces  give  a  zero  component  parallel  to  07,  their  resultant  be!)     ^. 
manifestly  perpendicular  to  01  and  towards  the  right  of  the  figtt' 
At  all  pairs  of  symmetrically  situated  points,  Q,  (/,  below  the  15'  ^ 
through  /  perpendicular  to  10,  the  resultant  of  the  forces  of  fricti  -.     '^ 
on   equal   elements   is  perpendicular  to  01,  but  towards  the  I«^ 
Hence  the  total   resultant  of  friction  acts  perpendicularly  to  &  ^ 


r. 


'SS.J 

';:"'■  if  J  ,, ,.  '•'•'«'•/,;> 
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a  sin  X  from  the  vertical  through  the  peg  if  the  coefficient  of 


n+i 

friction  between  the  hoop  and  peg  be  not  less  than  a  certain  quantity, 

which  find.     {College  Examination,  Cambridgey  1888.) 

An^.  The   angle   of  friction    between   hoop   and   peg  must  be 

>Bm-M — —- ). 
^  n+1  / 

17.  Two  uniform  bars,  AB,  AG,  are  rigidly  united  at  A\   their 

weights  are  YT,  W  \  AB  i%  placed  on  a  fixed  rough  peg,  the  coefficient 

of  friction  being  fi;  if  p  is  the  perpendicular  from  C  on  AB,  show 

W 
that  there  is  a  length  fi-=T — W'P  ^^^  '^^  ®"^^  ^^^  ^^  *^®  contact 

with  the  peg  is  anywhere  within  it,  the  system  will  rest.    (Ibid,  1884.) 

18.  A  heavy  bar  passes  between  two  rough  pegs.  A,  B,  whose 
distance  is  a,  the  line,  AB,  joining  them  being  inclined  at  an  angle  t 
to  the  horizon,  A  being  the  higher  and  B  the  lower  peg ;  find  the 
limiting  position  of  the  bar. 

Ans,  If  X  is  the  distance  of  the  centre  of  gravity  of  the  bar  from 
B,  and  fi  and  yf  are  the  coefficients  of  friction  at  A  and  B^  respectively. 

tan  t  — ft' 

X  = T-  •  O" 

M  +  M 

19.  A  uniform  heavy  bar,  AB,  moveable  in  a  vertical  plane  about 
a  smooth  horizontal  axis  at  A,  has  a  cord  attached  to  By  this  cord 
passing  through  a  small  ring  fixed  at  a  point  C  in  the  horizontal  line 
through  A  such  that  AC  =  AB ;  the  other  end  of  the  cord  is  attached 
to  a  mass  P  which  lies  on  a  rough  horizontal  table  in  the  line  AC\ 
find  the  position  of  limiting  equilibrium. 

Ana.  If  AB  makes  the  angle  0  with  AC,  fx=i  coefficient  of  friction 
between  F  and  the  table,  W  =  mass  of  AB,  there  are  two  positions 

^^"^^^  .6      uF      e 

2cos'--2^co6--l=0. 

20.  A  uniform  bar  rests  with  its  extremities  on  two  rough  in- 
clined planes  whose  line  of  intersection  is  horizontal,  the  vertical  plane 
through  the  bar  being  perpendicular  to  this  line ;  find  the  limiting 
position  of  equilibrium. 

Ans,  If  i,  t'  be  the  inclinations  of  the  planes,  X,  X'  the  angles  of 
friction  between  the  bar  and  the  planes,  respectively,  and  $  the 
limiting  inclination  of  the  bar  to  the  horizon, 

2tan  ^  =  cot(t  +  X)-cot  (*'-X'). 

Another  limiting  position  will  be  got  by  changing  the  sign  of  X  and  X^ 

21.  A  heavy  uniform  rod  rests  with  its  extremities  on  the  interior 
of  a  rough  vertical  circle ;  find  the  limiting  position  of  equilibrium. 

Ana.  If  2  a  iB  the  angle  subtended  at  the  centre  by  the  rod,  and  X 
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the  angle  of  friction,  the  limiting  inclination  of  the  rod  to  the  horizon 

is  given  hj  the  equation 

.      ^  Bin2X 

tan  0  ^ • 

COS  2X  +  cos2a 

22.  A  heavy  uniform  ladder  rests  with  one  end  against  a  rough 
horizontal  and  the  other  end  against  an  equally  rough  vertical  plane ; 
find  the  least  coefficient  of  friction  that  will  allow  the  ladder  to  rest 
in  all  positions.  ^^    Unity. 

23.  In  the  previous  question  let  the  centre  of  gravity  of  the  ladder 

divide  it  into  two  segments,  a  and  6,  the  latter  segment  heing  in 

contact  with  the  vertical  wall;   given  the  coefficient  of  friction,  f^ 

between  the  ladder  and  the  ground,  find  the  least  coefficient  of  friction 

between  the  ladder  and  the  wall  which  will  aUow  the  ladder  to  rest 

in  all  positions.  .         a 

Ana,  — r* 
jxb 

24.  Two  equal  bars,  AC  and  CB,  are  connected  by  a  smooth 
hinge  at  C,  and  are  placed  in  a  vertical  plane  with  their  lower 
extremities,  A  and  B,  resting  on  a  rough  horizontal  plane;  from 
observing  the  greatest  value  of  the  angle  ACB  for  which  equilibrium 
is  possible,  determine  the  coefficient  of  friction  for  the  bars  and  the 
plane  (Walton's  Mechanical  Problems,  p.  96,  second  ed.). 

Ana.  If  the  greatest  value  of  LACB  is  )9, 

fx=ttan-. 

25.  A  triangular  prism,  whose  section  by  a  vertical  plane  through  its 
centre  of  gravity  perpendicular  to  its  edges  is  ABG^  rests  with  its  base 
AB  on  a  rough  horizontal  plane ;  a  rope  is  attached  to  the  middle 
point,  C,  of  its  upper  edge,  and,  passing  over  a  fixed  pulley  in  the 
horizontal  line  parallel  to,  and  in  the'  sense  of,  BA^  is  pulled  with  a 
gradually  increasing  force.     Find  the  nature  of  the  initial  motion. 

Ana.  11  AB  =  Cf  AC  =  6,  and  the  height  of  the  prism  =  h,  the 
prism  will  tilt  over  the  edge  through  A  if 

e-\-bcosA 

otherwise  it  will  slide. 

26.  Prove  that  the  work  done  in  drawing  a  mass  frt)m  one  fixed 
point  to  another  along  a  rough  curve  by  a  force  wliich  always  acts 
tangentially  will,  with  certain  restrictions,  be  the  same  whatever  be 
the  shape  of  the  curve.     {MaHi,  Tripoa^  1884.) 

27.  A  circular  wheel  is  placed  on  a  rough  plane  whose  inclination 
to  the  horizon  is  gradually  increased ;  the  plane  of  the  rim  is  vertical ; 
to  a  given  point,  A^  on  the  rim  is  attached  one  end  of  a  rope  the  other 
end  of  which  is  attached  to  a  fixed  point,  B^  on  the  plane  ;  find  the 
inclination  of  the  plane  when  the  wheel  begins  to  slip. 

Ana,  Let  0  be  the  point  of  contact  of  the  rim  with  the  plane, 
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C  the  centre  of  the  wheel,  a  =  OCA^  y3  =  OB  A ,  ft  =  coefficient  of 
friction,  t  r=  inclination  of  plane  ,*  then 

cos  (a +  3)  — cos  ;3 

tant  =  u ^^ — • 

cos(a  +  y3)  +  ftBin/3 

28.  Two  uniform  beams  are  placed  with  their  lower  extremities 
resting  on  a  rough  horizontal  plane,  their  upper  extremities  resting 
against  each  other.  Show  how  to  cut  a  plane  face  from  the  upper 
extremity  of  one  of  the  beams,  in  order  that  slipping  may  be  about  to 
ensue  at  their  point  of  contiust. 

Ana,  Determine  the  line  of  action  of  their  mutual  resistance  as  in 
p.  229 ;  then  cut  a  face  inclined  to  this  line  at  the  complement  of  the 
angle  of  friction. 

29.  A  heavy  uniform  circular  wheel  rests,  in  a  vertical  plane, 
against  the  ground  at  A  and  is  in  contact  at  B  with  an  obstacle  of 
given  height ;  the  wheel  is  to  be  pulled  over  tiie  obstacle  by  means 
of  a  rope  (of  given  direction)  attached  at  a  given  point  to  the 
wheel;  find — 

(a)  The  condition  that  the  initial  motion  of  the  wheel  shall  be  a 
rolling  over  the  obstacle ; 

(6)  The  condition  that  the  initial  motion  may  be  slipping  at  A 
and  B, 

(c)  What  ultimately  happens  when  the  initial  motion  is  slipping  at 
A  and  B, 

30.  Two  rough  inclined  planes  slope  in  the  same  direction  and 
intersect  in  a  horizontal  line.  A  cylinder  placed  at  their  intersection 
and  touching  both  all  along  its  length  has  a  rope  coiled  round  it  in  a 
plane  through  its  centre  of  gravity  perpendicular  to  its  axis ;  this 
rope  passes  over  a  fixed  pulley  and  is  pulled  with  gradually  increasing 
force.  Discuss  the  ways  in  which  equilibrium  may  be  broken  by 
varying  the  tension  of  the  rope,  finding  (with  a  given  position  of  the 
rope) — 

(a)  The  condition  that  must  be  satisfied  in  order  that  equilibrium 
should  be  possible  at  all ; 

(6)  The  condition  that  the  initial  motion  should  be  one  of  slipping 
on  both  planes; 

(c)  The  value  of  the  tension  of  the  rope  when  this  slipping  takes 
place. 

31.  A  uniform  bar,  of  which  one  end  rests  against  a  rough 
vertical  wall,  is  supported  by  a  light  cord  attached  to  the  other  end, 
and  to  a  given  point  in  the  wall ;  find  the  limiting  positions  of  equili- 
brium. 

Arts.  If  2a  =  length  of  bar,  2c  =  length  of  cord,  X  =  angle  of 
friction,  0  =  inclination  of  bar  and  <^  =  inclination  of  cord  to  the 
vertical,  we  have  2  cot  ^  =  cot  <()  -  tan  X 

a  .  sin  d  =  c .  sin  <^, 
from  which  both  0  and  <^  may  l)e  found  thus :  take  any  two  points  A,B\ 
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produce  AB  to  C  so  that  AB  =  BC ;  at  C  draw  the  line  CL  making 

A  ACL  =  -  —  X ;  then  0  and  <^  are  the  angles  FBC,  FAC  made  bj  the 

lines  joining  B  and  A  to  a  point  of  intersection  of  the  line  CL  with  the 
circle  which  is  tiie  locus  of  the  vertex  of  a  triangle  having  AB  for 
base,  the  ratio  of  its  sides  AF,  BF  being  c :  a.  Hence,  in  general, 
there  are  two  solutions,  which  may,  of  course,  become  imaginary. 

There  is  no  difficulty  in  forming  a  quadratic  from  the  above 
equations  for  cot  0,  or  in  thence  proving  that  there  will  be  no  limiting 
equilibrium  unless  ^^ 

2  a*— c' 

32.  AB  and  CD  are  two  equal  weightless  bars  connected  together  by 
a  smooth  axis  at  G,  their  conunon  middle  point ;  they  are  placed  in  a 
vertical  plane  with  their  ends  A  and  C  resting  on  a  rough  horizontal 
plane,  while  a  cord  of  given  length  connects  their  upper  ends,  B  and 
Dy  and  on  this  cord  slides  a  ring  from  which  a  heavy  body  is  sus- 
pended ;  find  the  limiting  inclinations  of  the  bars  to  the  ground. 

Ans,  Let  AB  ==  CD  =  2a,  length  of  cord  =  2c,  X  =  angle  of 
friction  between  the  bars  and  the  ground,  $  =  inclination  of  either 
bar  and  if>  =  inclination  of  either  portion  of  cord  to  horizon.  Then, 
if  A  and  C  are  about  to  slip  from  each  other, 

2cot^  =  cot<^  +  tanX,  (1) 

a  cos  ^  =  c  cos  <^,  (2) 

which  give  the  following  construction :  draw  a  line  QN  =  a ;  between 
N  and  Q  take  31  so  that  QM  =  c ;  between  M  and  Q  take  L  so  that 

NM  =  ML;   at  L  draw  the  line  LS  making  LQLS^zz  5-— X;  at  Q 

draw  QR  perpendicular  to  QL ;  to  this  line  QR  draw  two  equal  lines 
from  N  and  M  so  that  they  intersect  in  a  point,  P,  on  the  line 
LS\  then  Q  ^  p^i,  and  ^  =  FNL. 

If  F  cannot  be  found  at  the  upper  side  of  QN^  the  limiting  equilibrium 
is  such  that  A  and  C  are  about  to  slip  towards  each  other,  and  F 
must  be  sought  on  the  line  LS  at  the  lower  side  of  QN ;  or  LS  may  be 

TT 

drawn  making  SLM  =  —  —  X. 

33.  A  rectangular  block  is  placed,  with  one  of  its  edges  horizontal, 
on  a  rough  plane,  the  inclination  of  which  to  the  horizon  is  gradually 
increased;  determine  whether  the  equilibrium  of  the  block  will  be 
broken  by  a  motion  of  sliding  or  one  of  tumbling. 

Ans.  If  a  and  h  are  the  lengths  of  the  edges  which  are  not 
horizontal,  h  being  the  length  of  the  edge  which  is  perpendicular  to 
the   inclined   plane,  the   initial  motion  will  be  one  of  tumbling  if 

ft  >  ^ ,  and  of  sliding  if  fx  <  ^  • 

34.  A  cubical  block  is  placed  on  a  rough  inclined  plane  and  sos- 
VOL.  I.  U 
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Hence  if  J  — — =7^7-  <  ft,  equilibrium  will  be  brokeu  by  a  rolling  of 

the  cylinder  and  turning  over  of  the  cube.  If  ft  is  less  than  the 
quantity  in  (4)  the  cylinder  will  roll  and  the  cube  will  slip,  and  there 
is  no  difficulty  in  determining  the  inclination  of  the  plane  when  this 
happens.  We  may  either  draw  from  (/  a  line  making  the  angk*  of 
fiiction,  A,  with  the  normal  to  the  plane,  and  then  determine  T  by 
the  triangle  of  forces,  or  resolve  along  and  perpendicular  to  the  plane 
for  the  equilibrium  of  the  cube.  If  R  is  the  normal  reaction  of  the 
plane  on  the  cube,  we  find  in  the  latter  way 

^  =  >r'co8t, 

/xi2  =  ir'sint+7^; 

thei'efore  2^  =  TT'  (ft  cos  t  —  sin  t). 

Equating  this  to  the  value  given  by  (1),  we  have 

._    2ft  IF" 

which  gives  the  inclination  at  which  the  cube  slips. 

7.  Two  equal  carriage  wheels  whose  centres  are  connected  by  a 
smooth  bar  are  placed  on  a  rough  inclined  plane  ;  determine  whether 
the  equilibrium  of  the  system  will  be  best  preserved  by  locking  the 
hind  or  the  fore  wheel. 

Let  C  and  D  (Fig.  213)  be  the  centres  of  the  wheels,  and  first  sup- 
pose the  hind  wheel  to  be  locked.     Since  there  is  no  friction  between 

the  bar  CD  and  the  axle  at  C, 
the  action  of  the  bar  on  the 
lower  wheel  consists  of  a  force 
through  C  (see  p.  159). 

The  weight  of  this  wheel  also 
acts  through  C,  and  therefore 
the  total  resistance  at  A^  which 
is  the  third  force  keeping  the 
wheel  in  equilibrium,  must  also 
act  through  C, 

Let  G^  be  the  centre  of  gravity 
of  the  two  wheels,  and  considtr 
the  equilibrium  of  the  system 
formed  by  them.  There  are 
three  forces  acting  on  the  sys- 
tem, viz.,  its  weight  through  G, 
the  total  resistance  at  A  (which 
has  been  proved  to  act  in  a  line  AC),  and  the  total  resistance  at  B, 
If,  then,  0  is  the  point  of  intersection  of  CA  and  the  vertical  through 
G,  the  total  resistance  at  B  must  act  in  the  line  OB. 

We  shall  now  determine  the  inclination  at  which  equilibrium  is 
broken. 

Since  the  hind  wheel  slips,  the  angle  DBn  ==  X ;  also  let  r  =  the 
radius  of  each  wheel,  CD  =  2  a,  and  t  =  the  inclination  of  the  phine. 


Fig.  a  1 3. 
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Then 


or 


ianCOG  _CG 
tan  COn  ""  Cn 
tant  a 


ft         2a-{-fxr 

since  Dn  =  r  tan  Z>^n  =  /mr.      The  inclination  of  the  plane  when 
equilibrium  is  broken  is  therefore  given  by  the  equation 

tan*=— ^^^? (1) 

Again,  suppose  the  fore  wheel  alone  to  be  locked.  In  this  cose  the 
total  resistance  at  B  acts  in  the  line  BD,  and  that  at  A  acts  in  ^40^,  (/ 
being  the  intersection  of  BD  with  OG.  If  t'  is  the  new  inclination 
at  which  equilibrium  is  broken,  we  have,  since  ACA(/=^  \, 

tan  t'       UG  a 


or 


tan  t'= 


I)m      2a— fir 


(2) 


2a— fjtr 

Now  it  is  clear  that  i^  is  greater  than  t,  and  that,  consequently, 
equilibrium  will  be  safer  when  the  fore  wheel  is  locked  than  when  the 
hind  wheel  is  locked. 

8.  A  cylinder  is  supported  on  a  rough  inclined  plane  by  a  light  rope 
coiled  round  it  in  a  plane  perpendicular  to  its  axis  passing  through 
its  centre  of  gravity,  the  rope  being  attached  to  a  fixed  point.  Find 
the  direction  of  the  rope  in  order  that  the  inclination  of  the  plane  may 
be  the  greatest  possible. 

Let  O^B^  (Fig.  214)  be  the  line  of  the  rope,  and  C(/  the  vertical 
through  the  centre  of  gravity  of  the  cylinder.     Then  evidently  the 


Fig.  a  1 4. 


Fig.  215. 


total  resistance  at  A,  the  point  of  contact  with  the  plane,  must  act  in 
the  direction  A(y.  If  the  rope  took  the  direction  OB,  which  is  hori- 
zontal, the  direction  of  the  total  resistance  would  be  AOy  and  evidently 
the  angle  CAOkCAC/;  or,  in  other  words,  the  equilibrium  of  the 
cylinder  will  be  farther  from  its  limit  when  the  rope  is  horizontal 
than  when  it  takes  any  other  direction.     For  a  given  inclination,  t. 
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of  the  plane,  the  angle  CAO  ^k"'  ^^^  ^^  ^^  clear  that  when  CAO 

is  equal  to  the  angle,  X,  of  friction,  the  inclination  of  the  plane 
will  he  at  its  greatest.     Hence  the  greatest  inclination  of  the  plane 
=  2A. 
If  the  coefficient  of  friction  he  >1,  the  greatest  inclination  of  the 

plane  will  he  >  — »  and  the  figure  of  limiting  equilibrium  will  be  that 

represented  in  Fig.  215,  in  which  the  angle  CAO  (=  A)  is  >  — '    ^^^ 

whether  the  cylinder  will  stay  in  this  position  or  not  depends  on  the 
initial  arrangement.  Unless  the  rope  is  pulled  with  such  a  force  as 
to  cause  the  resultant  of  this  force  and  W  to  act  in  the  line  OA ,  equi- 
librium  cannot  be  preserved  by  the  resistance  of  the  plane.  In  fact, 
unless  this  requibite  tension  of  the  rope  is  produced  by  pressing  and 
scraping  the  cylinder  against  the  plane,  it  would  be  possible  for  the 
cylinder  to  take  a  motion  of  and  round  its  centre  C  which  would  keep 
its  surface  out  of  actual  contact  with  the  plane ;  and  in  this  case  the 
plane  would  not  exert  any  resistance. 

9.  If  in  the  preceding  problem  the  roi>e,  instead  of  being  attached 
to  a  fixed  point,  is  attached  to  a  mass  which  hangs  freely  over  a 
smooth  pulley,  find  the  conditions  of  equilibrium. 

Let  O'B^  (Fig.  214)  be  the  direction  of  the  rope,  F  the  weight  of 
the  suspended  mass,  W  the  weight  of  the  cylinder,  i  the  inclination  of 
the  plane,  A  the  angle  of  friction,  ^  the  angle  which  the  rope  makes 
with  the  inclined  plane. 

Then  for  equilibrium  it  is  necessary  that  ^10^  should  be  the  direction 
of  total  resistance  at  ii,  nnd  that  the  moments  of  F  and  TT  about  A 
should  be  equal  and  opposite.     Hence  we  must  have 

CilO'=or<A,  (1) 


and 


F^W 


Bint 

2cos«- 
2 


(2) 


the  second  condition  being  equivalent  to  that  obtained  by  the  triangle 

of  forces  for  equilibrium  at  (/, 

If  the  angle  (7ii  (/ <  A,  and  P  is  slightly 
increased  above  the  value  in  (2),  the  initiid 
motion  will  evidently  be  a  rolling  up,  since 
moment  of  P  about  A  >  moment  of  F^  about 
A ;  but  if  F  is  slightly  diminished  the  roll- 
ing will  be  down. 

1 0.  A  heavy  uniform  beam,  AB  (Fig.  a  1 6), 
is  to  be  sustained  in  a  horizontal  position, 
one  end,  B^  resting  on  a  rough  inclined 
plane,  while  the  other  end,  A,  is  attached 

to  a  light  rope  which  passes  over  a  smooth  pulley  and  sustains  a  mass. 

Find- 


Fig.  a  1 6. 
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(a)  The  limits  to  the  direction  of  the  rope,  and  tlie  corresponding 
limiting  values  of  the  weight  of  the  suspended  mass. 

(b)  The  least  weight  that  will  sustain  the  beam. 

Let  W  be  the  weight  of  the  beam,  F  the  weight  of  the  suspended 
mass,  and  £y  the  normal  to  the  inclined  plane  at  B.  Then  if  AO  he 
the  line  of  the  rope,  intersecting  the  vertical  through  the  centre  of 
gravity  of  the  beam  in  0,  BO  must  be  the  direction  of  the  total 
resistance  at  B ;  and  in  order  that  this  may  be  a  possible  direction  of 
total  resistance,  the  angle  NBO  must  be  <X,  the  angle  of  friction. 
Hence  the  limiting  directions  of  the  rope  are  obtained  by  drawing 
BO  and  BO^  making  the  angle  X  with  BN  on  opposite  sides.  If  the 
rope  takes  the  direction  AO^  the  beam  must  be  on  the  point  of  slipping 
up,  since  the  force  of  friction  acts  down  the  inclined  plane ;  and  if 
the  direction  of  the  rope  ib  AO,  the  beam  is  on  the  point  of  slipping 
down.  The  corresponding  magnitudes  of  F  are  easily  determined  by 
taking  moments  about  B,  Let  p^  and  p^  be  the  perpendiculars  from 
B  on  AO  and  AO^,  respectively,  a  half  the  length  of  the  beam,  and 
F^  and  F^  the  corresponding  values  of  F.     Then 

Pi 

Pa 

The  values  of  p^  and  jp,  can,  of  course,  be  easily  expressed  in  terms 
of  a,  A,  and  t,  tlie  inclination  of  the  plane. 

If  the  rope  takes  a  direction  intermediate  to  AO  and  AO^^  and  ifp 
is  the  length  of  the  perpendicular  from  B  on  its  direction,  we  have 

F  =  W^. 
P 

Hence,  if  P  is  a  minimum,  p  must  be  a  maximum,  since  Wa  is  given. 
Now  p  will  be  a  maximum  when  it  is  equal  to  AJB,  that  is,  when  the 
rope  is  vertical.  In  this  case  the  total  resistance  at  B  should  also  be 
vertical ;  but  if  the  inclination  of  the  plane  >  X,  this  is  impossible. 
Hence  when  t>X,  p  is  a  maximum  {consistently  with  tlie  conditions 
of  the  problem)  when  the  direction  of  the  rope  is  AO ;  and  therefore 
in  this  case  P^  is  the  least  value  of  P. 

If  t  <X,  the  vertical  at  ^  is  a  possible  direction  of  total  resistance, 
and  therefore  AB  is  an  admissible  value  of  p.  The  corresponding 
value  of  F  is  therefore  \  W. 

The  student  will  easily  see  that  if  the  angle  of  friction  is  greater 
than  the  complement  of  the  inclination  of  the  plane,  there  can  be  no 
limiting  equilibrium  in  which  the  beam  is  about  to  slip  up. 

11.  A  cylinder  is  laid  on  a  rough  horizontal  plane,  and  is  in  contact 
with  a  rough  vertical  wall ;  a  string  coiled  round  it  at  right  angles  to 
the  axis  passes  over  a  smooth  pulley  and  sustains  a  weight  which  is 
gradually  increased  till  equilibrium  is  broken.  Determine  the  nature 
of  the  initial  motion.   ( Jellett's  Theory  of  Friction,  Example  2 1 ,  p.  2 1 4 . ) 
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Let  Whe  the  weight  of  the  cylinder,  P  the  weight  of  the  suspended 
mass,  0  the  angle  made  hj  the  string  with  the  horizon,  X  and  y  the 
angles  of  friction  at  A  and  B,  the  points  of  contact  of  the  cylinder 
with  the  vertical  and  horizontal  planes,  and  0  the  point  in  which  the 

line  of  the  string  intersects  the  vertical 
through  C,  the  centre  of  gravity  of  the 
cylinder. 

Now,  in  accordance  with  Article  150, 
we  first  consider  what  motions  are  geo- 
metrically possible.     These  are 

(1)  Rolling  round  A  up  the  vertical 
plane. 

(2)  Slipping  forward  at  B  while  con- 
tact ceases  at  A. 

(3)  Slipping  at  A  and  B  simultaneously. 
If  ( 1 )  eon  happen  it  vfiU  (see  Art.  1 50) ; 

Fig.  217.  let  us  suppose,  therefore,  that  the  cylinder 

is  on  the  point  of  turning  round  A  and 
coming  out  of  contact  at  B.  In  this  case  there  are  only  three  forces 
keeping  the  cylinder  in  equilibrium,  namely,  TT,  P,  and  a  total  re- 
sistance at  A,  This  last  force  should,  for  equilil3rium,  pass  through 
0  and  act  in  the  direction  OA,  Now  whether  the  angle  OAC  is  less 
or  greater  than  A,  this  is  not  a  possible  line  of  action  of  total  resistance, 
because  the  plane  cannot  pvZl,    Hence  (1)  is  physically  impossible. 

Suppose  that  (2)  happens.  Then,  as  before,  there  are  only  three 
forces  keeping  the  cylinder  in  equilibrium,  namely,  TT,  P,  and  the 
resistance  at  B,  This  last  must  pass  through  0,  and  must  therefore 
act  vertically.  But  it  is  obvious  that  such  a  force  could  not  equi- 
librate W  and  P ;  therefore  (2)  is  impossible. 

There  remains  the  third  case,  which  alone  is  possible.  To  deter- 
mine the  value  of  P  corresponding  to  limiting  equilibrium,  draw  the 
lines  A  (/  and  BC/  making  with  the  normals  at  A  and  B  the  angles, 
X  and  y,  of  friction  for  the  cylinder  and  planes.  Then  by  taking 
moments  about  0^  we  easily  obtain  the  value  of  P,  which  may  also  be 
obtained  by  the  ordinary  equations  of  resolution  of  forces.  Thus,  let 
E  and  R^  be  the  normal  pressures,  and  therefore  jxR  and  fx^I^  the 
forces  of  friction,  at  A  and  B, 

Taking  moments  about  B,  we  have 

i?(H-fi)  =  P(l-cosd).  (1) 

Taking  moments  about  A, 

B^il^li')  =  r-P(l  +  sin^.  (2) 

Resolving  horizontally, 

//?'-i?=  Pcosa  (3) 

Substituting  in  (3)  the  values  of  B  and  R'  given  in  (1)  and  (2),  we 
obtain  the  value  of  P  corresponding  to  limiting  equilibrium. 

It  will  be  a  useful  exercise  for  the  student  to  vary  the  position  of 
the  pulley  in  such  a  way  as  to  render  possible  a  case  of  limiting  equi- 
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libriutn  in  which  the  cylinder  is  about  to  aecend  the  vertical  plane  by 
turning  round  A, 

12.  A  heavy  right  cone  is  placed  with  its  base  on  a  rough  inclined 
plane,  the  inclination  of  which  is  gradually  increased;  determine 
whether  the  initial  motion  of  the  cone  ¥rill  be  one  of  sliding  or 
tumbling  over. 

Let  ABC  (Fig.  218)  be  the  vertical  section  of  the  cone  through  its 
axis,  Cllf  and  let  G  be  the  centre  of  gravity  of  the  cone.  {GJI  is  \ 
Clf,  as  will  appear  in  a  subsequent  Chapter.) 
Then,  in  accordance  with  rule  3  of  Art.  150,  ^' 
if  it  is  possible  for  the  cone  to  turn  over  the 
point  A,  the  cone  will  do  so.  Solve,  there- 
fore, on  the  supposition  that  equilibrium  is 
broken  by  turning  round  A.  In  this  case, 
the  two  forces  acting  on  the  cone  are  its 
weight  and  the  total  resistance  of  the  plane, 
which,  of  course,  passes  through  A ;  and 
these  forces   must  be  equal  and  opposite.  Fig.  218. 

i.e.,  the  total  resistance  must  act   in  the 

vertical  line  AG.  Now  this  will  be  possible  only  if  AG  makes  with 
the  normal  to  the  plane  an  angle  less  than  the  angle  of  friction,  A. 
Hence  for  a  tumbling  motion  AGH<  A.     But  \i  a  z=  A  CH, 

tan  i4(?ir  =  4  tan  a. 

Therefore  if  fA>4tana,  the  initial  motion  of  the  cone  will  be 
tumbling,  and  if  fx  <  4  tan  a,  the  initial  motion  will  be  sliding,  and 
this  sliding  will  evidently  occur  when  the  inclination  of  the  plane 
reaches  the  value  A. 

1 3.  A  heavy  uniform  bar,  AB^  rests  on  a  rough  horizontal  table ; 
at  a  given  point,  P,  in  it  is  attached  a  string  which  is  pulled  per- 
pendicularly to  ^^  in  the  plane  of  the  table;  find  the  point,  /,  about 
which  the  bar  will  begin  to  rotate  when  the  tension  of  the  string  is 
sufficiently  increased. 

Let  Tr=  weight  of  bar,  AB  =  2  a,  AP  =  c,  BI  =  a;,  ft  =  coefficient 

W  , 

of  friction.     Then  —  is  the  weight  per  unit  length  =  the  pressure 

per  unit  length  on  the  table,  so  that,  when  the  bar  is  about  to  rotate 
about  7,  the  force  of  friction  on  any  element  of  length,  d!9,  of  the  bar 

W 
is  y^-^r-  '  ds.     Now  these  forces  of  Motion  on  the  portion  BI  will  be 
2a 

all  perpendicular  to  the  bar  in  one  sense,  while  on  the  portion  A I  they 

will  all  act  in  the  opposite  sense ;  also  the  resultant  friction  on  BI 

W  W 

acts  at  the  middle  point  of  BI  and  =  ft  -—  .  57,  or  ft  -—  as,  while 

2a  2a 

W 
the  force  on  ^47  acts  at  its  middle  i>oint  and  =  ft—  (2a  — at).    Again, 

f&ince  all  the  forces  on  the  bar  are  just  in  equilibrium,  the  resultant 
of  these  forces  of  friction  acts  at  P,  opposite  to  the  tension  of  the 
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atriug.     Henoe  takiug  moments  about  /*,  we  have 

or  x«— 2(2a  — c)a?  +  2a(a— c)  =  0, 

which  gives  two  positions  of  /,  one  of  which  is  outside  the  bar. 
The  values  of  x  are 

2a-c±-/a»+(a-c)*, 

which  give  the  following  construction :  at  (7,  the  middle  point  of  AB, 
erect  a  perpendicular,  CQj  equal  to  a,  to  ^i9  ;  with  P  as  centre  and 
PQ  as  radius  describe  a  circle  which  will  cut  AB  in  two  points,  /,  /', 
one  of  which,  /,  is  within  AB^  and  the  other  outside  it.  The  second 
is  manifestly  irrelevant  since  for  the  corresponding  value  of  x  the 
tension  of  the  string  is  negative. 

When  c  =  a,  i.  e.,  when  the  string  is  applied  at  the  middle  point, 
the  whole  bar  moves  in  the  same  eeuse,  and  the  tension  =  fxTT,  as  us 
d  priori  evident. 

14.  A  circular  cylinder,  or  a  unifoim  circuUr  plate,  lies  on  a  rough 

horizontal  table ;  to  a  given  point 
on  the  circumference  is  attached 
a  string  which  is  pulled  hori- 
zontally by  a  gradually  increasing 
force;  show  that  the  body  will 
begin  to  rotate  about  some  point 
on  that  diameter  of  the  base 
which  is  perpendicular  to  the 
direction  of  the  string. 

Suppose  that  7  (Fig.  219)  isthe 
pointabout  which  rotationbegins ; 
then  if  W  is  the  weight  of  the 
body  and  S  the  area  of  the  base, 
the  normal  pressure  on  the  base 
Fig.  219.  IB  uniformly  distributed  and  is 

W 

—  per  unit  ai'ea,  so  that  on  an  element,  ds,  of  area  at  any  point  P 

W 
the  force  of  friction  will  be  ft  --  •  da  when  rotation  begins.    This  force 

is  represented  by  the  arrow  at  P  perpendicular  to  P/,  the  rotation 
bein<^  supposed  to  take  place  counter-clockwise.  Draw  the  diameter 
10 ;  then  we  can  find  a  point,  jP',  situated  at  the  other  side  of  this 
diameter,  symmetrically  with  P,  at  which  if  we  take  the  same  element, 
ds,  of  area  the  force  of  friction  will  be  the  same  as  before,  and  will 
be  perpendicular  to  P'l  in  the  sense  of  the  arrow  at  P',  But  these 
two  forces  give  a  zero  component  parallel  to  07,  their  resultant  being 
manifestly  perpendicular  to  01  and  towards  the  right  of  the  figure. 
At  all  pairs  of  symmetrically  situated  points,  Q,  ^,  below  the  line 
through  I  perpendicular  to  70,  the  resultant  of  the  forces  of  friction 
on  equal  elements  is  perpendicular  to  07,  but  towards  the  left. 
Hence  the  total  resultant  of  friction  acts  perpendicularly  to  07; 
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and,  if  A  is  the  point  of  attachment  of  the  string  and  AT  its 
direction,  since  the  resultant  of  friction  is  exactly  equal  and  opposite 
to  T,  the  tension  of  the  string,  07,  must  be  perpendicular  to  AT, 

To  determine  the  point  7,  let  a  =  radius  of  base,  OB  =  c  =  per- 
]>end:cular  from  0  on  AT^  and  01  =  x.  Then  expressing  the  element 
of  surface  at  F  with  respect  to  7  as  pole,  let  77*  =  r,  and  let  <^  be 
the  angle  which  77*  makes  with  01.  The  element,  {f«,  of  area  at  Pis 
rdrd4>f  and  the  perpendicular  from  B  on  the  line  of  action  of  the 
friction  At  P  ib  r-^(c  +  x)  cos<f>.  Hence  equating  to  zero  the  sum  of 
the  moments  of  all  the  forces  of  friction  about  B  (which  is  a  point  on 
their  resultant),  we  have 

[r*  4-  (c  +  x)  r  cos  <^]  dijydr  =  0, 

in  which  E  =  -v/a*— 05*  sin*<^  — a;  cos  <t>. 

Integrating  first  with  respect  to  r,  it  is  obvious  that  all  the  rational 
terms  in  x  and  <^  vanish  because  each  of  them  is  of  the  form 

/    sin**<^  .  co8<^o?<^, 
0 

and  we  have  simply 


Jo  Jo 


in 


a?» 


which    A  =  A  /  1 1  siu'<^,   according  to  the  usual  notation 


a 


of  elliptic  integrals ;  and  of  course  the  upper  limit  may  be  taken  as 


--•     But  it  is  well  known,  by  methods  of  reduction,  that 

/•.■..*=i(-i).('-^*-i(-S)r?- 

Hence,  denoting  the  complete  integrals  of  the  first  and  second  kinds 
by  K  and  B,  respectively,  the  equation  for  x  becomes 

/4       c        ra;       2a^\  „      /l       C\/,      »\  r- 

a  transcendental  equation  for  x. 

15.  If  one  cord  of  a  sush  window  breaks,  find  the  least  coefiicient 
of  friction  against  the  sash  in  order  that  the  other  cord  may  still 
support  tho  window. 

Ans,  M=  79   where  h  is  the  height  and  b  the  breadth  of  the 
window. 

16.  A  mass  whose  weight  is  nTT  is  attached  to  a  small  ring  which 
is  threaded  on  a  rough  circular  hoop  of  weight  W  and  radius  a,  whose 
plane  is  vertical  and  which  hangs  from  a  fixed  rough  peg,  the  angle 
of  friction  between  ring  and  hoop  being  X ;  show  that  the  hoop  will  be 
in   equilibrium   with   its   centre  at  any  distance  not  greater  than 
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a  sin  X  from  the  vertical  through  the  peg  if  the  coefficient  of 


n+i 

friction  between  the  hoop  and  peg  be  not  less  than  a  certain  quantity, 

which  find.     {College  Examination,  Cambridge,  1888.) 

Ans,  The   angle   of  friction    between   hoop   and   peg  must  be 

,  /n  sin  X\  ^ 

>Bin-M— — -)• 
^  n+l  ^ 

17.  Two  uniform  bars,  AB,  ACy  are  rigidly  united  at  A;  their 
weights  are  fT,  W^;  AB  in  placed  on  a  fixed  rough  peg,  the  coefficient 
of  friction  being  fx;  if  p  is  the  perpendicular  from  C  on  AB,  show 

that  there  is  a  length  ft-=r — jjir/'P  ^^^  -^-^  such  that  if  the  contact 

with  the  peg  is  anywhere  within  it,  the  system  will  rest.    (Ibid,  1884.) 

18.  A  heavy  bar  passes  between  two  rough  pegs.  A,  B,  whose 
distance  is  a,  the  line,  AB,  joining  them  being  inclined  at  an  angle  i 
to  the  horizon,  A  being  the  higher  and  B  the  lower  peg ;  find  the 
limiting  position  of  the  bar. 

Ans.  If  X  is  the  distance  of  the  centre  of  gravity  of  the  bar  from 
By  and  fx  and  f/  are  the  coefficients  of  friction  at  A  and  B,  respectively, 

tant  — u' 
X  ^ 7—  •  a. 

19.  A  uniform  heavy  bar,  ABy  moveable  in  a  vertical  plane  about 
a  smooth  horizontal  axis  at  Ay  has  a  cord  attached  to  B,  this  cord 
passing  through  a  small  ring  fixed  at  a  point  C  in  the  horizontal  line 
through  A  such  that  AC  =^  AB ;  the  other  end  of  the  cord  is  attached 
to  a  mass  P  which  lies  on  a  rough  horizontal  table  in  the  line  AC; 
find  the  position  of  limiting  equilibrium. 

Ans,  If  AB  makes  the  angle  0  with  AC^iX'=-  coefficient  of  friction 
between  P  and  the  table,  W  =  mass  of  ABy  there  are  two  positions 

«^^^°^^  ,e      uP     e 

2cos«--2^cos--l=0. 

20.  A  uniform  bar  rests  with  its  extremities  on  two  rough  in- 
clined planes  whose  line  of  intersection  is  horizontal,  the  vertical  plane 
through  the  bar  being  perpendicular  to  this  line ;  find  the  limiting 
position  of  equilibrium. 

Ans,  If  t,  t^  be  the  inclinations  of  the  planes,  X,  X^  the  angles  of 
friction  between  the  bar  and  the  planes,  respectively,  and  6  the 
limiting  inclination  of  the  bar  to  the  horizon, 

2  tan  a  =  cot(t  +  X)-cot  (t^-X'). 

Another  limiting  position  will  be  got  by  changing  the  sign  of  X  and  X^ 

21.  A  heavy  uniform  rod  rests  with  its  extremities  on  the  interior 
of  a  rough  vertical  circle ;  find  the  limiting  position  of  equilibrium. 

Ans,  If  2  a  is  the  angle  subtended  at  the  centre  by  the  rod,  and  X 
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the  angle  of  friction,  the  limiting  inclination  of  the  rod  to  the  horizon 

is  given  by  the  equation 

^  sin2X 

tan  6  = • 

COS  2X  +  cos2a 

22.  A  heavy  uniform  ladder  rests  with  one  end  against  a  rough 
horizontal  and  the  other  end  against  an  equally  rough  vertical  plane ; 
find  the  least  coefficient  of  friction  that  will  allow  the  ladder  to  rest 
in  all  positions.  ^^    Unity. 

23.  In  the  previous  question  let  the  centre  of  gravity  of  the  ladder 

divide  it  into  two  segments,  a  and  6,  the  latter  segment  being  in 

contact  with  the  vertical  wall;   given  the  coefficient  of  friction,  /i^ 

between  the  ladder  and  the  ground,  find  the  least  coefficient  of  friction 

between  the  ladder  and  the  wuU  which  will  allow  the  ladder  to  rest 

in  all  positions.  .         a 

Ans,   — 7« 
lib 

24.  Two  equal  bars,  AC  and  CB,  are  connected  by  a  smooth 
hinge  at  C,  and  are  placed  in  a  vertical  plane  with  their  lower 
extremities,  A  and  B,  resting  on  a  rough  horizontal  plane;  from 
observing  the  greatest  value  of  the  angle  ACB  for  which  equilibrium 
is  possible,  determine  the  coefficient  of  friction  for  the  bars  and  the 
plane  (Walton's  Mechanical  FroblemSj  p.  96,  second  ed.). 

Ana.  If  the  greatest  value  of  Z.ACB  is  fi, 

/x=it»n-. 

25.  A  triangular  prism,  whose  section  by  a  vertical  plane  through  its 
centre  of  gravity  perpendicular  to  its  edges  is  ABC,  rests  with  its  base 
AB  on  A  rough  horizontal  plane ;  a  rope  is  attached  to  the  middle 
point,  C,  of  its  upper  edge,  and,  passing  over  a  fixed  pulley  in  the 
horizontal  line  parallel  to,  and  in  the'  sense  of,  BA,  is  pulled  with  a 
gradually  increasing  force.     Find  the  nature  of  the  initial  motion. 

Ans,  1{  AB  =  c,  AC  ^h,  and  the  height  of  the  prism  =  A,  the 
prism  will  tilt  over  the  edge  through  A  if 

c  +  ^  cos  ii 

otherwise  it  will  slide. 

26.  Prove  that  the  work  done  in  drawing  a  mass  from  one  fixed 
point  to  another  along  a  rough  curve  by  a  force  which  always  acts 
tangentially  will,  with  certain  restrictions,  be  the  same  whatever  be 
the  shape  of  the  curve.     {Afaili.  Tripos,  1884.) 

27.  A  circular  wheel  is  placed  on  a  rough  plane  whose  inclination 
to  the  horizon  is  gradually  increased ;  the  plane  of  the  rim  is  vertical ; 
to  a  given  point,  A,  on  the  rim  is  attached  one  end  of  a  rope  the  other 
end  of  which  is  attached  to  a  fixed  point,  B^  on  the  plane ;  find  the 
inclination  of  the  plane  when  the  wheel  begins  to  slip. 

Ans.  Let  0  be  the  point  of  oontact  of  the  rim  with  the  plane, 
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C  the  centre  of  the  wheel,  a  =  OCAy  fi  =  DBA ,  ft  =  coefficient  of 
friction,  i  =  inclination  of  plane ;  then 

co8(a  +  j3)  — co8)3 
tant  =  fi — "^         ' 


cos  (a  4- /3)  +  ft  sin /J 

28.  Two  uniform  beams  are  placed  with  their  lower  extremities 
resting  on  a  rough  horizontal  plane,  their  upper  extremities  resting 
against  each  other.  Show  how  to  cut  a  plane  face  from  the  upper 
extremity  of  one  of  the  beams,  in  order  that  slipping  may  be  about  to 
ensue  at  their  point  of  contact. 

Ana,  Determine  the  line  of  action  of  their  mutual  resistance  as  in 
p.  229 ;  then  cut  a  face  inclined  to  this  line  at  the  complement  of  the 
angle  of  friction. 

29.  A  heavy  uniform  circular  wheel  rests,  in  a  vertical  plane, 
against  the  ground  at  A  and  is  in  contact  at  B  with  an  obstacle  of 
given  height ;  the  wheel  is  to  be  pulled  over  tiie  obstacle  by  means 
of  a  rope  (of  given  direction)  attached  at  a  given  point  to  the 
wheel;  find — 

(a)  The  condition  that  the  initial  motion  of  the  wheel  shall  be  a 
rolling  over  the  obstacle ; 

(6)  The  condition  that  the  initial  motion  may  be  slipping  at  A 
and  B, 

(c)  What  ultimately  happens  when  the  initial  motion  is  slipping  at 
A  and  B, 

30.  Two  rough  inclined  planes  slope  in  the  same  direction  and 
intersect  in  a  horizontal  line.  A  cylinder  placed  at  their  intersection 
and  touching  both  all  along  its  length  has  a  rope  coiled  round  it  in  a 
plane  through  its  centre  of  gravity  perpendicular  to  its  axis;  this 
rope  passes  over  a  fixed  pulley  and  is  pulled  with  gradually  increasing 
force.  Discuss  the  ways  in  which  equilibrium  may  be  broken  by 
varying  the  tension  of  the  rope,  finding  (with  a  given  position  of  the 
rope) — 

(a)  The  condition  that  must  be  satisfied  in  oi*der  that  equilibrium 
should  be  possible  at  all ; 

(6)  The  condition  that  the  initial  motion  should  be  one  of  slipping 
on  both  planes; 

(c)  The  value  of  the  tension  of  the  rope  when  this  slipping  takes 
place. 

31.  A  uniform  bar,  of  which  one  end  rests  against  a  rough 
vertical  wall,  is  supported  by  a  light  cord  attached  to  the  other  end, 
and  to  a  given  point  in  the  wall ;  find  the  limiting  positions  of  equili- 
brium. 

Ans.  If  2a  =  length  of  bar,  2c  =  length  of  cord,  X  =  angle  of 
friction,  6  =  inclination  of  bar  and  </>  =  inclination  of  cord  to  the 
vertical,  we  have  2  cot  ^  =  cot  </>  -  tan  A 

a  .  sin  d  =  c .  sin  </>, 
from  which  both  0  and  <f>  may  l>e  found  thus :  take  any  two  points  A,B\ 
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produce  AB  to  C  so  that  AB  =  BC ;  at  C  draw  the  line  CL  making 

/.ACL  =i  -—k ;  then  $  and  ^  are  the  angles  FBC,  PAC  made  by  the 

lines  joining  B  and  ii  to  a  point  of  intersection  of  the  line  GL  with  the 
circle  which  is  the  locus  of  the  vertex  of  a  triangle  having  AB  for 
base,  the  ratio  of  its  sides  AF^  BP  being  c :  a.  Hence,  in  general, 
there  are  two  solutions,  which  may,  of  course,  become  imaginary. 

There  is  no  difficulty  in  forming  a  quadratic  from  the  above 
equations  for  cot  0,  or  in  thence  proving  that  there  will  be  no  limiting 
equilibrium  unless  ^^ 

32.  A B  and  CD  are  two  equal  weightless  bars  connected  together  by 
a  smooth  axis  at  G^  their  common  middle  point ;  they  are  placed  in  a 
vertical  plane  with  their  ends  A  and  C  resting  on  a  rough  horizontal 
plane,  while  a  cord  of  given  length  connects  their  upper  ends,  B  and 
D,  and  on  this  cord  slides  a  ring  from  which  a  heavy  body  is  sus- 
pended ;  find  the  limiting  inclinations  of  the  bars  to  the  ground. 

Arts.  Let  AB  =  CD  =  2  a,  length  of  cord  =  2  c,  X  =  angle  of 
friction  between  the  bars  and  the  ground,  0  =  inclination  of  either 
bar  and  </>  =  inclination  of  either  portion  of  cord  to  horizon.  Then, 
if  A  and  G  are  about  to  slip  from  each  other, 

2cotd  =  cot<;)-ftanX,  (1) 

a  cos  d  =  c  cos  4>f  (2) 

which  give  the  following  construction :  draw  a  line  QN  =  a ;  between 
N  and  Q  take  M  so  that  QM  =  c ;  between  M  and  Q  take  L  so  that 

NM  =ML;  at  Z  draw  the  line  LS  making  LQLS—  ^-X ;  at  Q 

draw  QR  perpendicular  to  QL ;  to  this  line  QR  draw  two  equal  lines 
from  N  and  M  so  that  they  intersect  in  a  point,  P,  on  the  line 
LS',  then  q  ^  pj^i  and  </>  =  PNL. 

If  P  cannot  be  found  at  the  upper  side  of  QN^  the  limiting  equilibrium 
is  such  that  A  and  C  are  about  to  slip  towards  each  other,  and  P 
must  be  sought  on  the  line  LS  at  the  lower  side  of  QN ;  or  LS  may  be 

drawn  making  SLM  =  —  —  X. 

33.  A  rectangular  block  is  placed,  with  one  of  its  edges  horizontal, 
on  a  rough  plane,  the  inclination  of  which  to  the  horizon  is  gradually 
increased;  determine  whether  the  equilibrium  of  the  block  will  be 
broken  by  a  motion  of  sliding  or  one  of  tumbling. 

Atm,  If  a  and  h  are  the  lengths  of  the  edges  which  are  not 
horizontal,  h  being  the  length  of  the  edge  which  is  perpendicular  to 
the   inclined   plane,  the   initial  motion  will  be  one  of  tumbling  if 

\^>-ii  and  of  sliding  if  /ui<  ^ • 

34.  A  cubical  block  is  placed  on  a  rough  inclined  plane  and  sus- 

VOL.  L  U 
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tained  by  a  rope,  parallel  to  the  inclined  plane,  attached  to  the  middle 
point  of  the  upper  edge  (which  is  horizontal) ;  the  rope  lies  in  the 
vertical  plane  which  contains  the  centre  of  the  cube  and  is  perpen- 
dicular to  the  inclined  plane.  Shew  that  the  greatest  inclination  of 
the  plane  is  ^  w     M    x 

4^  M  +  fi^ 

35.  A  solid  triangular  prism  is  placed,  with  its  axis  horizontal,  on  a 
rough  inclined  plane,  the  inclination  of  which  is  gradually  increased  ; 
determine  the  nature  of  the  initial  motion  of  the  prism. 

Ans,  If  the  triangle  A  BCy  of  area  A,  is  the  section  perpendicular 
to  the  axis,  and  the  side  AB  is  in  contact  with  the  plane,  A  being 
the  lower  vertex,  the  initial  motion  will  be  one  of  tumbling  if 

^  4A 

36.  A  frustum  of  a  solid  right  cone  is  placed  with  its  base  on  a 
rough  inclined  plane,  the  inclination  of  which  is  gradually  increased ; 
determine  the  nature  of  the  initial  motion  of  the  body. 

Ans,  If  the  radii  of  the  larger  and  smaller  sections  are  B  and  r, 
and  h  is  the  height  of  the  frustum,  the  initial  motion  will  be  one  of 
tumbling  or  slipping  according  as 

37.  A  BCD  is  a  section  of  a  heavy  rectangular  block  through  its 
centre  of  gravity  parallel  to  one  of  its  faces ;  it  is  placed  with  AB  on 
a  rough  horizontal  plane ;  a  bar  rests  against  the  vertical  face  AD  nt 
a  given  point  Ej  and  against  the  ground  at  a  point  F  in  BA  produced ; 
a  gradually  increasing  load  is  suspended  from  a  point  G  in  the  bar ; 
determine  how  and  when  equilibrium  will  be  broken,  with  the 
following  numerical  data : — 

AB  =  6,   A£=S,   F0=7,  GE  =  10,  fx  along  ii5  =  J, 

ft'  at  ^  =  },  and  /ut''  at  /*  =  (firstly)  i,  and  (secondly)  f . 

Ans.  With  the  first  value  of  /x''  (viz.,  J),  the  bar  will  begin  to 
slide  before  any  load  at  all  is  applied,  the  block  remaining  at  rest. 
With  the  second  value  of  fx'',  when  the  load  has  reached  the  value 
^y^  IT,  the  block  will  begin  to  turn  over  B,  and  the  bar  to  revolve 
about  F  while  slipping  between  them  takes  place  at  F,  W  being  the 
weight  of  the  block. 

* 

38.  A  ladder,  ABj  1 5  feet  long,  rests  against  the  ground  at  A  and 

against  an  equally  rough  vertical  wall  &tB;  to  a  point  D  in  the  ladder 

at  a  distance  of  10  feet  from  A  is  attached  a  rope  which,  passing  over 

a  pulley  at  a  point  on  the  production  through  D  of  the  line  joining  D 

to  the  intersection  of  the  vertical  plane  and  the  ground,  sustains  a 

weight  equal  to  half  that  of  the  ladder;  the  centre  of  gravity,  G,  of 

the  ladder  is  6  feet  from  A  ;  the  coefficients  of  friction  are  each  equal 

to  J  ;  find  the  limiting  inclination  of  the  ladder.  .  .  „ 

Ans,  tan~*§. 


i 
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39.  An  elliptic  cylinder  is  placed,  with  its  axis  horizontal,  on  a 
rough  plane  inclined  to  the  horizon  at  an  angle  less  than  the  angle  of 
friction  ;  prove  that  the  cylinder  cannot  rest  if  the  eccentricity  of  the 

section  perpendicular  to  the  axis  is  less  than  a  / : — :  >  i  heing 

the  inclination  of.  the  plane.  ^     1  +  sin  t 

40.  A  cylinder,  the  section  of  which  pei*pendicular  to  the  axis  is  any 
given  curve,  is  to  be  placed,  with  the  axis  horizontal,  on  a  rough 
inclined  plane ;  how  must  it  be  placed  so  that  it  shall  be  least  likely 
to  slip,  the  cylinder  being  in  contact  with  the  plane  along  a  single 
line? 

41.  An  elliptic  cylinder  rests  in  limiting  equilibrium  between  a 
rough  vertical  and  an  equally  rough  horizontal  plane,  the  axis  of  the 
cylinder  being  horizontal,  and  the  major  axis  of  the  ellipse  inclined  to 
the  horizon  at  an  angle  of  45^     Find  the  coefficient  of  friction. 


V^l  +  2«*— e*-l 
Ans.  M  = 23^^ » 

e  being  the  eccentricity  of  the  ellipse.  (Employ  the  Theorem  of 
Art.  36.) 

42.  The  circumstances  of  the  preceding  problem  remaining  the 
same,  except  that  the  vertical  plane  is  smooth,  show  that  the  coefficient 
of  friction  is  (e'  (Walton's  Mechanical  Froblemay  p.  82). 

If  the  horizontal  plane  alone  is  smooth,  is  it  possible  for  the  cylinder 
to  rest  in  any  position  ? 

43.  A  uniform  circular  plate  lying  with  its  &ce  on  a  rough  inclined 
plane  can  turn  in  its  plane  about  a  point  on  its  rim,  find  the  condition 
that  it  should  rest  in  all  positions.    {Cambridge  Hxaminations,  1888.) 

Ans,  If  /x  is  the  coefficient  of  friction,  i  =  inclination  of  plane, 
the  condition  is  9^ 

M>32tan.-. 

If  this  is  not  satisfied,  the  greatest  angle,  d,  that  the  line  joining  the 
fixed  point  to  the  centre  can  make  with  the  lines  of  greatest  slope 
is  given  by  the  equation 

-a       32/x 
sin  0  =  -—^  cot  I. 

44.  A  cylinder  is  placed  on  a  rough  horizontal  plane,  and  a  uniform 
plank  rests  with  one  end  on  the  ground  and  the  other  against  the 
cylinder  (the  plank  being  at  right  angles  to  the  axis  of  the  cylinder). 
If  the  plank  is  gradually  lowered  until  equilibrium  is  about  to  be 
broken,  show  that  slipping  will  take  place  only  at  the  point  of  contact 
of  the  plank  and  cylinder,  whatever  be  their  dimensions.  For  any 
position  of  the  plank  find  the  direction  of  the  reaction  of  the  ground 
on  the  cylinder. 

Ans,  If  ^  is  the  angle  made  by  the  plank  with  the  ground, 
P  =  weight  of  plank,  ir=  weight  of  cylinder,  r  =  radios  of  cylinder, 

u  a 
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2a  =  length  of  plank,  \jr  =  angle  made  with  the  vertical  by  the 
reaction  of  the  ground  on  the  cylinder, 

.  .       2}r,      .     ,,      2W^        /     a  Bine 

cot>^  =  -p-tan^  +  (l  +  -^)  a/  r—r- 

^        F  F  '    y     r—a  Bin  tf 

45.  A  cylinder  placed  on  a  rough  plane  has  a  string  coiled  round  it 
in  a  plane  at  right  angles  to  its  axis ;  the  string  after  passing  round 
the  cylinder  is  attached  to  a  heavy  particle  which  also  rests  on  the 
plane.  If  the  plane  is  gradually  tilted  up,  determine  the  nature  of  the 
initial  motion. 

Ans.  The  cylinder  will  roll  and  the  particle  slip  if  both  are  equally 
rough ;  and  if  i  is  the  inclination  of  the  plane  when  this  happens, 

.__  2fiPcos'a 

^*""  Trcos2a  +  2y'cos«a  +  /xirsin2a' 

where  W  and  F  are  the  weights  of  the  cylinder  and  the  particle,  /x  the 
coefficient  of  friction,  and  2  a  the  angle  between  the  string  and  the 
inclined  plane. 

46.  A  heavy  cylinder  is  laid  on  a  rough  inclined  plane,  its  axis  being 
horizontal ;  a  heavy  uniform  plank  rests  on  the  cylinder  and  against 
the  inclined  plane,  the  plank  being  horizontal  at  right  angles  to  the 
axis  of  the  cylinder,  and  touching  the  cylinder  at  its  highest  point. 
Supposing  the  inclination  of  the  plane  to  be  gradually  increased,  the 
horizon tality  of  the  plank  being  always  preserved,  determine  the 
nature  of  the  initial  motion  of  the  system  and  the  inclination  of  the 
plane  at  which  equilibrium  is  broken. 

Ans,  The  plank  will  slip  .at  its  point  of  contact  with  the  plane,  a 
rolling  motion  taking  place  at  the  other  points  of  contact  in  the 
system ;  and  the  inclination  (t)  is  given  by  the  equation 

(!1  cot  i  - 1)  [/^ cot^  tan (X-{)- ^*^]  =  ^+ ^*^, 

where  r  =  radius  of  cylinder,  2a  =  length  of  plank,  Tr=  weight  of 
cylinder,  F  =  weight  of  plank,  aud  A  =  angle  of  friction. 

47.  Two  particles,  A  and  B^  whose  weights  are  denoted  by  A  and  B, 
are  connected  by  a  string  fully  stretohed,  and  placed  on  a  rough 
horizontal  plane,  the  coefficient  of  friction  for  each  particle  being  fx. 
A  force  P,  which  is  <ii{A^B)j  is  applied  to  ii  in  the  direction  BA, 
and  its  direction  is  gradually  turned  round  through  an  angle  0  in  the 
plane.     Find  the  nature  of  the  initial  motion  of  the  system. 

Ana,  If  F<iiVA^'\'F^  and   >y^A,  the  particle  A  alone  will 


ixA 


both 


slip,  and  this  happens  when  sin  0  =  ^«     If  P  >  ft  VA^-^-B^ 

will  sup  when  cos  0  = \^^ • 

^  2iiBF 

48.  A  heavy  rod  is  placed  in  any  manner  resting  on  two  points  A 
and  ^  of  a  rough  horizontal  curve,  and  a  string  attached  to  a  point  C 
of  the  chord  AB  is  pulled  in  any  direction  in  the  plane  of  the  curve  so 
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that  the  rod  is  on  the  point  of  motion.  Prove  that  the  locus  of  the 
intersection  of  the  lines  of  action  of  the  frictions  at  A  and  ^  is  an  arc 
of  a  circle  and  a  part  of  a  straight  line ;  except  when  C  is  the  centre 
of  gravity  of  the  i*ody  in  which  case  the  directions  of  the  Mctions  will 
he  always  parallel  to  the  string. 

49.  A  har  rests  with  two  sliort  legs,  fixed  at  A  and  B,  on  a  rough 
horizontal  plane ;  a  cord  is  attached  to  the  har  at  a  given  point,  M, 
and  palled  horizontally  with  gradually  increasing  force;  find  the 
position  of  the  point,  7,  ahout  which  the  har  will  begin  to  turn. 

Ans.  Let  P,  Q  be  the  pressures  on  the  legs  A^  B ;  describe  the 
circular  locus  of  the  vertex,  C7,  of  a  triangle  whose  base  is  AB  and 
ratio  of  sides  CA :  CB  =  P  .  AM :  Q .  BM\  if  this  circle  intersects  the 
cord  in  (7,  the  point  /  is  the  intersection  of  perpendiculars  at  A  and  B 
to  CA  and  CB,  respectively. 

50.  A  uniform  bar  of  weight  TT,  bent  into  a  semicircle,  rests  on  a 
rough  horizontal  table  ]  AB'i^  the  diameter  joining  its  ends  and  C  is 
the  middle  point  of  the  arc.  A  string  tied  to  C7  is  pulled  gently  in  the 
direction  CA,  and  the  tension  is  increased  until  the  bar  begins  to 
move  ;  show  that  the  tension  at  this  instant  is  equal  to 

77 

{St.  John's  College,  1886.) 

51.  A  uniform  circular  ring  (or  a  hollow  circular  cylinder)  of  small 
thickness  is  placed  with  its  axis  vertical  on  a  rough  horizontal  plane  ; 
if  a  string  attached  to  a  given  point  in  the  body  is  pulled  with 
gradually  increasing  force  in  a  given  horizontal  line,  find  the  point 
about  which  the  body  will  begin  to  rotate. 

Ans.  If  a  =  radius  of  the  ring,  c  =  perpendicular  from  centre  on 
the  string,  the  point  of  turning  will  be  on  the  diameter  perpendicular 
to  the  string  at  a  distance  x  from  the  centre  given  by  the  equation 

{c—x){a  +  x) .  E  =  {c-\-x)  (a— a?)  .  K, 

where  E  and  K  are  the  complete  elliptic  integrals  of  the  second  and 

2  V'ofic 
first  kinds  with  modulus • 

a  +  a? 


CHAPTER  XI. 

C£NTROIDS  AND  CENTRES  OF  MASS. 

159.]  Theorem  of  Mass  Moments.  We  have  abeady  (see 
Art.  90)  defined  the  centre  of  mass  of  any  system  of  particles, 
whether  they  form  a  continuous  body  or  not,  and  shown  how 
to  find  the  distance  of  this  point  from  any  plane. 

In  the  case  of  a  continuous  body,  if  we  take  any  point,  P, 
in  it,  and  at  P  take  an  indefinitely  small  element,  dm,  of  mass, 
and  multiply  dm  by  the  distance,  z^  of  P  from  the  plane  of 
reference,  we  obtain  the  mass  moment, 

zdtn^ 

of  the  particle  with  respect  to  the  plane.  The  sum  of  these 
mass  moments  for  all  the  elements  of  mass  of  the  body  is  equal 
to  the  product  of  the  whole  mass  of  the  body,  M^  and  the 
distance,  z,  of  the  centre  of  mass  of  the  body  from  the  plane ;  so 
that  fzdm 

This  gives  the  distance  of  the  centre  of  mass,  G^  from  the 
particular  plane  of  reference ;  but  to  determine  the  point  com- 
pletely, we  require,  in  general,  to  know  its  distances  fix)m  any 
two  other  planes  of  reference. 

If  through  any  fixed  point,  0,  there  be  drawn  any  three 
lines  Ox,  Oy,  Oz^  usually  taken  rectangular,  and  if  x,  jr,  z  denote 
the  co-ordinates  of  P,  the  position  of  the  indefinitely  small 
element,  dm^  of  mass,  and  if  x,  y,  z  denote  the  co-ordinates 
of  G,  we  have  in  addition  to  (1)  the  equations 

fxdm       _       fydm 


X  = 


These   expressions   hold  whether  the   co-ordinates   are   rectan- 
gular or  oblique. 

Sometimes,  owing  to  some  simplicity  of  the  figure  of  the 
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given  body,  we  know  at  the  outset  a  particular  line  on  which  G 
lies,  and  in  such  cases  the  point  G  will  become  known  if  we 
calculate  its  distance  from  any  one  plane. 

We  may  obviously  define  the  centre  of  mass  of  the  body  as 
the  point  whose  distance  from  any  plane  is  the  mean  distance  of 
the  given  mass  from  the  plane. 

Let  it  be  particularly  observed  that  no  such  theorem  of  mass 
moments  holds  with  respect  to  a  line.  Given  any  right  line,  Ox^ 
we  may,  indeed,  calculate  the  mean  distance  of  the  body  from 
the  line  thus :  if  j9  is  the  perpendicular  distance  of  the  point  P 
of  the  body  from  Ox^  the  expression 

fpdm 

gives  the  mean  distance  of  the  body  from  the  line,  and  all  points 
lying  on  a  cylinder  of  this  radius  having  Ox  for  its  axis  are  at 
the  mean  distance  of  the  body  from  the  axis ;  but  the  centre 
of  mass  of  the  body,  defined  as  in  p.  129 — i.e.,  the  centre  of  mean 
position  of  all  its  points  for  multiples  proportional  to  the  ele- 
ments of  mass  at  these  points — is  not,  in  general,  one  of  these 
points ;  and,  moreover,  there  is  no  single  point  in  the  body  such 
that  its  distance  from  ever^  line  in  space  is  the  mean  distance 
of  the  body  itself  from  that  line,  whereas  the  unique  property 
does  belong  to  the  centre  of  mass — i.e.^  the  distance  of  this 
point  from  every  plane  is  the  mean  distance  of  the  body  from  the 
plane,  as  is  at  once  seen  firom  the  method  by  which  this  point, 
G,  is  deduced  (Art.  90),  a  method  which  consists  in  dividing 
the  lines  joining  particle  to  particle  in  ratios  which  have  nothing 
to  do  with  any  planes  of  reference.  This  uniqueness  of  the 
point  G  may  also  be  verified  analytically  from  the  expressions 
( 1 ),  (2)  for  its  distances  from  three  particular  planes  of  reference. 
For,  let  any  other  plane  of  reference  be  taken,  and  let  the 
equation  of  this  plane  with  respect  to  the  three  selected  axes 

Oar,  Oy,  Oz  be 

Xa?  +  /Lty  +  r^— /?  =  0,  (S) 

where  A,  fx,  v  are  the  three  direction-cosines  of  its  perpendicular 
from  0  and  p  is  the  length  of  this  perpendicular.  Then  if 
X,  y^  z  are  the  co-ordinates  of  the  point  P  in  the  body,  the 
length  of  the  perpendicular  from  P  on  the  plane  (3)  is 

\x\\Ly'ifvZ'-p, 
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80  thafc  the  mean  distance  of  the  body  from  the  plane  is 

or  -ji^  {kfxdm  +  li-fydm  +  v/zdm^Mp\ 

or  \se-\-ix^-\-vz—j), 

which  is  precisely  the  distance  of  the  point  G  from  the  plane. 
Hence  if  G  is  determined  with  reference  to  any  three  planes,  we 
shall  arrive  at  the  very  same  point  whatever  other  planes  of 
reference  we  take  for  its  determination. 

It  has  been  already  pointed  out  why  the  centre  of  mass  of 
a  body  or  any  system  of  bodies  coincides  with  its  centre  of  gravity  ^ 
when  we  consider  the  system  as  acted  upon  by  the  attraction 
of  the  earth. 

We  might,  in  the  very  same  way,  define  the  centre  of  volume 
of  a  body.  Thus,  if  P  is  any  point  in  the  body,  and  if  dv  is  an 
indefinitely  small  element  of  volume  described  round  P,  V  being 
the  volume  of  the  whole  body,  the  expression 

fzdv 

is  the  distance  of  the  mean  volume-point  of  the  body  from 
a  plane,  and  this  will  coincide  with  the  distance  of  the  centre 
of  mass  if  the  body  is  homogeneous ;  for,  if  p  is  the  mass  per 
unit  volume  at  P,  the  mass  inside  dv  is  pdv^  so  that  the  distance 
of  the  centre  of  mass  is        fpzdv 

which  agrees  with  the  previous  expression  if  p  is  the  same  at  all 
points,  since  it  can  then  be  taken  outside  the  sign  of  integration. 
If  instead  of  a  material  body  we  have  a  surface  of  any  form — 
a  mere  area — we  can  define  in  the  same  way  the  point  whose 
distance  from  any  plane  is  the  mean  distance  of  the  surface  from 
the  plane.  Thus,  if  P  is  any  point  on  the  surface  and  i{  dS 
is  an  indefinitely  small  element  of  the  area  described  round  P, 
the  whole  area  of  the  surface  being  S^  the  expression 

^  w 

is  the  mean  distance  of  the  surface  from  the  plane  from  which 
z  is  reckoned;    and  replacing  dm  by  dS  m  (1)  and  (2),  and 
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M  by  5,  we  arrive  at  the  co-ordinates  of  the  point  G  which 
is  sometimes  spoken  of  as  the  centre  of  gravity  of  the  surtsce. 
This  point  is  now  more  usually  called  the  centraid  of  the  sur&ce, 
or  its  centre  of  area.  If  instead  of  a  mere  geometrical  surface 
we  imagine  i9  to  be  an  indefinitely  thin  membrane  of  uniform 
thickness  and  density,  the  centroid  may  be  regarded  as  the  centre 
of  mass  of  the  membmne. 

Given  two  bodies  of  any  shapes  and  sizes  and  the  centre 
of  mass  of  each,  to  find  the  centre  of  mass  of  the  two  combined 
it  is  not  necessary  to  resort  to  any  integration.  We  have  merely 
to  join  their  centres  of  mass,  g^  and  g^^  and  on  the  joining  line 
to  take  a  point,  ff,  dividing  it  into  two  segments  inversely 
proportional  to  their  masses,  m^  and  m^y  respectively ;  thus 

Ggx  _  ^^ 
Gg^      tfii 

And  M  Zi^  Z2  are  the  distances  of  g^ ,  g^  from  any  plane,  and 
z  the  distance  of  G  &om  the  plane, 

(»^  +  ffi^  z  =  m^Zi-^  m^z^. 

Again,  given  the  centre  of  mass,  ff,  of  a  mass  Jlf,  and  also  the 
centre  of  mass,  ^^,  of  a  portion,  m^^  of  the  mass,  the  centre  of 
mass,  ^2)  of  ^^6  remainder  is  a  point  on  the  line  giG  produced 

through  G,  such  that  -~^  =  -^^ 

^  Gg^      M'-m^ 

An  obvious  and  important  property  of  the  centre  of  mass 

of  any  material  system  is  that  the  mass  moment  of  the  system  with 

respect  to  any  plane  passing  through  its  centre  of  mass  is  zero ; 

that  is,  if  m J,  ^2,  ...  are  any  masses  whose  centres  of  mass  are 

distant  ^i,^2>  •••  ^^^^  &i^7  plane  passing  through  &, 

and  conversely,  if  the  mass  moment  with  respect  to  a  plane 
vanishes,  the  plane  passes  through  the  centre  of  mass. 
If  the  system  forms  a  continuous  body^ 

fzdm  =  0,  (6) 

for  any  such  plane ;  and  for  a  continuous  sur&ce 

fzdS  =  0.  (7) 

The  possibility  of  the  vanishing  of  the  mass  moment  depends, 
of  course,  on  the  fact  that  the  distances  of  points  at  opposite 
sides  of  the  plane  of  reference  from  this  plane  are  aflected  with 
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opposite  signs,  ie.,  some  of  the  e's  in  (5)  are  positive  while 
others  are  negative. 

Hence  a  Aindamental  difTerence  between  the  mass  moment 

fzdm  (8) 

with  reference  to  a  plane  and  another  kind  of  mass  moment, 

f^dm,  (9) 

which  has  ofben  in  Kinetics  to  be  calculated  for  the  system, 
i.e.,  an  expression  in  which  each  element  of  mass  is  multiplied 
by  the  square  of  it«  distance  from  the  plane.  This  latter  ex- 
pression can  never  vanish  for  any  plane — ^unless  we  imagine 
a  system  in  which  some  elements  of  mass  are  positive  and  some 
negative — since,  whether  2:  is  +  or  —  in  (9),  each  term  of  the 
integral  is  +.  The  expression  (9)  when  divided  by  Jf,  the 
whole  mass  of  the  system,  gives  the  mean  square  of  distance  of 
the  body  from  the  plane,  and  this  must  be  carefully  distin- 
guished from  the  square  cf  the  mean  distance  of  the  body 
from  the  plane.  The  latter  is  i^,  the  square  of  the  distance 
of  G  from  the  plane,  and  it  can  vanish^  of  course.  It  is 
well,  in  view  of  errors  which  are  not  unfrequently  made,  to 
call  the  attention  of  the  student  to  the  fact  that  though  for 
many  purposes  in  Statics  and  Kinetics,  a  material  system  may 
be  considered  as  concentrated  at  its  centre  of  mass,  it  cannot 
for  all  purposes  be  so  considered.  We  have  just  seen  that  for 
the  calculation  of  the  mean  square  of  distance  of  the  system  from 
u  given  plane  it  cannot  be  concentrated  at  G ;  and  there  are 
many  other  cases — as,  for  instance,  in  the  calculation  of  Attrac- 
tion and  of  Moment  of  Inertia  about  an  axis — in  which  it 
is  not  allowable  to  concentrate  a  body  at  its  centre  of  mass. 

160.]  Measure  of  Density.  When  a  body  is  of  the  same 
constitution  throughout^  i.e.,  when  its  ultimate  particles  are 
undistinguishable  from  each  other,  and  when  there  is  the  same 
number  of  them  in  a  given  volume  wherever  this  volume  is 
taken  in  the  body,  the  body  is  said  to  be  homogeneous  or  of 
uniform  density ;  and  its  density  is  measured  by  the  quantity  of 
matter  contained  in  (some  selected)  unit  of  volume.  But  when 
the  particles  are  more  or  less  crowded  together  in  one  region  of 
the  body  than  in  another,  instead  of  speaking  of  the  density  of 
the  body,  we  must  speak  of  the  density  at  each  particular  point. 
To  measure  this,  take  any  very  small  volume,  dv,  round  the 
point,  and  let  dm  be  the  quantity  of  matter  contained  in  it ; 
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dm 
then  the  limiting  value  of  the  ratio  -r-  >  when  dv  (and  therefore 

dm)  is  indefinitely  diminished,  is  the  density  of  the  hody  at  the 
point  considered.  Density  may  be  measured  in  grammes  per 
cubic  centimetre,  or  in  pounds  per  cubic  foot 

We  now  proceed  to  the  more  elementary  cases  of  the  deter- 
mination of  Centres  of  Mass. 


Section  I. 
Elementary  Cases, 

161.]  Centre  of  Mass  of  a  Triangular  Lamina  of  Uniform 
Thickness  and  Density.  Let  ABC  be  any  triangular  lamina  of 
uniform  thickness  and  density,  and  let  it  be  divided  by  an  in- 
definitely great  number  of  lines  parallel  to  the  base  BC  into 
an  indefinitely  great  number  of  strips.  Then  the  centre  of  mass 
of  each  strip  is  its  middle  point ;  and  the  middle  points  of  all 
the  strips  lie  on  the  line  joining  A  to  the  middle  point  of  BC 
Hence  the  centre  of  mass  of  the  lamina  lies  on  this  line. 
Similarly,  the  centre  of  mass  lies  on  the  line  joining  B  to  the 
middle  point  of  CA,  It  is  therefore  the  intersection  of  the 
bisectors  of  the  sides  drawn  from  the  opposite  vertices. 

Again,  the  centre  of  mass  of  a  uniform  triangular  lamina  coin- 
cides  with  the  centre  of  mass  of  three  equal  particles  placed  at  its 
vertices. 

For,  the  centre  of  mass  of  the  two  equal  particles  at  B  and  C 
is  the  middle  point  of  BC,  and  the  centre  of  mass  of  the  three 
lies  on  the  line  joining  this  point  to  A.  Similarly,  it  lies  on 
the  line  joining  B  to  the  middle  point  of  CA.     Therefore,  &c. 

If  the  mass  of  each  particle  is  m,  the  centre  of  mass  divides 
the  line  joining  A  to  the  middle  of  BC  in  the  ratio  2  m :  m, 
or  2:1.  Hence  the  centre  of  mass  of  a  triangular  lamina  of 
uniform  thickness  and  density  lies  on  the  bisector  of  any  side  drawn 
from  the  opposite  vertex  at  the  paint  of  trisection  {nearest  to  the  side) 
of  the  bisector. 

Cor.  If  the  distances  (rectangular  or  oblique)  of  the  vertices 
of  a  triangle  from  any  plane  are  ^i,  ^2'  ^^^  ^3>  ^^  distance  of  its 

X   A-  X   "^  X 

centre  of  mass  from  this  plane  is  -^ — ~ • 


300 


CENTEOIDS  AND  CENTEES  OF  MASS. 


[162. 


Fig.  aao. 


162.]  Centre  of  Mass  of  a  Triangular  Pyramid  of  Uniform 
Density.  Let  ABCI)  (Fig.  220)  be  a  triangular  pyramid.  Now 
if  any  vertex,  -D,  be  joined  to  the  centroid,  iV,  of  the  opposite 
&ee,  the  joining  line  passes  through  the  centroids  of  all 
triangles  in  which  the  pyramid  is  cut  by  planes  parallel  to 
this  face.  For,  let  ahc  be  a  section  of  the  pyramid  parallel  to 
the  base,  ABC,     Draw  the  plane  CNB  containing  the  lines  CD 

and  BN\  this  plane  bisects  the  base 
AB  in  E,  since  (Art.  161)  CN  bisects 
AB,  Let  the  plane  CNB  intersect  the 
fece  ABB  in  the  right  line  HhB^  h 
being  the  point  in  which  this  line 
meets  ab.  Then  since  in  the  triangle 
ABB^  ah  is  parallel  to  AB^  and  BH 
bisects  AB,  h  is  the  middle  point  of  ah. 
Again,  if  the  line  -DiV  meets  the  plane 
ahc  in  n^  the  points  A,  n,  and  c  are  in  a 
right  line.  For  these  are  evidently  points 
common  to  the  planes  CNB  and  ahc^  and  since  two  planes 
intersect  in  a  right  line,  the  points  h,  n,  c  are  in  a  right  line — 
that  is  to  say,  n  is  a  point  on  the  bisector  of  the  side  ah  drawn 
through  c.  Similarly,  «  is  a  point  on  the  bisector  of  6c  drawn 
through  a  ;  therefore  n  is  the  centroid  of  the  triangle  ahc. 

To  find  the  centre  of  mass  of  the  pyramid,  let  it  be  divided  by 
planes  parallel  to  ABC  into  an  indefinitely  great  number  of 
triangfular  laminae.  Now  we  have  just  proved  that  the  centres 
of  mass  of  all  these  laminse  lie  on  the  line,  BN,  joining  the 
vertex  B  to  the  centroid  of  the  opposite  base.  Similarly,  the 
centre  of  mass  of  the  pyramid  lies  on  the  line  joining  the  vertex 
A  to  the  centroid  of  the  face  BCB,  It  is,  therefore,  the  point, 
G,  of  intersection  of  lines  drawn  from  any  two  vertices  to  the 
centroids  of  the  opposite  &ces.  But  this  is  exactly  the  con- 
struction for  the  centre  of  mass  of  a  system  of  four  equal 
particles  placed  at  the  vertices  of  the  pyramid.     Hence — 

TAe  centre  of  mass  of  a  triangular  pyramid  coincides  -with  the 
centre  of  mass  of  four  equal  particles  placed  at  its  vertices. 
Also — 

The  centre  of  mass  of  a  triangular  pyramid  is  one-fourth  cf  th^ 
way  up  the  line  joining  the  centroid  of  any  face  to  the  opposite 
vertex. 
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For,  if  at  the  vertices  there  be  placed  four  equal  particles,  each 
of  mass  m,  their  centre  of  mass  is  found  by  joining  D  to  y 

and  taking  j:pz.  =  -—  =  i,  therefore  GN  =  JG-D,  or 
\jJJ      otn 

NG  =  \ND. 
Cor.  1.  The  perpendicular  distance  of  the  centre  of  mass  of  a 
triangular   pyramid   from  the   base   is   equal   to   \   height   of 
pyramid. 

Cor.  2.  If  the  distances  (rectangular  or  oblique)  of  the 
vertices  of  a  pyramid  from  any  plane  are  ^ij  a?2,  ifg,  a?^,  the  dis- 
tance of  the  centre  of  mass  from  the  plane  is  -^ =— — - — *  • 

4 

163.]  Centre  of  Mass  of  a  Cone  of  Uniform  Density 
having  any  Plane  Base.  Consider  a  pyramid  whose  base  is  a 
polygon  of  any  number  of  sides.  Then,  by  dividing  the  base 
into  triangles  we  can  consider  the  whole  pyramid  as  composed 
of  a  number  of  triangular  pyramids.  Now  (Art.  162)  the  centre 
of  mass  of  each  of  these  pyramids  lies  in  a  ])lane  whose  distance 
from  the  base  is  one-fourth  of  the  height  of  the  pyramid ;  there- 
fore the  centre  of  mass  of  the  whole  pyramid  lies  in  this  plane — 
that  is,  its  perpendicular  distance  from  the  base  is  one-fourth  of 
the  height  of  the  pyramid. 

Again,  dividing  the  pyramid  into  an  indefinitely  great 
number  of  laminse,  as  in  last  Art.,  the  centres  of  mass  of  these 
lamina)  all  Ue  on  the  right  line  joining  the  vertex  to  the  centroid 
of  the  base.  Hence  the  centre  of  mass  of  the  whole  pyramid 
lies  on  this  line ;  and  by  what  we  have  just  proved,  it  must  be 
one-fourth  of  the  way  up  this  line.  There  is  no  limit  to  the 
number  of  sides  of  the  polygon ;  hence  they  may  form  a  con- 
tinuous curve. 

Therefore — 

The  centre  of  ma%9  of  a  cone  whose  b<i8e  is  any  plane  curve  what- 
ever  is  found  by  joining  the  centroid  of  the  base  to  the  vertex^  and 
taking  a  point  one-fourth  of  the  way  up  this  line, 

164.]  Theorem.  If  the  mass  of  each  of  a  system  cf  bodies  be 
multiplied  by  the  square  of  the  distance  of  its  centre  of  mass  from  a 
given  pointy  th^  sum  of  the  products  thus  obtained  is  least  when  the 
given  point  is  the  centre  of  mass  of  the  system  of  bodies. 

This  theorem,  which  is  well  known  in  elementary  geometry, 
admits  of  a  very  simple  analytical  proof. 
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Let  (x,  ^,  2)  be  the  co-ordinates  of  the  centre  of  mass,  ff,  of 
the  system  with  reference  to  rectangular  axes  through  any  point, 
0,  and  let  (^1,^1,  ^1),  (^2>^2>  ^2)^  ...i  he  the  co-ordinates  of  the 
centres  of  mass,  Aj,  A^y^i  ^^  ^^^  bodies  whose  masses  are 
wij,  Wgj  ••••     Then 

GA,'  =  (^-^,)^  +  C^-j<if +  (i-^i)^  (1) 

Similarly,         GA,/  =  (^-^2)'  +  (^-J^2r +  (^-^2)'^  (2) 


Multiplying  the  sides  of  these  equations  by  w^,  wij, ...,  and 
adding,  we  have 

2{m.GA^)  =  {x^+f  +  2!^).'2m—2x.2mX'-2y.'2My 

^2z.lmz+I;m{x^+f  +  2^).       (3) 
Now  (Art.  159), 

^moj  =  x.^m,     ^m^  =  y  ,^m,     ^mz  ==  z,'2m. 

Hence  (8)  becomes 

or  2 {m .  GA^)  =  2 (w .  OA^) -0G^.'2m,  (4) 

from  which  equation  it  appears  that  2  (m .  GA^)  is  always  less 
than  2  (m  .  OA^)  by  the  quantity  OG^ .  2  w. 

It  can  be  shown  that,  if  r^^  denote  the  distance  between  the 
centres  of  mass  of  the  masses  m^  and  m^,  and  if  the  sum  of  all 
the  masses,         M.'2{m,  GA^)  =  ^{m^m^ r^^). 

For,  let  the   centre  of  mass,   6,  be  taken  as   origin.     Then, 

denoting  the  co-ordinates  of  the  points  A^^  A.^, ,,,  with  reference 

to  G  by  «,^i',  ^/),  «>  y^'y  ^2), ..., 

M^{m.  GA^)  =  m^ {m^  +  m^-\- ..,) (x{^+y{^  +  z^'^) 

+  m^[m^Jfm^Jf...){x^^^y^^JfZ^'^)jf,,..    (5) 
Also  (Art.  159) 

0  ^  ^  ^"2    +  ^2'^2  +  •  •  •  • 

Squaring  both  sides  of  each  of  these  last  three  equations,  adding 
the  results  together,  and  subtracting  their  sum  from  (5),  we  have 

=  2^2/^2^12  * 
Hence,  from  (4), 

^^- V — M 575 — ' 
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under  which  form  Lagrange  expresses  the  distance  of  the  centre 
of  mass  of  a  system  of  bodies  from  a  given  point  (see  M^canique 
Analt/tique^  p.  61). 

Equation  (4)  can  be  employed  to  prove  the  well-known  ex- 
pression for  the  distance  between  the  centres  of  the  inscribed 
and  circumscribed  circles  of  a  plane  triangle,  \\z. : 

I)  being  the  distance  between  the  centres,  and  r  and  R  being 
their  radii,  respectively. 

(Suppose  a  system  of  particles  at  the  vertices,  the  mass  of 
each  being  proportional  to  the  opposite  side.  Their  centre  of 
mass  is  the  centre  of  the  inscribed  circle.  The  remainder  is  left 
to  the  student  as  an  exercise.) 


Examples. 

1.  To  find  the  position  of  the  centre  of  mass  of  the  frustum  of  a 
])yramid. 

Let  the  frustum  be  formed  by  the  removal  of  the  pyramid  abcD 
(Fig.  220)  from  the  whole  pyramid  ABCD)  let  h  and  H  be  the  per- 
pendicular heights  of  these  pyramids,  respectively ;  and  let  m  and  M 
denote  their  masses. 

Now  if  the  perpendicular  distauces  of  the  centres  of  mass  of  the 
pyramid  ABCD^  the  pyramid  ahcD,  and  the  frustum,  from  the  base 
ABC  be  denoted  by  «,,  «j,  and  z^  respectively,  we  have  (Art.  159) 

Mz^  =  m2,-h  (if — m)  z.  (1) 

But  ;2:j=-— J  a;j  =  -  +  ^— A=  H—  J  A.      Also   the   masses   of  the 

pyramids  are  to  each  other  as  the  cubes  of  their  heights ;  therefore 
(1)  gives  7/4 

^  =  A»  {H^i  h)  +  {H^-h')  z, 

or  ^(lP^K')z=  H^-AHK^^Zh' 

_  (ff-h)    (H^-\-2lIh+3h')  ... 

Instead  of  the  heights  we  can  use  the  square  roots  of  the  areas  of 
the  bases,  to  which  the  heights  are  proportional.  If  these  areas  are 
denoted  by  A  and  a,  we  have 

ff'-h    A+2^/Ta^h3a  ,^. 

^="1 — ;    /-r —  ^^> 

*  A-hvAa-hd 
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The  centre  of  mass,  G\  of  the  frustum  obviously  lies  on  the  line  Nn 
(Fig.  220)  between  N  and  G ;  and  (3)  evidently  gives 

^^  —  -2 : — 7= W 

It  is  clear  that  the  position  of  the  centre  of  mass  of  the  frustum  of 
a  cone  standing  on  any  plane  base  is  also  given  by  these  equations. 

2.  To  find  the  centre  of  mass  of  a  board  of  uniform  thickness  and 
density  whose  figure  is  that  of  a  quadrilateral. 

Let  ABCD  be  the  quadrilateral ;  draw  the  line  AC,  which  divides 
the  quadrilateral  into  two  triangles ;  let  L  and  M  be  the  centroids  of 
the  triangles  ABC  and  ADC,  respectively ;  and  let  the  line  LM  meet 
ACinN. 

Then  the  centroid  of  the  quadrilateral  is  a  point,  6r,  on  LM  such 

MG  ^  area  ABC  __  area  ALC  __  perp.  from  L  on  AC  ^  LN  ^ 
LG  ""  area  ADC  "  area  AMC  ""  perp.  from  M  on  AC  ""  MN  ' 

therefore  -7-77  =  ^r^^  >      or     MG  =  LN. 

LM       LM 

The  centre  of  mass  is  therefore  found  by  taking  a  point,  G^  on  LM, 
such  that  MG  =  LN, 

Another  construction.  The  student  will  find  little  difiiculty  in 
proving  the  following  construction.  Draw  the  diagonals  AC  and 
BD^  meeting  in  the  point  0,  On  AC  take  a  point  (T',  such  that 
AC^CO,  and  on  BD  take  a  point  B',  such  that  DV  —  BO, 
Then  the  centroid  of  the  quadrilateral  is  the  centroid  of  the  triangle 
B'OC, 

3.  From  a  triangular  board  of  uniform  thickness  and  density  the 
portion  constituting  the  area  of  the  inscribed  circle  is  removed ;  prove 
that  the  distance  of  the  centre  of  mass  of  the  remainder  from  any 

side  (a)  is  ^      2«'-37raA 

• > 

3a«         a*— ttA 

A  being  the  area,  and  s  half  the  sum  of  the  sides,  of  the  board. 

4.  If  a  tetrahedron  be  formed  by  the  centres  of  mass  of  any  four 
masses,  prove  that  each  mass  is  proportional  to  the  tetrahedron 
standing  on  the  opposite  face  and  having  for  vertex  the  common 
centre  of  mass  of  the  masses. 

5.  If  at  the  vertices  of  a  triangle  there  be  placed  three  masses  each 
of  which  is  proportional  to  the  opposite  side  of  the  triangle,  prove 
that  their  centre  of  mass  is  the  centre  of  the  circle  inscribed  in 
the  triangle. 

6.  Prove  that  the  centre  of  mass  of  a  system  of  uniform  bars 
forming  a  triangle  is  the  centre  of  the  circle  inscribed  in  the  triangle 
formed  by  the  middle  points  of  the  bars. 

7.  A  figure  is  formed  by  a  right-angled  triangle  whose  sides  are 
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a,  b,  and  c,  and  the  squares  constructed  on  these  sides ;  find  the 
distance  of  the  centroid  of  this  figure  from  the  greatest  side  (c). 

J  ah     Zi^-'^ah 

Ans.     —  •  — 5 ~  • 

3c      4c'  +  a6 

8.  Prove  that  the  centroid  of  a  trapezium  divides  the  line  joining 

the  middle  points  of  the  two  parallel  sides  in  the  ratio -,  the 

lengths  of  these  sides  being  a  and  6.  ^a+o 

Prove  also  the  following  construction  for  the  centroid  : — 
The  vertices,  in  order,  being  A,  B^  C,  D,  and  the  parallel  sides  AB 
and  CD,  produce  BA  to  A',  and  ^^  to  i?',  so  that  AA'—  BB"  =  CD ; 
also  produce  DC  to  C,  and  CD  to  /)',  so  that  CC  =  DD"  =  AB ;  then 
the  point  of  intersection  of  A^C^  and  B^D^  is  the  required  centroid. 

9.  A  right  line  passing  through  a  fixed  point  intersects  two  fixed 
right  lines ;  find  the  locus  of  the  centroid  of  the  triangle  formed  by 
the  variable  line  and  the  two  fixed  lines. 

Ans,  If  the  co-ordinates  of  the  fixed  point  with  reference  to  the 
two  fixed  lines  as  axes  are  a  and  6,  the  locus  is  the  hyperbola 

(3a;— a)  (3y— 6)  =  ab. 

10.  If  the  right  line  in  the  last  example,  instead  of  passing  through 
a  fixed  point,  cut  off  a  triangle  of  constant  area,  find  the  locus  of  the 
centroid  of  the  triangle. 

Ans,  If  0)  is  the  angle  between  the  fixed  lines,  and  Ii^  the  constant 
area,  the  locus  is  the  h3rperbola 

9fl0y  sino)  =:  2^, 

11.  From  a  sphere  of  radius  E  is  removed  a  sphere  of  radius  r,  the 
distance  between  their  centres  being  e;  find  the  centre  of  mass  of 
the  remainder. 

Ans,  It  is  on  the  line  joining  their  centres,  and  at  a  distance 

cr* 
-=rz i  from  the  centre. 

12.  Every  body  has  one  and  only  one  centre  of  mass.  Hence  show 
that  the  lines  joining  the  middle  points  of  the  opposite  sides  of  a 
quadrilateral  bisect  each  other. 

(Consider  four  equal  particles  at  the  vertices.) 

13.  From  the  vertices  of  a  given  triangle  let  perpendiculars  be 
drawn  to  the  opposite  sides.  Find  the  distances  of  the  centroid  of 
the  triangle  formed  by  the  feet  of  these  perpendiculars  from  the  sides 
of  the  given  triangle. 

Ans.  The  distance  from  the  side  a  is  ^  a  siuii  cos  {B—C). 

14.  A  thin  uniform  wire  is  bent  into  the  form  of  a  triangle  ABC, 
and  particles  of  weights,  P,  Q,  R,  are  placed  at  the  angular  points 
A,B,C,  respectively ;  prove  that  if  the  centre  of  mass  of  the  particles 
coincides  with  that  of  the  wire, 

P:Q:E  =  6  +  c:c  +  a:a+fc. 

(Wolstenholme's  Book  of  MaihenuUical  Problems,) 

VOL.  I.  X 
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1 5.  Find  the  centroid  of  the  triangle  formed  by  the  points  in  which 
the  bisectors  of  the  angles  of  a  given  triangle  meet  the  opposite  sides. 

Ans,  If  A  denote  the  area  of  the  given  triangle,  whose  sides 
are  a,  b,  c,  the  distance  of  the  centroid  from  the  side  a  is 

^      (a  +  6)  («  +  <?)' 

16.  A  uniform  wire  of  given  length  is  formed  into  a  triangle  of 
which  one  angle  is  given ;  find  the  locus  of  the  centre  of  mass  of  the 
wire  referred  to  the  sides  containing  the  given  angle  as  axes. 

Ans.  If  C  is  the  given  angle,  and  4/  the  length  of  the  wire,  the 
locus  is  the  ellipse 

(^-a:-y)>+2(Z-x-y)(2Z-a-.y)sin*^+4ajy8in*^=0. 

17.  If  particles  be  placed  at  the  angular  points  of  a  tetrahedron, 
proportional  respectively  to  the  areas  of  the  opposite  faces,  their 
centre  of  mass  will  be  the  centre  of  the  sphere  inscribed  in  the  tetra- 
hedron. 

(Wolstenholme's  Book  of  Mathematical  Problems,) 

18.  Prove  that  the  centroid  of  the  surface  of  a  tetrahedron  is  the 
centre  of  the  sphere  inscribed  in  the  tetrahedron  formed  by  joining 
the  centroids  of  the  faces. 

19.  If  z^y  z^y  z^,  z^  are  the  distances  (rectangular  or  oblique)  of  the 
vertices  of  any  quadrilateral  area  from  a  plane,  and  ^  the  distance  of 
the  point  of  intersection  of  its  diagonals  from  the  plane,  the  distance 
of  its  centroid  from  the  plane  is 

i(«i  +  «s  +  ^  +  «4-C)- 

20.  On  the  base  of  a  solid  homogeneous  hemisphere  is  constructed 
a  solid  cylinder  ;  determine  the  height  of  the  latter  so  that  the  centre 
of  mass  of  the  compound  body  may  be  the  centre  of  the  sphere,  being 
given  that  the  centre  of  mass  of  a  solid  hemisphere  is  f  r  from  the 
centre,  where  r  is  the  radius. 

Ans,  \rV2. 

21.  A  hollow  thin  metallic  cone  without  a  base  is  held  with  its 
axis  vertical  and  vertex  down ;  the  radius  of  the  base  is  5  inches,  the 
height  12,  the  thickness  -J^  inch,  and  the  specific  weight  of  the  metal 
8  times  that  of  water.  If  the  cone  is  filled  to  the  height  of  6  inches 
with  water,  find  the  position  of  the  centre  of  gravity  of  the  water  and 
vessel. 

Ans.  It  is  about  6*6  inches  from  the  vertex. 
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Section  II. 
Centres  of  Mass  in  General. 

165.]  Bide.  The  general  formolae  of  Article  159,  for  the 
co-ordinates  of  the  centre  of  mass  of  a  quantity  of  matter 
arranged  in  any  manner,  assume  particular  forms  according  as 
the  matter  is  arranged  in  the  form  of  a  wire  of  any  shape,  an 
area  or  thin  lamina  of  any  shape,  or  a  solid.  Then,  again, 
they  assume  particular  forms  in  each  of  these  cases  according 
to  the  manner  in  which  the  matter  is  supposed  to  be  divided 
into  elementary  portions. 

Many  students  are  in  the  habit  of  remembering  a  special 
formula  for  each  of  these  numerous  cases ;  such  a  habit,  however, 
is  not  only  useless  but  injurious.  It  is  much  better  to  consider 
the  fundamental  formula  (l)  of  Art.  159,  or  the  method  of  p.  131, 
as  furnishing  the  following  Rule  which  covers  all  possible  cases : 

Divide   the   quantity  of  matter^   in  any  way,   into    elementary 

portions ;  find  the  position  of  the  centre  of  mass  of  ectch  of  these 

portions  ;  then  multiply  the  muss  of  each  portion  by  the  co-ordinate* 

of  its  centre  of  mass,  and  take  the  integral  of  this  product ;  and 

finally  divide  this  integral  by  the  whole  qiiantity  of  matter.     The 

result  is  the  co-ordinate  of  the  centre  of  mass  required, 

166.]  Centre  of  Mass  of  the  Arc  of  a  Carve.  If  the 
matter  whose  centre  of  mass  we  desire  to  find  is  arranged  in 
the  shape  of  the  arc  of  any  curve,  the  co-ordinates  of  its  centre 
of  mass  are  obtained  from  the  formulae  of  Art.  159,  in  which 
dm  now  denotes  the  mass  of  an  elementary  length  of  the  curve. 

Let  ds  denote  the  length  of  an  elementary  portion  of  the  curve 
contained  between  two  points,  P 
and  Q  (Fig.  221);  let  i  denote 
the  mean  area  of  a  section  of  the 
curve  between  P  and  Q  ;  and  let  p 
denote  the  density  of  the  matter 
in  the  neighbourhood  of  P  and  Q, 
Then,  since  the  quantity  of  matter 
in  any  space  is  equal  to  the  product  ^' 

of  the  volume  and  the  density,  the  quantity  of  matter  between 
P  and  Q  is  ipds, 

*  The  co-ordinates  are  supposed  to  be  such  as  are  measured  parallel  to  a 
given  line.  The  rule  would  not  hold  if  by  00-ordtnato  were  understood  poiar 
e<Hfrdinate  for  instance. 

X  2 
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Again,  the  centre  of  mass  of  this  element  is  evidently  the 
middle  point  o(  PQ. 

And  since  to  obtain  G,  the  centre  of  mass  of  the  whole  mass, 
the  co-ordinates  of  this  middle  point  must  be  multiplied  by  the 
infinitesimal  ipds,  the  co-ordinates  of  the  centre  of  mass  of  PQ 
may  be  taken  to  be  the  same  as  those  of  P. 

Replacing  dm  in  the  general  formulae  by  the  linear  element 
ipds^  we  obtain  for  the  position  of  the  centre  of  mass  of  matter 
arranged  in  the  form  of  any  curve  the  equations 

ykpxds 
""  "  fkpd9  ' 

y  -  fkpds  ' 

-  _  fhpzdi 
~  fkpds 

The  quantities  k  and  p  must  be  given  as  functions  of  the 
position  of  the  point  P  l)efore  the  integrations  can  be  performed. 

Examples. 

1.  To  find  the  position  of  the  centroid  of  a  circular  arc  of  uniform 
thickness  and  density. 

Let  AB  be  the  arc,  M  its  middle  point,  and  0  the  centre  of  the 
circle.  Then  it  is  manifest  from  symmetry  that  the  centroid  must  lie 
on  the  line  OM.  Take  OM  as  axis  of  x.  Then,  since  k  and  p  are 
constant,  we  have  fxds 

yds 

X  being  the  co-ordinate  of  any  point,  jP,  in  the  arc.  Let  0  be  the 
angle  POM  and  a  the  radius  of  the  circle.     Then 

a;  =  a  cos  d,    and   ds  =  <td6. 

Hence  _  /cos  OdO 

the  integration  to  be  extended  over  the  whole  arc.  Now  if  the  angle 
BOA  =  2a,  the  integration  must  be  taken  from  0  =  — a  to^  =  a. 
Therefore  _         aj^  ^ 

a 

Hence  the  distance  of  iJie  centroid  of  the  arc  of  a  circle  from  the 
centre  is  the  product  of  tlie  radius  and  the  chord  of  the  arc  divided  by 
the  length  of  the  arc, 

2a 

The  distance  of  the  centroid  of  a  semicircle  from  the  centre  is  —  • 
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2.  Find  the  centre  of  mass  of  a  circular  arc  of  uniform  section,  the 
density  varying  as  the  length  of  the  arc  measured  from  one  extremity. 

Let  AB  be  the  arc ;  let  the  density  at  any  point  P  ^  fi,  AP,  and  let 
OA  be  taken  as  axis  of  x.    Then  if  LAOB  =  a,  and  AP  =  «,  we  have 


fsxds 


=:2a 


rsdo 

a  sin  a  +  cos  a  —  1 


a« 


^  re  Bin  Odd 

Similarly,  y  =  "^^  =  a  -1— 

•^*'*'  '  Ode 


£ 


^    Sin  a^a  cos  a 
=  2a 5 • 

3.  One  extremity,  A,  of  the  arc,  AB,  of  a  curve  being  fixed,  while 
the  other  extremity,  B,  varies,  it  is  required  to  construct  at  any  point 
the  tangent  to  the  locus  of  the  centroid  of  the  variable  arc  AB. 

Let  AB  he  a.  portion  of  the  arc  of  any  curve,  and  let  0  be  the 
centroid  of  AB,  Then  if  ^  be  a  point  on  the  given  curve  very  close 
to  B,  the  centroid  of  the  whole  arc  AB'  is  obtained  by  joining  the 
centroid,  G,  of  AB  to  the  centroid  of  BB'y  and  dividing  the  joining 
line  inversely  as  the  lengths  of  AB  and  BB'.  But  the  centroid  of 
BB'  is  its  middle  point.  Hence  the  centroid  of  AB'  lies  on  the  line 
joining  G  to  the  middle  point  BB^,  In  the  limit,  therefore,  the 
line  joining  G  to  its  next  consecutive  position  is  the  line  GBy  which 
is,  then,  the  tangent  at  6^  to  the  locus  of  G» 

4.  Find  the  position  of  the  centroid  of  the  arc  of  a  semi-cardioid. 

Ans,  The  equation  of  the  curve  being  r  =  a  (1  +  cos  6),  the 
co-ordinates  of  its  centroid  referred  to  the  axis  of  the  curve  and  a 
perpendicular  line  through  the  cusp  as  axes  of  x  and  y  are 

4 
JK  =  y  =  gO. 

5.  Find  the  equation  of  the  line  joining  the  centroid  of  the  arc  of 
half  a  loop  of  a  lemniscate  to  the  double  point. 

Aru.  The  axes  of  x  and  y  being  the  axis  of  the  curve  and  a 
perpendicular  line,  the  equation  of  the  required  line  is 

y=(-/2-l).a;. 

6.  Find  the  centroid  of  the  arc  of  a  semi-cycloid. 

Ans.  The  axis  of  x  being  a  tangent  at  the  vertex,  and  a  the 
radius  of  the  generating  circle. 
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7.  Find  the  distance  of  the  centroid  of  the  catenary 

from  the  axis  of  x^  the  curve  being  divided  into  two  equal  portions  by 
the  axis  of  y. 

Arts,  If  21  is  the  length  of  the  curve  and  k  the  ordinate  of  its 

kl  -|-  flkj 
extremity,  the  centroid  lies  on  the  axis  of  y  at  a  distance  — —j —  from 

the  axis  of  x, 

8.  Find  a  law  of  density  of  a  wire  of  uniform  section  bent  into  the 
shape  of  a  cycloid  so  that  its  centre  of  mass  shall  be  half  way  up 
its  axis. 

Ans,  If  the  density  varies  as  the  length  of  the  arc  measured 
from  the  vertex,  the  result  will  follow. 

9.  If  the  density  of  a  cycloidal  arc  varies  as  the  n^  power  of  the 
arc  measured  from  the  vertex,  find  the  position  of  the  centre  of  mass 
of  the  curve. 

71+  1 

Ans,   On   the  axis  at  a   distance    2 a  from  the  vertex,  a 

n+3  ' 

being  the  radius  of  the  generating  circle. 

10.  One  extremity  of  a  circular  arc  is  fixed  while  the  other  varies 
along  the  circle ;  trace  the  locus  of  the  centroids  of  the  varying  arcs, 
and  prove  that  the  algebraic  sum  of  the  intercepts  of  the  locus  on  the 
diameter  perpendicular  to  that  passing  through  the  fixed  extremity  of 
the  arcs  is  equal  to  lialf  the  radius. 

167.]  Centroid  of  a  Plane  Area.  Let  JPQB  (Fig.  222)  be 
any  curve  whose  equation  is  given,  and  let  it  be  required  to  find 
the  centroid  of  the  area,  CABD,  of  a  lamina  included  between 

a  given  portion,  AB,  of  the 
curve,  two  extreme  oidi- 
nates,  AC  and  BB,  and 
the  axis  of  x,  the  lamina 
being  supposed  of  uniform 
thickness  and  density.  In 
accordance  with  the  rule 
of  Art.  165,  we  break  up 
the  area  into  elementary  portions.  Suppose  that  this  is  done  by 
taking  rectangular  strips,  such  as  PQNMy  included  between  two 
very  close  ordinates,  PSF  and  QA^,  and  let  ^  be  the  centre  of 
mass  of  this  strip. 

Let  the  co-ordinates  of  P  be  (a?,  y)  and  those  of  Q  (a?  +  /fe, 
y-hdy) ;  let  p  be  the  density  and  k  the  thickness  of  the  lamina. 
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Then  the  mass,  dm^  of  the  rectangfular  strip  is 

kpydx. 

Also  the  co-or^ates  of  ^  are  (^  +  ^jf  +€')>    €  and  c'  being 

extremely  small  quantities  of  the  same  order  of  magnitude  as 
dx  and  d^. 

Following  the  rule  of  Art.  165,  to  obtain  the  abscissa  of  G^ 
the  centroid  of  the  area,  we  shall  have  to  take  the  integral  of 
the  product  kpy  {x  +  €)dx. 

Now  ^dx  is  an  infinitesimal  of  the  second  order,  and  is  there- 
fore to  be  neglected  in  the  integral.  Hence  if  x  and  y  are  the 
co-ordinates  of  &,  we  have  evidently^  since  k  and  p  are  constants, 

^  _  fxydx       ^  _^  fyHx 
fydx'     ^'^fydx' 

the  integrations  extending  over  the  whole  area  CABl), 


Examples. 

1 .  Find  the  centroid  of  the  area  of  a  semi-cycloid. 

Taking  the  line  joining  the  extremities  of  the  arc  of  the  whole 
curve  as  axis  of  x,  and  a  perpendicular  through  the  vertex  as  axis  of 
y^  the  curve  is  given  by  the  equations 

a;=a(^  +  Bin^), 
y  =  a(l  -hcosd). 

Hence  ycte  =  4  a' cos*  —  cf^,  and  we  have 


r'(d  +  8ind)coB*|(i^  rcoH^^dO 

r» — 6 *  y'^^'7^ — $ — 

'      C08*-C?d  /      C06*;r<i^ 

0              ^  Jo             2 


To  find  r e  cos*  -de,  write  it 
JO  2 

-/    eil+eo^eyde,  or  -  \    ^(-  +  2co8d  +  jrC082d)d^. 
4jo  ^*/o      ^^  2  / 

y*  ./I      ndBinnd  + cosn^       _  j,      .  ^        1    • 

Now  yd  cos  n^a^  = 5 •      Hence  the  mtegral  lu 

3ir»-16 
question  =  — f>;~~  " 

(»  .  0  r* ,   0        0  2 

sin  0  cos*—  c?d  =  2   /    sin  ~  cos*  —  cfd  =  ~  • 
2  J^         I         I  3 
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-      97r«-16 
Hence  a?  =    — ^  ■ —  •  a, 

18ir 

5 
And  evidently  y  =  -  a. 

2.  If  the  ordinates  of  a  given  curve,  U,  be  all  diminished  or  in- 
creased in  a  given  ratio  and  a  new  curve,  U',  thus  formed^  prove 
that  the  centroid  of  any  portion  oi  U^  cut  off  by  a  right  line  is 
obtained  by  diminishing  or  increasing  in  the  same  ratio  the  ordinate 
of  the  centroid  of  the  corresponding  portion  of  U, 

Let  one  line  parallel  to  the  axis  of  y  meet  U  and  U^  in  P  and 
P^  respectively,  and  let  another  such  line  meet  them  in  Q  and  Q^. 
Draw  the  right  lines  FQ  and  F'Q^}  then  these  lines  cut  off  cor- 
responding portions  of  the  two  curves.  From  any  point,  My  on  U 
draw  a  line  parallel  to  the  axis  of  y  meeting  the  right  line  FQ  in  N, 
and  U^  and  P'Q'  in  if'  and  iV^',  respectively.  Denote  the  ordinatea 
of  M  and  N  hj  y  and  z ;  then  it  is  clear  that  if  k  is  the  number  by 
which  the  ordinates  of  U  are  multiplied  to  obtain  those  of  U^^  the 
ordinates  of  M^  and  N^  are  ky  and  kz,  respectively.  All  these  points 
have  a  common  abscissa,  x.  An  ordinate  drawn  with  the  abscissa 
x-\-dx  includes  with  the  ordinate  MNM^N\  the  curve  TJ^  and  the 
line  FQ  a  strip  of  area  equal  to  {y-'Z)dx,  while  the  corresponding 
strip  of  the  area  of  U^  cut  off  by  F^Q^  is  k(y—z)dx.     Again,  the 

ordinate  of  the  middle  point  of  the  first  strip  is  ^-^  9  and  that  of 

V+z 
the  middle  point  of  the  second  strip  is  k  ^—-  • 

Hence  if  y  and  y'  denote  the  ordinates  of  the  centroids  of  the 
portions  of  U  and  U^  cut  off  by  FQ  and  F^Q^y  respectively, 

^      ^  /k(y-z)dx 

=  k.y. 

Let  FQ  cut  off  in  all  positions  a  constant  area  from  U ;  then  it  is 
evident  that  F^Q^  cuts  off  a  constant  area  from  U^.  Suppose,  more- 
over, that  in  this  case  the  locus  of  the  centroid  of  the  portion  of  CT  is 
a  curve  whose  equation  is      f/^  --\  ...  q  . 

then  clearly  the  locus  of  the  centroid  of  the  corresponding  portion  of 
U^  of  constant  area  cut  off  by  a  right  line  is  the  curve 

/(*,  |)  =  0. 

If  the  lines  FQ  and  F^Q^  are  replaced  by  two  curves,  the  second  of 
which  is  deduced  from  the  first  as  ^^'  was  from  U,  the  same  results 
evidently  follow. 

3.  Find  the  centroid  of  a  quadrant  of  an  ellipse. 

4a  46 

Ana,  «  =  -— >      ysz-—. 
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4.  A  right  line  cuts  off  a  constant  area  from  an  ellipse ;  find  the 
locus  of  the  centroid  of  tlie  portion  cut  off. 

Ans,  An  ellipse  concentric  and  coaxal  with  the  given  one. 

5.  Find  the  centroid  of  a  quadrant  of  the  curve  (-^  "^"(f')  ~  ^* 

2.4.6.8  2a  2.4.6.8     26 

3.5.7. 9  TT        ^      3.5.7.9     ir 
(Assume  as  =  a  cos'<^,  y  =  6  8in*<^.) 

6.  Find  the  centroid  of  any  segment  of  a  parabola  cut  off  by  a 
right  line. 

Ans,  On  the  diameter  conjugate  to  the  given  line  at  a  distance 
from  the  curve  equal  to  f  of  the  portion  of  the  diameter  intercepted 
by  the  given  line. 

7.  Through  a  given  point,  0,  is  drawn  a  fixed  right  line  meeting 
a  curve  in  A ;  through  0  is  also  drawn  another  right  line  meeting 
the  curve  in  F,  It  is  required  to  construct  at  any  point  the  tangent 
to  the  locus  described  by  the  centroid  of  the  area  AOF  as  the  line 
OF  varies. 

Ans.  Let  G  be  the  centroid  of  AOF,  and  take  a  point  Q  on  OF 
such  that  OQ  =  f  OF.  Then  OQ  is  the  tangent  to  the  locus  at  G. 
(See  Example  3,  p.  309.) 

8.  Find  the  centroid  of  a  semi-ellipse  cut  off  by  any  diameter. 

Ans.  It  is  on  the  diameter  conjugate  to  the  given  one  and  at  a 

4a' 
distance  — —  from  the  centre,  2  a'  being  the  length  of  this  conjugate 

diameter. 

9.  Find  the  centroid  of  the  area  included  by  a  parabola  and  two 
tangents. 

Ans.  If  a  and  b  are  the  lengths  of  the  tangents  (which  are  taken 

as  axes  of  x  and  y),    5  =  —  *     y  =  t  • 

5  5 


,x 


♦    v^ 


(The  equation  of  the  parabola  is  (-)  +{j')  =  1.     Assume 

X  =  a  coB*(f),  y  =  b  sin^<^.) 
The  particular  manner  in  which 
it  is  advisable  to  break  up  the 
area  whose  centroid  is  required 
varies  with  the  nature  of  the 
area  itself.  Thus,  let  the  area  be 
that  included  between  the  axis  of 
so  and  two  curves,  AC  and  BC 
(Fig.  223),  whose  equations  are  ^^  223. 

given.     In    this    case    the    area 
may  be   broken  up  into  thin  strips,  such  as  PQQ^P^,  parallel 
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to  the  axis  of  x.  Let  (a?,  t/)  be  the  co-ordinates  of  P  and  (a?',  y) 
those  of  P'.  Then  the  area  of  the  strip  is  (af  ^x)dy^  and  the 
co-ordinates  of  its  centroid  are  i(fl?'  +  a?)  and  y.  Hence  if  no 
portion  of  the  area  considered  is  above  a  parallel  to  Ox  drawn 
through  (7,  the  co-ordinates  of  its  centroid  are  given  by  the 
equations 

""  *  f(^-^)dy  '    ^  "  f^J-x)dy  ' 
in  which  the  limits  of  y  are  0  and  the  ordinate  of  C,     The  values 
of  Qif  and  X  are  of  course  given  in  terms  of  y  from  the  equations 
of  the  two  curves. 

For  example,  let  it  be  required  to  find  the  centroid  of  the  area 
included  between  a  parabola  and  a  circle  described  with  the  vertex 
of  the  parabola  as  centre  and  a  radius  equal  to  f  of  its  latus  rectum. 
The  centroid  is  on  the  axis  of  the  parabola.  Let  the  equatiou  of  the 
parabola  be  t^*  =  4  mo? ;  then  the  equation  of  the  circle  is  aj'+y'^f »»'; 

and  the  ordinate  of  (7,  their  point  of  intersection,  is  »n\/2. 


Hence 


rvi--^-&* 


36m 


16  +  27  sin-(i^)' 
as  the  student  will  find  without  much  difficulty. 

Examples. 

1.  Find  the  centroid  of  the  area  included  between  the  arc  of  a 
semi-cycloid,  the  circumference  of  the  generating  circle,  and  the  line 
joining  the  extremities  of  the  cycloid. 

Ans,  The  common  tangent  to  the  circle  and  cycloid  at  the  vertex 
of  the  latter  being  taken  as  axis  of  x,  the  vertex  being  origin,  and  a 
the  radius  of  the  generating  circle, 

47r  4 

2.  Find  the  locus  of  the  centroid  of  the  area  of  a  parabola  cut  off 
by  a  variable  right  line  drawn  through  the  vertex. 

Ans,  If  4m  is  the  latus  rectum  of  the  parabola,  the  locus  is 

5 
another  parabola  whose  equation  is  ^  =  -  mx. 
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(The  student  may  verify  the  consf  ruction  of  Example  7,  p.  313,  for 
the  tangent  to  this  locus.) 

3.  Find  the  centroid  of  the  portion  of  an  ellipse  cut  off  by  a  Hue 
joining  the  extremities  of  the  major  and  minor  axes. 


An8,  a  =  -  • 


3    7r-2' 


y=  o 


3      7r-2 


168.]  Graphic  Constraotion  of  the  Centroid  of  a  Plane 
Area.  The  following  method  of  determining  the  centroid  of  any 
plane  area  is  taken  from  CoUignon's  Statique,  p.  315. 

Let  APBQ  be  any  plane  area,  and  let  Ox  be  any  line  in  its 
plane.    Then,  if  the  distances  of  the 
centroid  from  Ox  and  any  other  line 
in  the  plane  are  known,  the  position 
of  the  point  is  known. 

Draw  any  line,  0^x\  parallel  to  Ox 
(axis  of  x)  in  the  plane  of  the  curve, 
and  let  the  perpendicular  distance 
between  Ox  and  O^x^  be  a.  Let  the 
area  be  broken  up  into  narrow  rect- 
angular strips,  such  as  PP^Q^Q,  by 
lines  parallel  to  the  axis  of  x.  Then 
if  PQ  =  r,  the  area  of  the  strip 
=  zrly,  the  distance  of  PQ  from  Ox 
being  y. 

Hence  the  distance,  ^,  of  the  centroid  of  the  area  irom  Ox 
is  given  by  the  equation 


^       fzdy  A^ 


(1) 


Ay^  being  the  area  of  the  figure,  and  the  values  of  y  running  from 
the  ordinate  of  A  to  that  of  B^  at  which  points  the  tangents  arc 
parallel  to  Ox,  Now  take  any  point,  0,  on  Ox ;  draw  OQ,  and 
draw  POT  parallel  to  OQ.  Let  the  line  Off  meet  PQ  in  J?. 
Then  by  similar  triangles 


qn  _  OR 

'WW/' 
or,  z'  denoting  the  length  QJ?, 


OR 

oa' 


az  =y 


(2) 
Let  the  locus  of  R  corresponding  to  all  strips  of  the  given  area 
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< 

be  constructed.     It  will  be  a  curve,  ARB^  passing  throiigb  the 

])oints  A  and  B. 

Substituting  the  value  of  ^r  from  (2)  in  (l),  we  have 

af/dy 


in  which  the  limits  of  y  are  the  same  as  before.  Bnt  f^Ay  is 
the  area,  A^,  between  the  curves  ARB  and  AQ^B,     Hence 

The  distance  of  the  centroid  from  Ox  is  therefore  known. 
Similarly  its  distance  from  any  other  line  can  be  found,  and 
therefore  the  position  of  the  point  is  determined. 

If  a  point  S  is  deduced  from  B  in  the  same  way  as  that  in 
which  B  was  deduced  from  P,  and  if  QS  =  /',  we  shall  have  as 
before 

^        a 

If  therefore  the  locus  of  S  is  constructed,  the  area  included 
between  it  and  AQB  multiplied  by  a^  will  be  the  value  of  the 
integral  fy^zdy  extended  over  the  original  area. 

By  the  construction  of  successive  curves  such  as  ABB  we 
represent  the  values  oi/i/^zdy^  fy^zdy^  fee,  graphically. 

An  ingenious  instrument  founded  on  these  principles — the 
Integrometer  of  M.  Deprez — is  described  by  Collignon  in  the 
AnnaUi  des  PanU  et  Chauss^en  for  March,  1872. 


Example. 

In  finding  by  this  method  the  centroid  of  a  portion  of  a  parabola 
cut  off  by  a  double  ordinate  at  a  distance  h  from  the  vertex,  prove 
that  if  the  tangent  at  the  vertex  and  the  given  double  ordinate  are 
taken  as  the  lines  Ox  and  0^x\  the  equation  of  the  curve  AEB  will  be 

/*y  =  4maj(A-2x)*. 

This  curve  (both  branches  being  drawn)  has  a  loop  between  the 
values  a;  =  0  and  a?  =  ^^,  and  passes  through  the  extremities  of  the 
double  ordinate. 

169.]  Polar  Elements  of  a  Plane  Ares.  Let  it  be  required 
to  find  the  centroid  of  a  portion  of  a  plane  area  or  thin  lamina 


i69.] 
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bounded  by  a  portion  of  any  curve,  AB  (Fig.  225),  and  by  two 
extreme  radii  vectores,  OA  and  0£,  drawn  through  a  given 
point,  0.  It  is  obvious  that  in  this  case 
it  is  advisable  in  applying  the  rule  of  Art. 
165  to  decompose  the  area  into  tri- 
angular strips,  such  as  POQ,  included 
between  two  very  close  radii  vectores. 
If  OP  =  r,  and  IPOx  =  0,  the  element 
of  area,  POQ,  is  equal  to 

and  if  the  thickness  and  density  of  the 
lamina  are  uniform,  the  centre  of  mass 
of  this  element  is  a  point  ^  which 
may  be  considered  as  on  OP  at  a  distance  }  r  from  0. 

Hence  \£  Oxis  the  axis  of  ^,  the  co-ordinates  of  ^  are  ultimately 

^rcosO,     and     irsmO. 

Applying  the  rule  of  Art.  165,  we  then  have 

-_  ^/r^coeOde       ^  _     ff^^edO 


Fig.  225. 


fr^de 


For  example,  to  find  the  centroid  of  a  loop  of  Bernoulli's  LemDis- 
cate  whose  equation  is  r*  =  a*  cos  2  0. 

The  axis  of  the  loop  being  taken  as  axis  of  x,  the  abscissa  of  the 
centroid  of  the  whole  loop  is  evidently  the  same  as  that  of  the  half 
loop  above  the  axis ; 


-      2a /o 


C08^2dc08d(ld 


. 


COS  2(9(1(9 


=  Y  Al-2  8in«d)».rfBind. 


Puttmg  sin^  =  — — ,  this  integral  becomes 


4a     r». 


COB^<l}d<f>, 


which  = 


4a 


1-3    IT       ^       ^ 
•  -•     Therefore 


3^2    2.4    2 


X  = 


Tta 
4V^ 
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Examples. 

1 .  To  find  the  centroid  of  a  given  sector  of  a  circle. 

Ans.  It  is  on  the  diameter  bisecting  the  arc,  at  a  distance  from 
the  centre  equal  to  |  of  the  product  of  the  radius  and  the  chord  of  the 
arc  divided  by  the  length  of  the  arc. 

2.  Find  the  centroid  of  a  portion  of  an  equiangular  spiral  included 
by  the  initial  line  and  a  given  radius  vector. 

Ans.  The  initial  line  being  taken  as  axis  of  x,  the  equation  of  the 
spiral  being  r  =  ae**,  and  a  being  the  angle  of  the  given  radius  vector, 

4ka         e5*«sina+3A:«***cosa— 3^ 


X  = 


y  = 


3(1  + 9^*)  e2*«-l  * 

4ka         1— «5**cosa-h3^e'**8ina 


3(1  +  9A;»)  ««*«-! 

3.  When  a  =  0*  in  the  preceding  question,  find  the  values  of  x 
and  y,  and  explain  the  result. 

4.  Find  the  centroid  of  the  portion  of  a  parabolic  area  included 
between  the  axis  and  a  radius  vector  drawn  through  the  focus. 

Ans,  If  4  m  is  the  latus  rectum,  and  t  the  tangent  of  half  the 
angle  between  the  given  radius  vector  and  tlie  axis, 

2m    1— 1<*       .       2m    t+l^ 
3     l+i<''     ^        3      l  +  ^e 

170.]  Double  Integration.  When  the  density  of  the  lamina 
varies  from  point  to  point  it  may  be  necessary  to  divide  it  into 
infinitesimal  portions  of  the  second  order  instead  of  strips 
(triangular  or  rectangular)  whose  areas  are  infinitesimals  of  the 
first  order. 

Thus,  suppose  that  the  lamina  AOB  (Fig.  225)  is  not  of  uniform 
density.  Then  if  we  break  it  up  into  triangular  strips,  such  as 
POQ,  the  element  of  mass  will  be  no  longer  proportional  to  the 
area  POQ  or  ir^dO;  and,  moreover,  the  centre  of  mass  of  the 
strip  will  not  be  }r  distant  from  0. 

Let  a  series  of  circles  be  described  round  0  as  centre,  the 
distance  between  two  successive  circles  of  the  series  being  d/. 
These  circles  will  divide  the  strip  FOQ  into  an  indefinitely  great 
number  of  rectangular  elements ;  and  if  one  of  these  is  included 
between  the  circles  of  radii  /  and  /  +  d/,  its  area  will  be 

rd/dO. 
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If  p  is  the  density  and  h  the  thickness  of  the  lamina  at  this 
element,  the  element  of  mass  will  be 

Also  the  rectangular  co-ordinates  of  the  centre  of  mass  of  the 
element  are  ultimately  /  cos^  and  /  sin^. 

Now  to  find  the  abscissa  of  the  centre  of  mass  we  must 
perform  the  summations  fxdm  and  fdm  over  the  whole  area 
considered. 

The  contribution  to  the  first  of  these  summations  given  by  the 
strip  POQ  is  evidently  -^ 

cosOde  jip/^d/; 

and  the  contribution  to  the  second  is 


doTitp/d/, 


0 

In  each  of  these  latter  integrals  the  values  i  and  p  in  terms 
of  /  and  0  must  be  substituted^  and  the  integrations  are  to  be 
performed  on  the  supposition  that  $  is  constant  while  /  runs 
from  0  to  r. 

The  quantity  cosOdOJ   ip/^d/  will  then  assume  the  form 

<^(r,  $) .  cos  $  do.  But  since  the  curve  AB  is  given,  r  is  given 
as  a  function  of  0,  Hence  this  quantity  assumes  the  form 
X{0).cosO d$j  which  is  the  final  form  of  the  contribution  of 
the  strip  POQ.  If  we  wish  to  find  how  much  is  contributed 
by  all  the  strips  of  the  area,  we  must  integratey*(d).cos^^^ 
from  $  =  AOx  to  ^  =  BOx. 

This  double  process  of  integration — first  with  regard  to  /,  and 
then  with  regard  to  6 — is  expressed  by  the  symbols  of  double 
integration  thus : — 

xdm=:       /    ip/^co&Odrde, 

a  and  )3  denoting  the  angles  AOx  and  BOx. 
Hence  we  obtain 

r  r^p/^  cos  edrdO  T  f^^ip  /^  smOd/dO 

r  I  ""kp/d/de  rTip/d/de 

Let  it  be  required,  for  example,  to  find  the  centroid  of  the  area  of 
a  cardloid  in  which  the  density  at  a  point  varies  as  the  n^  power  of 
the  distance  of  the  point  from  the  cusp. 
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Here  p  =  /x/",  and  k  is  constant ;  therefore,  the  abscissa  being  the 
same  for  the  whole  curve  as  for  the  half  above  the  axis, 


re 

-  _  JO  ./Q 


/"■^cos^rf/rfd 
7o  «^o 


JO  Jo 
Integrating  first  with  regard  to  /,  we  have 


w+3     r» 


r"«(id 


But  r=2acos*-*      Substituting   this   value   and    putting  -  r=  ^, 


we  have 


«+2)       {  co8'»+*^(2cos'<^-l)rf.^ 


2(         . 

'  a . 


nH-3  /•! 

/      C08«»+*<^C?<^ 

These  definite  integrals  are  well  known.     Dividing  the  numerator 

,  ,  •     I      1      1 . 3 . 5...27i+ 3    IT  , 

and  denominator  by — ^r •  :r»  we  have 

^  2.4.6...2nH-4    2 

_^2(n  +  2)   C      (2n  +  5)(2n+7)      2n-h5)^^ 
n-l-3      (    '(2wH-6)(2w+8)      271  +  6)'' 

_  (n+2)(2n-h5) 
(w  +  3)(w+4)  "*• 

The  centroid  evidently  lies  on  the  axis  of  symmetry,  or  y  =  0. 


Examples. 

1.  Find  the  centre  of  mass  of  a  circular  sector  in  which  the  density 
varies  as  the  n^  power  of  the  distance  from  the  centre. 

Ana, •  —J  where  a  is  the  radius  of  the  circle,  /  the  length 

n-\-  o     I 

of  the  arc,  and  e  the  length  of  the  chord,  of  the  sector. 

2.  Find  the  position  of  the  centre  of  mass  of  a  circular  lamina  in 
which  the  density  at  any  point  varies  as  the  n^  power  of  the  distance 
from  a  given  point  on  the  circumference. 

Ans,  It  is  on  the  diameter  passing  through  the  given  point  at 

2(n  +  2) 
a  distance  from  this  point  equal  to  -^      i     »i  ®  being  the  radius. 
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Methods  of  doable  integration  are  also  often  employed  when 
the  elements  of  area  are  expressed  in  Cartesian  co-ordinates. 
In  this  case,  let  the  element  of  area  at  a  point  P,  whose  co« 
ordinates  are  (d/,  y),  be  a  small  rectangle  included  between  two 
very  close  lines  parallel  to  the  axis  of  x  and  two  very  close  lines 
parallel  to  the  axis  of  y.  Then  the  element  of  area  will  be 
dof  d^\  and  if  />  and  k  are  the  density  and  thickness  of  the 
lamina  at  the  element,  the  element  of  mass, 

dm  =  hpdafd/. 

Also  the  co-ordinates  of  the  centre  of  mass  of  this  element  are 

ultimately  a/  and  y .     Hence 

^_/fkpafdafd^  ,  __  f/kp^dafd/ 

""  ~   f/kpdafd^  '        ^  -   ffkpdafdy   ' 
A  single  example  will  suffice  to  illustrate  this  method. 

Let  it  be  required  to  find  the  centre  of  mass  of  a  quadrant  of  an 
ellipse  included  by  the  semi-axes,  the  density  at  any  point  being  pro- 
portional to  the  product  of  the  co-ordinates  of  this  point. 

Here  p  =  m  •  ^'t/^  &nd  since  k  is  supposed  constant, 

Let  the  integral  ions  be  performed  first  over  a  strip  parallel  to  the 
axis  of  y.  Then  we  integrate  with  respect  to  y',  regarding  a/  as 
constant,  from  y^=  0  to  y^=  y,  the  ordinate  of  a  point  on  the  ellipse. 

Hence  «  =  ^^^.^  • 

Here  we  must  substitute  the  value  of  y  in  terms  of  a/,  and  thus 

in  which  summations  the  abscissa  a/  is  to  receive  all  values  from 

0  to  a. 

8  8 

We  easily  obtain  -—a  and  -r—h  for  the  co-ordinates  of  the  centre  of 

mass.  15  1^ 

Cases  may  occur  in  which,  although  the  density  of  the  lamina 
varies  from  point  to  point,  the  process  of  double  integration  can 
be  avoided  by  the  judicious  selection  of  an  element  of  area. 

Let  it  be  required  to  find  the  centre  of  mass  of  a  lamina  in 
the  form  of  a  quadrant  of  an  ellipse  in  which  the  density  at  any 
point  varies  as  the  distance  of  the  point  from  the  axis  major. 

Here,  by  dividing  the  area  into  rectangular  strips  parallel  to 

VOL.  I.  Y 
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the  axis  major,  we  obtain  infinitesimal  elements  of  the  fir9t 
order  throughout  each  of  which  the  density  is  constant.  Hence 
our  equations  are 

-'^  fxydy'    ^'  fxffdy' 
Making  the  usual  eccentric  angle  substitutions  for  x  and  ^,  we 

171.]  Centroid  of  a  Siirfoce  of  Revolution.  Let  a  plane 
curve  AB  (Fig.  222)  revolve  round  a  line  Ox  (taken  as  axis  otx) 
and  generate  a  surface.  Then  the  revolution  of  the  elementary 
arc  PQ  ( =  ^)  generates  a  portion  of  surface  whose  area  is 
2Ttyd9\  and  if  p  is  the  density  of  the  matter  in  this  zone  and 
k  its  thickness,  the  element  of  mass  is  2vipyds.  Also  the  centre 
of  mass  of  the  zone  is  ultimately  the  point  My  whose  abscissa  is 
X.  Hence  the  centroid  of  the  surface  generated  (which  obviously 
lies  on  the  axis  of  revolution)  is  at  a  distance  from  0  given  by 
the  equation  ^  fkpxytU 

the  integrations  being  extended  over  the  whole  length  of  the 
generating  curve. 

For  example,  to  find  the  centroid  of  the  surface  of  a  semi-ellipsoid 
of  revolution  round  the  minor  axis,  the  density  of  any  zone  being 
proportional  to  its  distance  from  the  equatoreal  plane,  and  the  thick- 
ness being  constant : — 

The  area  of  a  zone  at  a  distance  y  from  the  equatoreal  plane  being 
2TTxd8,  the  position  of  the  centroid  is  given  by  the  equation 

.      fx^ds 

Jxyds 

the  integration  extending  over  the  arc  of  a  quadrant  of  the  generating 
ellipse.     Using  the  eccentric  angle,  we  have 

a;  =  a  cos <^,     y  =  5  sin  <^,     c^  =  Va* sin* <^ H- 6' cos* ^.di^^ 

a  and  h  being  the  semi-axes  of  the  ellipse. 

Hence  rl  

1     cos<^8in'<f>  va'8in^<^  +  6'cos^<^.c{<^ 

y=6_ . 

/    cos<^8in<^  va*8in*<^  +  6*co8'^.c{^ 
Jq 

To  find  the  integral  in  the  numerator,  put  i  for  sin  <^,  and  it 
becomes 
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i: 


ro 
where  a^—b^==  c\     This,  again,  is  equal  to 

which  =  i  [\v  +  <?ei^dt - ^[  f\l^  +  c't^)^dt; 

C  Jo  c   Jq 

and  this,  by  making  the  first  integral  depend  on  the  second,  is  easily 
proved  to  be 

The  integral  in  this  expression  is  one  of  the  elementary   forms 
in  the  Integral  Calculus.     Hence  the  numerator  is 

^,(2a'c-a6«c-6Mog^). 
The  integral  in  the  denominator  is  evidently 

which  is  equal  to  — ^  (a*— 6'). 

2a»c-a6«c-6Mog?!y^ 
Therefore  //  =  — - 


8  c(a*-6=») 

For  a  sphere  of  radius  a  the  value  of  y  is  easily  proved  by  direct 
calculation  to  be  fa ;  and  the  student  may  exercise  himself  in  the 
evaluation  of  indeterminate  forms  by  deducing  this  from  the  value 
of  y  given  above.     (For  this  purpose  it  will  be  advisable  to  put 

^og  — r-  into  the  form  J  log >  and  expand.) 

172.]  Centroid  of  any  Portion  of  a  Spherical  SurfiMe. 
Let  dS  denote  any  portion  of  a  spherical  snrface,  and  let  d1 
denote  its  projection  on  any  plane  passing  through  the  centre  of 
the  sphere.  Then,  if  this  plane  be  taken  as  that  of  asy^  and  if  z 
denote  the  distance  of  the  centroid  of  the  element  dS  &om  the 
plane,  the  distance  of  the  centroid  of  any  portion  of  the  spherical 
surface  from  the  plane  is  given  by  the  equation 

'  =  7ds'  ^*^ 

the  integration  being  extended  over  the  whole  portion  of  the 

spherical  snrface  considered. 

y  2, 
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Now  if  r  is  the  radios  of  the  sphere,  the  cosine  of  the  angle 
between  the  tangent  plane  to  the  sphere  at  the  element  dS  and 

the  plane  of  ^  is  - ;  therefore 

d:^='dS.  (2) 

Hence  fzdS  =  rfdlL  =•  r2,  2  denoting  the  projection  of  the 

whole  spherical  area  considered;  and  making  this  sabstitation 

in  (1),  we  have  2 

i  =  f^,  (3) 

where  S  is  the  area  of  that  portion  of  the  sphere  whose  centroid 
is  reqoired. 

Equation  (1)  gives,  of  coarse,  the  distance  of  the  centroid  of 
any  surface  whose  element  is  dS  from  the  plane  of  spy ;  and  it  is 
clear  that  if  the  surface  is  generated  by  the  motion  of  a  sphere 
of  constant  radius  whose  centre  moves  along  any  curve  in  the 
plane  of  xy,  the  cosine  of  the  angle  between  the  tangent  plane 

at  the  element  dS  and  the  plane  of  xy  will  still  be  -  ?  since  the 

r 

given  surface  and  the  generating  sphere  have  the  same  tangent 
plane.  Hence  equation  (2)  holds  in  this  case,  and  therefore  also 
equation  (3). 

173.]  Centroid  of  any  Siirfooe.  Let  dS  denote  an  element 
of  any  surface,  d^  the  projection  of  this  element  on  the  plane  of 
xy^  and  y  the  angle  between  the  plane  of  xy  and  the  tangent 
plane  to  the  surface  at  the  element  dS,  Then,  if  j?  is  the  distance 
of  the  centroid  of  dS  from  the  plane  of  xy^  we  have 

fzdS 


z  = 


JdS' 
/ze^ey.d^ 
y'secy.fl?2 

It  is  not  unusual  to  suppose  the  element  dS  cut  off  from  the 
sur&ce  in  the  following  manner. 

Let  m  (Fig.  226)  be  a  point  in  the  plane  xy  whose  co-ordinates 
are  d/,  ^\  let  tnn  be  diuwn  parallel  to  the  axis  of  x  and  equal  to 
dx'\  let  mq  be  parallel  to  the  axis  of  y  and  equal  to  d/\  and 
complete  the  rectangle  mnpq.  On  the  base  7nnpq  describe  a 
prism  whose  edges,  Mm,  Nn,  Pp,  Qq,  are  parallel  to  the  axis  of  z. 
This  prism  will  intercept   on   the  given   surface   an    element, 
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MNPQ,  which  is  <tS,     The  rectangular  projection,  (fS,  is  then 
mnpq  who.:<e  aren  is  ilx'd/.     Substituting  this  value  in  the  above 

equation,  we  have  z  =■  —=-„ ,  , ,  ,  > 

ffwxyddidg 

the  integrations  beiog  extended  over  the  whole  projection  of 
the  given  surface  on  the  plane  xg. 

It  easily  follows  that  the  eentrmd 
of  the  prcjeetion  {orthogonal  or  ob- 
liqve)  of  any  plaae  area  o»  any  plane 
it  the  prt^eetion  of  the  centroid  (f 
the  area. 

Take  the  plane  on  which  the 
given  arert  is  projected  ai  the  plane 
ofay,  let  o>  he  the  angle  between 
this  plane  and  the  plane  of  the 
area,  and  let  i,  y  \i^  co-ordinates 
of  the  centroid  of  the  given  area.     Then 

_  _  fxdS _  fjBBecm.dS 
*"  /dS  ~  /secw.rfS 

~  /rfs  ' 
since  a>  is  the  same  for  all  elements.  But  the  co-ordinate  of  the 
centroid  of  the  projection  is  evidently  given  by  this  equation. 
Therefore,  &'c. ;  and  a  similar  proof  obviously  holds  for  an 
oblique  projection,  because  at  all  points  of  the  given  area  the 
ratio  of  dS  to  d^  is  constant. 


EZAHPLKe. 

1,  A  section  of  a  sphere  is  made  by  any  two  parallel  planes ;  prove 
that  the  centroid  of  the  spherical  surface  included  is  midway  between 
them. 

This  is  very  easily  proved  either  by  direct  calculation  or  by  the 
application  of  the  result  of  last  Article.  Colllgnon  {Slatiqve,  p.  295) 
gives  an  elegant  geometrical  demonstration  which  depends  on  the  fitct 
that  if  a  cylinder  is  circumscribed  to  a  sphere  along  any  one  of  its 
great  circles,  the  portion  of  the  area  of  the  cylinder  included  between 
any  two  planes  at  ri;jht  angles  to  its  axis  is  equal  to  the  portion  of 
the  area  of  the  sphere  included  by  these  planes.  By  taking  in- 
<lefinit«ly  close  planes  it  follows  that  the  spherical  area  tnay  bo 
transferred  to  the   cylinder,  and  the  centroid  of  any  portion  of  a 
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cylindrical  area  cut  off  by  planes  i)erpendicular  to  the  axis  is  evidently 
midway  between  these  planes. 

Cob.  The  centi-oid  of  the  surface  of  a  hemisphere  is  at  a  distance 
equal  to  half  the  radius  from  the  centre. 

The  author  is  indebted  to  Mr.  J.  Bendel  Harris,  of  Clare  Hall,  for 
the  following  application  of  this  result  to  find  the  centre  of  mass  of  a 
soltd  hemispheie.  Suppose  ii^  to  be  the  diameter  of  the  solid  hemi- 
sphere, 0  its  centre,  OE  the  perpendicular  to  the  plane  base  at  0 
meeting  the  surface  of  the  hemisphere  at  H ;  draw  the  tangent  plane, 
CD,  at  Ef  the  points  G  and  D  being  on  the  perpendiculars  at  B  and  A 
to  the  base  AB. 

Divide  the  solid  hemisphere  into  an  infinite  number  of  thin  con- 
centric hemispherical  shells,  and  replace  each  shell  by  a  cylinder  of  the 
same  thickness,  having  the  plane  base  of  this  shell  for  its  base,  and  the 
radius  of  this  shell  for  its  length.  In  this  way  the  solid  hemisphere 
will  be  replaced  by  the  solid  which  is  obtained  by  cutting  out  of  the 
cylinder  ABCD^  which  surrounds  the  surface  of  the  given  hemisphere, 
the  cone  COD,  Hence,  if  r  is  the  radius  of  the  hemisphere,  and  z 
the  distance  of  the  centre  of  mass  of  the  given  solid  hemisphere  from  t>, 

7rr».-—iirr\Jr 


I-Trr* 


2.  To  find  the  centroid  of  a  spherical  triangle. 
Let  ABC  be  any  spherical  triangle,  and  0  the  centre  of  the  sphei*e. 

Produce  the  sides  AC  and  AB  until  they 
^        become  quadrants,  AE  and  AD,  and  draw 

tlie  arc  DE  of  a  great  circle. 
'•  We  shall  find  the  distance  of  the  centroid 

1       from  the  plane  EOD,  which  is  perpendicular 
]       to  the  line  OA. 
\  The  projection  of  the  area  ABC  on  this 

A*^- — ^j./  "  plane  is  evidently  the  same  as  the  projection 

O  of  the  sector,  COB,     Now  if  j>y  is  the  per- 

Fig.  227.  pendicular  arc  from  A  on  the  side  BC,  the 

angle  between  the  planes  COB  and  EOD 
is  90°— |}, ;'  also  the  area  of  the  stctor  COB  is  \ar,  a  being  the 
length  of  the  side  BC  and  r  the  radius  of  the  sphere.  Hence  if  S 
denote  the  projection  of  the  area  of  the  triangle  on  the  plane  EOD, 

S  =  ^  ar  sin  ^j; 

and  if  A,  B,  C  denote  the  circular  measures  of  the  angles  of  the 
triangle,  and  S  its  area, 

S^f^iA  +  B  +  C-ir). 

Hence,  by  (3)  of  last  Article,  if  x  denote  the  distance  of  the  centroid 
from  the  plane,  ^       _a8in;,, 

'''^^'aTb+c^V 
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It  is  eyident  that  x  is  the  distance  trom  0  of  the  projection  of  the 
centroid  on  the  line  OA,  Its  projections  on  the  lines  OB  and  00  are 
obtained  by  writing  b  and  p,,  e  and  />,,  instead  of  a  and  p^,  in  this 
equation. 

3.  To  find  the  centroid  of  the  surface  of  a  nearly  spherical  semi- 
ellipsoid  cut  off  by  the  plane  of  the  two  greater  axes. 
Let  the  axes  in  order  of  magnitude  be  a,  b,  c,  and  let 

Now  if  dafd}/  is  the  projection  on  the  plane  vy  (which  is  the  base 
of  the  semi-ellipsoid)  of  an  element  of  surface,  dS^  we  have 

pz 

p  being  perpendicular  from  the  centre  on  the  tangent  plane  at 
the  element,  and  z  the  distance  of  the  element  from  the  plane  of  xy. 
Hence,  S  denoting  the  surface  of  the  semi-ellipsoid,  we  have 

1       »'»     t/"     «•        1  ,        *V*     k"y'^ 
Again.       -.  =  ;^+tr+,-r  =  ?(l--^--67-). 

Therefore,  rejecting  all  powers  of  k  and  k^  beyond  the  second 

Integrating  from  fl/=— a;  to  fl/=:a7,  the  co-ordinates  of  a  point  ou 
the  circumference  of  the  base  being  a?,  y,  we  have 

S.z=2cJ{x-^^^~^)dy. 

Expressing  x  and  y  in  terms  of  the  eccentric  angle,  and  integrating 
over  the  entire  oircumference,  we  have 

S , »  =i  Ttahe  {1 — ) 

=  irc»|l  +  |(P  +  ;fc'«)|- 
Now  (Williamson's  InUgral  Caleulus\ 

J  0  (6»sin» (?  +  c«  cos«d)*  (aHin*e  +  c»co8«d)* 

r* pin  Ode , 

Jo  (a«sin«^  +  c»cob*dy*(6*sin»^H-c«cos»(?)*^' 
which  is  easily  proved  to  be  27rc«  { 1  +4  (ifc"+ifc^)}. 

Hence  finally,  5  =  |  |l  -  ??  (A:»  +  o|  • 
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4.  A  parabola  revolves  round  its  axis;  find  the  centroid  of  a 
portion  of  the  surface  between  the  vertex  and  a  plane  perpendicular 
to  the  axis  at  a  distance  from  the  vertex  equal  to  j^  of  the  latus 

rectum. 

29 
An$.  Its  distance  from  the  vertex  =  —(latus  rectum). 

5.  Find  the  centroid  of  the  surface  generated  by  the  revolution  of 
a  cycloid  round  its  axis. 

Ans.    It  is  on  the  axis  at  a  distance  -— — —•«  from  the 

15(3ir--4) 

vertex,  a  being  the  radius  of  the  generating  circle. 

6.  Prove  that  the  centroid  of  the  lateral  surface  of  the  frustum  of  a 
right  cone  or  pyramid  lies  in  a  plane  whose  distance  from  the  base  is 

•?- — - ;-  •  A,  where  p  and  />'  are  the  perimeters  of  the  base  and  upper 
3(jJ+jp) 

section,  and  h  the  height  of  the  frustum. 

174.]  Centre  of  Mass  of  a  Solid  of  Bevolution.  If  the 
curve  AB  (Fig.  223)  revolve  round  Ox,  the  rectangular  area 
PQNM  vrill  generate  a  cylindrical  volume  equal  to  n ,  PM^  .  MX, 
or  iry^dx.  Hence  if  the  density  of  the  solid  is  uniform,  we  have 
for  the  position  of  its  centre  of  mass  (which  obviously  lies  on  Ox) 

^  ^f  Qc^dx 

the  integrations  being  extended  over  the  whole  of  the  area 
CABD,  of  the  revolving  curve. 

If  the  density  varies,  the  element  of  mass  may  require  to  be 
taken  differently.  If  the  density  is  a  function  of  x  alone,  i.e. 
if  it  is  the  same  all  over  the  rectangular  strip  PQNM,  the 
volume  may  be  broken  up  as  above,  and  the  element  of  mass 
=  Ttpy^dx,     Hence  we  shall  have^  in  this  case, 

^^/_pxfdx 

fvy^dx  ' 

Suppose  the  density  to  vary  as  y  alone.  Then  if  we  take  a 
small  rectangular  area,  dx'  d/^  at  a  point  whose  co-ordinates  are 
x\  y,  this  area  will  generate  an  element  of  volume  equal  to 
2Titf  daf  dy' \  therefore  the  element  of  mass  =  2vp$^daf  dy^,  and 
we  have  _  _  ffpx'y'dafd^ 

""  ~  f/py'dx'dy  ' 

The  integrations  are  to  be  performed  first  from  ^  =  0  toy'  =  y, 
the  ordinate  of  a  point  P  on  the  bounding  curve ;  and  then  from 
a/  =  OC  to  ar'  =  OD. 
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As  an  example,  let  the  curve  ii  ^  be  a  quadrant  of  a  circle  of  which 
OA  and  OB  are  radii,  and  let  it  be  required  to  find  the  centre 
of  mass  of  the  solid  hemisphere  generated  by  the  revolution  of  this 
quadrant  round  OB  (taken  as  axis  of  x) ;  firstly,  when  the  density  is 
uniform  ;  secondly,  when  it  is  constant  over  a  section  perpendicular  to 
OB  and  proportional  to  the  distance  of  this  section  from  the  centre ; 
and  thirdly,  when  it  is  the  same  at  the  same  distance  from  OB^  and 
proportional  to  this  distance. 

Firstly,  we  have  x  ='^  .  ^  .  Putting  as  =  r  cos  ^,  y  =  r  sin  d, 
where  r  is  the  radius  of  the  circle,  and  integrating  between  ^  =  0  and 
e?  =  -,  we  have  ;r=-r.  (1) 

Secondly,  since  p  =  /xas,  we  have  *  =  ~ — ^-^ — >  which  easily  gives 

i  =  ^r.  {2) 

Thirdly,  p  =:  fiy',  therefore 

and  the  previous  substitutions  for  x  and  y  give 

In  this  case  the  double  integration  might  have  been  avoided 
by  breaking  the  area  up  into  rectangles  parallel  to  the  axis  of  x. 

The  student  will  do  well  in  such  examples  as  this  to  check  his 
results  as  much  as  possible  by  a  common-sense  view  of  the 
question.  Thus,  having  proved  that  the  distance  of  the  centre 
of  mass  of  a  homogeneous  hemisphere  from  the  centre  is  |  r,  it  is 
clear  that  when  the  density  of  a  section  is  directly  proportional 
to  its  distance  from  the  centre,  the  centre  of  mass  of  the 
hemisphere  must  be  at  a  distance  from  the  centre  >  |  r,  since  the 
matter  is  most  dense  in  the  space  remote  from  the  centre ;  while 
in  the  third  case  above,  since  the  ordinates  of  the  portion  of  the 
curve  near  A  are  greater  than  those  of  the  portion  near  £,  and 
since  the  density  increases  with  the  ordinate,  it  is  evident  that 
the  centre  of  mass  must  be  nearer  to  the  centre  than  in  the 
homogeneous  hemisphere. 

The  most  advantageous  method  of  breaking  up  a  mass  of 
varying  density  into  elements  depends  entirely  on  the  law  of 
variation  of  the  density,  and  while  all  these  methods  are  embraced 
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in  the  rule  of  Art.  166,  it  would  be  impossible  to  give  formulae 
suited  to  all  cases. 

Lapluce,  by  assuming  the  change  of  the  pressure  from  stratum  to 
stratum  of  the  eai-th  to  be  proportional  to  the  change  in  the  square  of 
the  density,  proves  that  if  the  strata  of  uniform  density  are  spherical, 
the  density  of  a  stratum  of  radius  x  is  given  by  the  equation 

.    fix 
sin  — 

^^^Po    « 

/>  =  —  •  ■"  > 

/A  X 

a  being  the  radius  of  the  earth,  p^  the  density  at  the  centre,  and  /a  a 
constant  number. 

Let  it  be  required  to  find  the  centre  of  mass  of  a  hemisphere  whose 
density  follows  this  law. 

Here  the  element  of  mass  of  uniform  density  is  the  stratum  in- 
cluded between  the  hemispheres  of  radii  x  and  x  +  dx.     Hence 

dm  =  2irpsi^dx 

X        ux 
=  2  irapfl  —  sm  —  dx. 
'fx        a 

Also  the  distance  of  the  centre  of  mass  of  this  stratum  from  the 

X 

centre  is  —  (Example  I,  p.  325).     Hence,  the  axis  of  x  being  the 

diameter  perpendicular  to  the  base  of  the  hemisphere,  the  distance  of 
the  centre  of  mass  from  the  centre  is  given  by  the  equation 


I    ar  sm  —  ax 

^=jA 2_ 

/    sc  sm  —  dx 
Jo  a 

(2 — ;jt*)  cosii  +  2fx  sin  fx— 2 


=  a 


2/x(sin/x— /xcosfx) 

as  will  be  easily  found.  When  /x  =  0  the  hemisphere  is  of  uniform 
density,  and  the  student  will  see  that  this  value  of  x  becomes  §  a,  in 
accordance  with  our  previous  result. 


Examples. 

1.  Find  the  centre  of  mass  of  a  hemisphere  in  which  the  density  is 
proportional  to  the  n^  power  of  the  distance  irom  the  centre. 

Ans,  It  is  at  a  distance  = •  -  from  the  centre,  a  being  the 

radius  of  the  hemisphere.       ♦*  +  ^ 

2.  Find  the  centre  of  mass  of  a  portion  of  a  paraboloid  of  revolu- 
tion cat  off  by  a  plane  perpendicular  to  its  axis. 
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Ans,  If  A  is  the  distance  of  the  plane  of  section  from  the  vertex, 

3.  Find  the  centre  of  mass  of  a  semi-ellipsoid  of  revolution  roond 

the  minor  axis,  the  density  at  any  point  being  proportional  to  its 

distance  from  the  base  which  is  the  plane  perpendicular  to  the  axis  of 

revolution. 

8 
Anti,  y  =  -~  6,  where  b  is  the  semi-minor  axis. 
15 

4.  An  ellipsoid  of  revolution  round  the  minor  axis  is  cut  by  a  plane 
passing  through  this  axis;  find  the  centre  of  mass  of  the  portion 
included  between  one  semi-ellipsoid  thus  cut  off  und  the  concentric 
hemisphere  whose  diameter  is  the  minor  axis. 

Ans.  If  a  and  h  are  the  axes  major  and  minor  of  the  generating 
ellipse,  tlie  required  centre  of  mass  is  on  the  major  axis  at  a  distance 

equal  to  -  • = —  from  the  centre. 

Verify  this  result  in  two  obvious  cases. 

175.]  Centre  of  Mass  of  any  Solid.  In  the  solid  take  any 
point,  Pj  whose  co-ordinates  are  x^  y,  z,  and  also  a  close  point,  Q, 
whose  co-ordinat/es  are  x-\-dx^  y  +  rfy,  z-{-dz.  Then  evidently 
the  volume  of  the  parallelopiped  whose  diagonal  is  PQ  and 
whose  edges  are  parallel  to  the  axes  of  co-ordinates  is  dxdydz; 
and  if  p  is  the  density  of  the  body  at  P  the  element  of  mass  at 
P  is  pdxdydz. 

Hence  the  co-ordinates  of  the  centre  of  mass  of  the  solid  are 
given  by  the  equations 

-_  fffpxdxdydz    ,_  fffpydxdydz  f/fpzdxdydz 

''■'    fffpdxdydz  '^-  fffpdxdydz  '^■"  fffpdxdydz  ' 

the  integrations  being  extended  over  the  whole  solid. 

It  may  not  be  necessary  to  take  infinitesimal  elements  of 
volume  of  the  third  order.  From  wh(it  has  preceded,  the 
student  will  have  learned  that  the  best  mode  of  breaking  up  the 
given  mass  into  elements  depends  entirely  on  the  law  of  density 
which  prevails. 

In  many  cases  the  symmetry  of  the  solid  enables  us  to  simplify 
the  problem  by  choosing  elements  of  volume  which  are  in- 
finitesimals of  ihe  first  order  only. 

The  various  elements  of  volume  which  it  xnay  be  necessary  to 
take  are  exemplified  in  the  following  problems. 

Find  the  centre  of  mass  of  the  eighth  part  of  an  ellipsoid,  ABC 
(Fig.  228)^  included  between  its  three  principal  planes — 
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(1)  When  the  density  at  any  point  is  simply  a  function  of  its 
distance  from  the  principal  plane  BC  (plane  oiyz), 

(2)  When  the  density  at  any  point  is  a  function  of  its 
distances  from  the  two  principal  planes  AC  and  ^C  (planes  of  xz 
and  ]fz), 

(3)  When  the  density   at    any   point  is  a  function   of  it« 

distances  from  the  three  prin- 
cipal planes. 

In  the  first  case,  the  den- 
sity will  be  constant  over  a 
section  BH  perpendicular  to 
OA.  Hence,  taking  two  such 
sections,  BH  and  EF^  at  a 
distance  dx  from  each  other, 
the  density  of  the  solid  between 
them  may  be  considered  uni- 
form, and  this  portion  of  the 
solid  may  be  taken  as  the  ele- 
ment of  mass. 
In  the  bccond  case,  the  density  will  be  constant  throughout  a 
portion  of  the  body  in  which  x  and  y  are  constant ;  that  is,  along 
a  perpendicular  to  the  plane  ^^;  and  the  element  of  mass  may 
be  taken  a<;  the  prism  NQnq,  the  area  of  whose  base  is  flxdy^  and 
which  intersects  the  bounding  surface  in  the  area  NMQP. 

In  the  third  case,  the  density  is  not  the  same  at  any  two 
points,  and  the  element  of  mass  must  be  taken  as  a  small  rect- 
angular prism,  str^  whose  volume  is  dxdtfdz. 


Fig.  338. 


Examples. 

1.  In  the  problem  just  discussed,  find  the  centre  of  mass  when 
the  density  at  any  point  is  proportional  to  its  distance  from  the 
plane  BC. 

Here  p  =  /xor ;  also,  the  equation  of  the  ellipsoid  being 

^     y"     ^       , 
a'      6        c* 

the  ellipse  BH  satisfies  the  equation 


=  1, 
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which  shows  that  the  axes  Oil  and  GD  are 


6a/  ^-^    and    «a/^""^' 
respectively.     Hence,  IG  being  =  dx^  the  element  of  mass  is 

'KikhcxiA \Sdx\ 

a" 

and  since  the  centre  of  mass  of  this  element  is  ultimately  a  point 
whose  co-ordinates  are 


3ir 
(see  Ex.  3,  p.  312),  we  have 

X  =  ■  s= H 

/•«  3?  15 

Jo  o, 


0^ 

1  — — 


and 


"       3w*    r«    .        <  _,  15w' 


the  value  of  z  being,  of  course,  — —  • 

15^ 

2.  If  the  density  at  any  point  of  the  ellipsoid  is  fia^y,  find  the  centre 
of  mass. 

Taking  a  prismatic  element  of  volume  NQnq,  the  element  of  mass  is 

fjLxtfzdxdy, 

z  being  the  height,  3/m,  of  the  prism. 

The  co-ordiuates  of  M  being  x,  y^  z,  those  of  the  centre  of  mass  of 

this  prism  are  evidently  x,  y,  ^  *     Hence 

_  __  yiJVyzdxdy^  _  ffxx^zdxdy       ^  _  ,  ffxys?dxdy 

Jf^^dxdy  '  ffxyzdady  '  ffxyzdxdy 

The  integrations  may  be  performed,  first  with  regard  to  y,  from 
y  =  0  to  y  =  GU ;  and  then  with  regard  to  a,  from  a?  =  0  to  a;  =  0-4. 

Now,    ffxyzdxdy  =  cffxy(\  -  -^  —  — )  (fody ; 

and,  integrating  first  with  regard  to  y,  we  have 

QU 


f 

•/o 
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since  from  the  equation  of  the  ellipse  AB,  the  value  Gff  of  y  makes 
1 7  —  75-  vanish.     Hence 

f/xyzdoidy  :=z  —  j    x{\  -  ^)  dx  =^ -j^  * 
In  the  same  way, 

ff^yzdxdy  =  y  /    «'(!  -  ^)  ^» 

SJLS 

which,  by  putting  x-=^a  cos  ^,  is  easily  seen  to  be  — — —  •      Henco 
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5  =  —  •  a,  and  y  =  — -  •  h  \  and  it  is  easily  found  that  5  =  -  f . 

3.  If  the  density  at  any  point  in  the  solid  is  proportional  to  the 
product  of  the  co-ordinates  of  the  point,  find  the  centre  of  mass. 

Here,  at  any  point,  we  have  p  =  fi.xyz,  and  the  element  of  mass 
being  yixyzdxdydz,  we  have 

/ffx^yzdxdydz 

JJJxyz  dxdydz 

with  similar  values  of  y  and  z.  If  we  first  integrate  from  is  =  0  to 
2=  mM  (Fig.  228),  we  shall  have  the  contribution  of  the  prism  NQnq 
to  the  summation.  Integrating,  then,  with  respect  to  z^  considering 
X  and  y  constant,  we  have 

fffx^yzdandydz  =  \ff7?y{mMy.dxdy 


=  j//^"^<^-^-^>'^'^y' 


since  Jf  is  a  point  on  the  bounding  surface  of  the  ellipsoid.  Let  this 
latter  integration  be  first  performed  with  respect  to  y,  considering  x 
constant,  from  y  =  0  to  y  =  OH^  and  we  shall  then  have  the  con- 
tribution of  the  mass  contained  between  the  sections  DII  and  EF, 


ran  ^      y.  ft.  ^ 

Hence  ///x'yzdxdydz=— J    x'{l--^)dx=    ^^^ 
as  easily  appears  by  putting  x=i  a  cos  <f>. 


a^h*^ 


It  will  be  found  without  difficulty  that  fffTcyzdxdydz  = 


48 


Hence  «=  —a,     y  =  —6,    and    z  =  — c. 


4.  Find  the  centre  of  mass  of  the  portion  of  the  elliptic  paraboloid 

St         t#  z 

,4-^  =  2-  included  between  the  planes  xz  and  yz  and  a  plane 
perpendicular  to  the  axis  of  xr  at  a  distance  h  from  the  vertex. 


176.] 
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Ans.  X  = 


16a 
TBtt 


2h       .  __  166 
T'     ^^15ir 


5.  At  each  point,  M,  in  the  eemi-axis  major  of  an  ellipse,  is  drawn 
a  line  perpendicular  to  the  plane  of  the  ellipse,  its  length  heing 
proportional  to  the  distance  of  M  from  the  centre  ;  the  extremity  of 
this  perpendicular  is  joined  to  thfi  point  P  on  one  quadrant  of  the 
ellipse  such  that  PM  is  perpendicular  to  the  axis  major.  Find  the 
centroid  of  the  volume  thus  generated. 

Ans.  If  at  any  distance,  x,  from  the  centre  the  perpendicular  to 
the  plane  of  the  ellipse  is  kx,  and  if  the  axes  of  x,  y,  and  z  are  the  axes 
of  the  ellipse  and  a  perpendicular  to  them,  we  have 


3ira 
16 


y=-,     z 


Ttka 


6.  Through  a  diameter  of  the  base  of  a  right  cone  are  drawn  two 
planes  cutting  the  cone  in  parabolas  ;  find  the  centroid  of  the  volume 
of  the  cone  included  between  these  planes  and  the  vertex. 

Ans.  It  is  on  the  axis  at  a  distance  from  the  vertex  equal  to  {  of 
height  of  cone. 

7.  A  plane  cuts  off  a  constant  volume  from  an  ellipsoid  ;  find  the 
locus  of  tlie  centroid  of  the  portion  cut  off. 

Ans.  An  ellipsoid  similar  to  the  given  one,  and  similarly  placed 
(see  Example  2,  p.  312,  the  theorem  of  which  is  equally  applicable  to 
surfaces). 

176.]  Polar  Elements  of  Mass.  Let  Fig.  229  represent  the 
portion  of  the  volume  of  a  solid  included  between  its  bounding' 
surface  and  three  rectan- 
gular co-ordinate  planes. 
Then  the  solid  may  be 
broken  up  into  elements  in 
the  following  manner : — 

(1)  Through  the  axis  of 
z  draw  two  close  planes 
cutting  the  bounding  sur- 
face in  curves  zR  and  z8 
(called  meridians)  ;  and  let 
the  angles  ROx  and  SOx  be 
denoted  by  <^  and  ^  +  ^^, 
respectively. 

(2)  Round  the  axis  of  z  describe  two  right  cones  with  the 
semi-vertical  angles  zOP  and  zOQ,,  equal  to  0  and  O-^-dO^ 
respectively. 


Fig.  339. 
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since  from  the  equation  of  the  ellipse  A  By  the  value  Gff  of  y  makes 

a?'      y* 

1 7  —  rs-  vanish.     Hence 

a*      6' 

//xyzdxdy  =  —J    x{l -- ^)  dx  = -j^ . 
In  the  same  way, 

f/a^yzdxdy  =  -y  /    «'(l  -  ^)  ^» 

which,  by  putting  x^:^a  cos  ^,  is  easily  seen  to  be  — — —  •      Henc9 
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a  =  —  •  a,  and  y  =  — -  •  b ;  and  it  is  easily  found  that  5  =  -  c. 

3.  If  the  density  at  any  point  in  the  solid  is  proportional  to  the 
product  of  the  co-ordinates  of  the  point,  find  the  centre  of  mass. 

Here,  at  any  point,  we  have  p  =  fi.xyz,  and  the  element  of  mass 
being  fixyzdxdydz,  we  have 

fffx^  yz  dx  dy  dz 

X  J^^  — ' — ' > 

J'J'Jxyz  dx  dydz 

with  similar  values  of  y  and  z.  If  we  first  integrate  from  2  =  0  to 
z=:  mM  (Fig.  228),  we  shall  have  the  contribution  of  the  prism  NQnq 
to  the  summation.  Integrating,  then,  with  respect  to  z,  considering 
X  and  y  constant,  we  have 

fffx^yzdaadydz  =  \f/Q(?y{mMy.dxdy 


=Uh^'-i*-'^^'^''' 


since  Jf  is  a  point  on  the  bounding  surface  of  the  ellipsoid.  Let  this 
latter  integration  be  first  performed  with  respect  to  y,  considering  x 
constant,  from  y  =  0  to  y  =  OH^  and  we  shall  then  have  the  con- 
tribution of  the  mass  contained  between  the  sections  DH  and  EF. 


a'6V 


Now  J^        y(l--,-._,)rfy=-.(l--), 

Rence  ///3e'yzdxdydz=— J    ^(^  -  ;^)<^  = -fQ^-^ 

as  easily  appears  by  putting  x  =  a  cos  <^. 

It  will  be  found  without  difficulty  that  fff7Dyzdxdydz'='  • 

Hence  a?=^a,     y  =  — 6,    and    «  =  — c. 

4.  Find  the  centre  of  mass  of  the  portion  of  the  elliptic  paraboloid 

sc^      t#  z 

^  +  ^  r=  2  -  included  between  the  planes  xz  and  yz  and  a  plane 


a 


H"  e 


perpendicular  to  the  axis  of ;;  at  a  distance  h  from  the  vertex. 


176.] 
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Ans.  X  = 


16a 

1517 


2h       .  _  166 


5.  At  each  point,  M,  in  the  semi-axis  major  of  an  ellipse,  is  drawn 
a  line  perpendicular  to  the  plane  of  the  ellipse,  its  length  being 
proportional  to  the  distance  of  M  from  the  centre ;  the  extremity  of 
this  perpendicular  is  joined  to  thfi  point  P  on  one  quadrant  of  the 
ellipse  such  that  PM  is  perpendicular  to  the  axis  major.  Find  the 
centroid  of  the  volume  thus  generated. 

Ana.  If  at  any  distance,  x,  from  the  centre  the  perpendicular  to 
the  plane  of  the  ellipse  is  kx,  and  if  the  axes  of  a;,  y,  and  z  are  the  axes 
of  the  ellipse  and  a  perpendicular  to  them,  we  have 


3ira 

3?=  J 

16 


y=-,      Z=: 


irka 
l6 


6.  Through  a  diameter  of  the  base  of  a  right  cone  are  drawn  two 
planes  cutting  the  cone  in  parabolas  ;  find  the  centroid  of  the  volume 
of  the  cone  included  between  these  planes  and  the  vertex. 

Ans.  It  is  on  the  axis  at  a  distance  from  the  vertex  equal  to  {  of 
height  of  cone. 

7.  A  plane  cuts  off  a  constant  volume  from  an  ellipsoid  ;  find  the 
locus  of  tlie  centroid  of  the  portion  cut  off. 

Ans.  An  ellipsoid  similar  to  the  given  one,  and  similarly  placed 
(see  Example  2,  p.  312,  the  theorem  of  which  is  equally  applicable  to 
surfaces). 

176.]  Polar  Elements  of  Mass.  Let  Fig.  229  represent  the 
portion  of  the  volume  of  a  solid  included  between  its  bounding 
surface  and  three  rectan- 
gular co-ordinate  planes. 
Then  the  solid  may  be 
broken  up  into  elements  in 
the  following  manner : — 

(1)  Through  the  axis  of 
z  draw  two  close  planes 
cutting  the  bounding  sur- 
face in  curves  zR  and  zS 
(called  merulians)  ;  and  let 
the  angles  ROx  and  SOx  be 
denoted  by  <^  and  ^  +  ^^, 
respectively. 

(2)  Round  the  axis  of  z  describe  two  right  cones  with  the 
semi-vertical  angles  zOP  and  zOQ,  equal  to  0  and  B-^-dO, 
respectively. 


Fig.  339. 
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(3)  With  0  as  centre^  describe  two  close  spheres  whose  radii, 
Os  and  Ot^  are  equal  to  r  and  r+dr^  respectively. 

These  planes,  cones,  and  spheres  will  then  determine  the  small 
rectangular  parallelepiped  mstq,  whose  volume  =  msxsqx  sL 

Now,  perpendiculars  from  m  and  s  on  Oz  will  each  be  equal  to 
Os .  sin  zOs,  or  r  sin  d,  and  they  ^will  include  an  angle  equal  to 
BOS,  OT  d<f>;  therefore  tns  =  r  Bin  6  d<p.     Also, 

*y  =  Os.  sin  sOq  =  rdd  ;  and  it  =  dr. 

Therefore  the  volume  of  the  elementary  parallelopiped 
=  r^sin  0drd6d(f>;  and  if  p  is  the  density  of  the  solid  at  «,  the 
element  of  mass  is  pr^sinBdrdO d<f>. 

Again,  the  co-ordinates  of  the  centre  of  mass  of  this  element  are 
ultimately  the  same  as  those  of  s  ;  therefore  they  are 
r  sin  0  cos  <^,     r  sin  0  sin  ^,     and     r  cos  0 ; 
and  for  the  centre  of  mass  of  any  finite  portion  of  the  solid  we 
have  ,  _  //ypr^sin^gcos  </>  drd0  d4> 

.^""     ///pr^sin0drded<p      ' 

-  -  fffpr^^'i^^O^^^4>drd0d4> 

^ "  ~/yfpr^sm0drdOd4>     ' 

fffpT^  sin  0  cos  0drd0  d<f> 

^"^      ///pf^Bm0drd0d<l>      ' 

the  limits  of  integration  being  determined  by  the   figure  of 
the  portion  of  the  solid  considered. 

The  angles  0  and  ^  are  sometimes  called  the  eolatitude  and 
longitude,  respectively. 

Examples. 

1.  Find  the  centre  of  mass  of  a  portion  of  a  solid  sphere  contained 
iQ  a  right  cone  whose  vertex  is  the  centre  of  the  sphere,  the  density 
of  the  solid  varying  as  the  n^^  power  of  the  distance  from  the  centre. 
Take  the  axis  of  the  cone  as  that  of  z,  and  any  plane  through  it 
as  that  from  which  longitude  is  measured.  Then  it  is  dear  that 
£  =  y  =  0,  and  we  have 

-  _  ///r^'^^sin  0  cos0dr  d0 d<l> 
^  "  "/^/i^+'sin 0dr d0d4> 

Performing  the  integration  first  with  respect  to  r,  considering  0  and  ^ 
constant,  from  r  =  0  to  r  =  a,  the  radius  of  the  sphere,  we  have 

-_^  +  3     //Bin0co99  d0d(f> 

^^  n  +  4^^~//aneded<l>      " 


1 77-] 
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z  = r«  -(1+coBa). 


Perfbmdng  the  integration  now  with  respect  to  ^,  the  longitude, 
which  runs  from  0  to  2  ir,  we  have 

_  _  n4-3      /sin  (?  cos  Odd 

* ""  iM^  ^    y  sin  eae 

If  a  =  the  semi-vertical  aDgle  of  the  cone,  the  limits  of  0  are  0  and  a. 

Therefore  _  ,     ^ 

n  +  4     2 

2.  Find  the  centre  of  mass  of  a  prism  whose  base  is  a  given  spherical 
triangle  and  whose  vertex  is  the  centre  of  the  sphere  on  which  the 
triangle  is  described. 

Let  0  (Fig.  227)  be  the  centre  of  the  sphere,  and  take  OC  as  axis 
of  z.  From  C  draw  the  perpendicular  />,  to  the  base  AB^  and  let  R 
be  the  radius  of  the  sphere. 

The  value  of  z  given  as  a  triple  integral  may  be  modified  in  the 
present  case. 

Let  dS  denote  any  small  element  of  area  at  any  point  P ;  then 
the  volume  of  a  cone  whose  base  is  this  element  and  vertex  the  centre 
of  the  sphere  is  \  RdS,  and  the  distance  of  its  centre  of  mass  from  the 
plane  of  xy  is  (Art.  163)  ^  R  cos  0,     Hence 

-      3  ^/coB edS 

""^l^-Jds-' 

Now  COB  $  ,dS  is  the  projection  of  the  element  dS  on  the  plane  of 
an/ ;  therefore  the  numerator  is  the  projection  of  the  whole  area  ABC 
on  this  plane,  which,  as  in  Example  2,  p.  326,  is  \  cRBinp^,    Hence, 


.       3 

«  =  — 


CBinp^ 


S  A-^B  +  C-n 

3.  A  cardioid  revolves  round  its  axis :  find  the  centre  of  mass  of  the 
solid  generated. 

Ans.  It  is  at  a  distance  from  the  cusp  equal  to  f  of  the  axis. 

177.]  Theorems  of  Pappus.  If  a  plane  area  revolve  through 
any  angle  round  a  line  in  its  plane, 
the  volume  generated  is  equal  to  the 
area  of  the  revolving  figure  multiplied 
hy  the  length  of  the  path  described  by 
its  centroid. 

Let  AB(Fig.  230)  be  the  revolving 
figure,  and  Ox  the  line  about  which 
it  revolves.  Let  the  area  be  broken 
up  into  an  indefinitely  great  number 
of  rectangular  strips,  such  as  PQqp^ 
by  lines  perpendicular  to  Oas.     Then  the  volume  generated  by 

VOL.  I.  z 
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this  strip  in  revolving  through  an  angle  a>  is  evidently  equal  to 

or  h^iy^-yi)^^^ 

denoting  PM^  jpM^  and  MN  by  ^2^  ^i»  *^^  ^^-  Hence  if  V 
denote  the  whole  volume  generated, 

Now  the  distance  of  the  centroid  of  the  strip  from  Ox  is  ^'    •^^; 

and  the  area  of  the  strip  is  {i/i—y^dx.  Hence,  denoting  these 
quantities  by  y  and  dA  respectively, 

A  denoting  the  whole  revolving  area  and  y  the  ordinate  of  its 
centroid.  Now  in  revolving  through  the  angle  o),  the  centroid 
of  the  area  describes  a  circular  arc  whose  length  is  my.  Hence 
the  theorem  is  proved. 

If  the  axis  Ox  intersects  the  revolving  figure,  the  theorem 
still  applies  with  the  convention  that  the  volumes  generated  by 
the  portions  of  the  figure  at  opposite  sides  of  Ox  are  affected 
with  opposite  signs. 

Again,  if  the  arc  of  any  plane  curve  revolve  through  any  angle 
round  a  line  in  its  plane,  the  area  of  the  surface  generated  u  equal 
to  the^length  cf  the  revolving  arc  multiplied  by  the  length  qf  the 
path  described  by  its  centroid: 

For,  the  surface  generated  is 

^fyds,     OT    mL.y, 

L  being  the  whole  length  of  the  revolving  arc  and  y  the  ordinate 
of  its  centroid.  As  before,  o)  y  is  the  length  of  the  circular  arc 
described  by  the  centroid  of  the  revolving  asc,  and  the  theorem 
is  evidently  proved. 

If  the  revolving  arc  intersects  the  line  Ox^  the  theorem  is  true, 
with  the  previous  convention  of  signs. 

178.]  Extension  of  the  Theorems  of  Fappns.  The  previous 
theorems  can  be  easily  extended  to  the  case  in  which  the  plane 
of  the  revolving  figure,  instead  of  revolving  round  a  fixed  line, 
rolls  without  sliding  on  any  developable  surface^  and  the  first 
theorem  will  then  become — 
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If  the  plane  of  any  plane  area  rolls  tcithout  sliding  on  a  develop- 
able surface^  the  volume  generated  by  the  area  in  moving  from  one 
position  to  another  will  he  equal  to  the  area  of  the  revolving  figure 
multiplied  by  the  length  of  the  path  described  by  its  centroid. 

A  similar  enanciation  gives  the  second  theorem. 

These  propositions  are  evidently  tme,  because  in  an  indefinitely 
small  motion  the  figure  is  revolving  round  a  generating  line  of 
the  developable,  and  for  such  a  small  motion  the  theorem  of 
Pappus  gives  the  volume  generated  equal  to  the  area  x  small 
space  described  by  its  centroid.  Taking  the  sum  of  all  such 
elements  of  volume  from  one  position  of  the  figure  to  another, 
we  have  the  theorem  of  this  Article. 

It  is  clear  also  that  the  theorems  hold  in  the  case  of  a  plane 
area  which  moves  in  such  a  manner  as  to  be  always  normal  to 
the  path  described  by  its  centroid.  For  the  area  may  at  any 
instant  be  considered  as  revolving  round  the  line  of  intersection 
of  two  consecutive  normal  planes  of  the  curve  which  the  centroid 
describes,  and  the  theorems  are  then  directly  applicable. 

179.]  Volnme  of  a  Tnmcated  Cylinder  or  Prism.  Let  A 
and  B  denote  the  sections  of  a  cylinder  or  prism  made  by  any 
two  planes.  Through  any  line  L  passing  through  the  centroid, 
G,  of  £  draw  any  plane,  B^,  inclined  at  an  angle  to  B.  Then 
G  is  the  centroid  of  the  section  JS',  since  this  section  is  the 
projection  of  B  made  by  lines  parallel  to  the  generators  of  the 
cylinder  or  edges  of  the  prism,  and  since  (Art.  173)  the  cen- 
troid of  the  projection  of  any  plane  surface  is  the  projection  of  its 
centroid.  Also,  the  volume  between  the  sections  B  and  B^  on  one 
side  of  the  line  L  ==  the  volume  between  them  on  the  other  side, 
as  we  see  by  breaking  up  the  area  B  into  an  infinite  number  of 
infinitely  small  elements  of  area,  and  constructing  slender  prisms 
on  each  one,  dS^  of  these  elements,  the  prisms  being  terminated 
by  B^.  Ity  is  the  perpendicular  on  L  from  the  middle  of  dS,  and 
y  =  angle  between  the  planes  B,  JB',  the  volume  of  the  correspond- 
ing prism  =  tan  y  ,ydS;  therefore  the  total  volume  between  the 
planes  B,  B'  is  tan  yfydS,  which  =  0,  because  L  passes  through 
the  centroid  of  the  area  B,  In  other  words,  the  volume  of  the 
prism  or  cylinder  contained  between  the  sections  A  and  B  is 
equal  to  that  contained  between  the  sections  A  and  B^.  Allowing 
B'  to  revolve  again  about  L  through  any  angle,  the  same  reason- 
ing applies,  and  we  see,  finally^  that  for  the  sections  A  and  B 

z  2 
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may  be  substituted  any  two  passing  through  their  respective  cen- 
troids,  and  the  included  volume  will  be  unaltered.  Let  two 
parallel  sections,  each  perpendicular  to  the  axis  of  the  prism  or 
cylinder,  be  substituted,  and  the  included  volume  will  be  12  .  i, 
where  12  is  the  area  of  either  normal  section  and  h  the  distance 
between  them. 

180.]  Equilibriam  of  a  Heavy  Body  on  a  Horisontal  Plane. 
When  an  indeformable  body  rests  on  a  horizontal  plane,  the 
contact  taking  place  at  several  points,  either  continuous  or  not, 
it  is  kept  in  equilibrium  by  two  forces — namely,  its  own  weight 
and  the  reaction  of  the  plane.  The  condition  necessary  and 
sufficient  for  the  equilibrium  of  such  a  body  is  that  these  two 
forces  must  be  equal  and  opposite.  Now  this  will  be  impossible 
unless  the  points  of  contact  of  the  body  with  the  plane  can  be  so 
connected  by  right  lines  as  to  form  a  polygon  within  the  area  of 
which  the  vertical  through  the  centre  of  gravity  of  the  body 
intersects  the  plane.  For,  whether  the  plane  be  rough  or  smooth, 
resolve  all  the  reactions  at  the  points  of  contact  vertically.  Then 
it  is  evident  that  the  resultant  of  the  system  of  parallel  vertical 
forces  at  the  points  of  contact  must  necessarily  fall  within  some 
polygon  whose  vertices  are  these  points ;  therefore,  &c. 

The  student  must  be  careful  to  observe  that  this  condition^ 
though  necessary  in  the  case  of  a  deformable  system,  is  not 
sufficient  (see  Article  86).  Thus,  in  Example  16,  p.  253,  it  is 
not  true  that  the  deformable  system  of  two  bars,  AB  and  BC^ 
will  rest  in  any  position  in  which  their  common  centre  of  gravity 
&lls  between  the  props. 


Examples. 

1.  To  find  the  volume  and  surface  of  a  tore. 

(A  tore  is  a  surface  generated  by  the  revolution  of  a  circle  round  a 
line  in  its  plane.) 

Let  r  be  the  radius  of  the  circle,  and  e  the  distance  of  its  centre 
from  the  axis  of  revolution.  Then  the  volume  of  the  tore  is  evidently 
'n'r*x2ir<j,  or  2-^*07^;  and  the  surface  is  2-^^x2 ire,  or  4ir*cr. 

2.  A  triangle  revolves  round  a  line  in  its  plane;  find  the  volume 
generated. 

Ans,  If  the  distances  of  the  vertices  from  the  lines  are  x^^x^^x^^ 

2TfA 
and  A  the  area  of  the  triangle,  the  volume  =  — r—  (a?i  +  aj<  4-aj). 
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3.  From  the  Theorems  of  Pappus  deduce  the  volume  and  surface  of 
a  frustum  of  a  right  cone. 

(Consider  a  trapezium  one  side  of  which  is  perpendicular  to  the 
two  parallel  sides.) 

4.  A  pack  of  cards  is  laid  on  a  tahle ;  each  projects  in  the  direc- 
tion of  the  length  of  the  pack  heyond  the  one  below  it;  if  each 
projects  as  far  as  possible,  prove  that  the  distances  between  the 
extremities  of  the  successive  cards  will  form  a  harmonic  progression. 
(Walton,  p.  183.) 

5.  A  rectangular  column  is  formed  by  placing  a  number  of  smooth 
cubical  blocks  one  above  another,  the  base  of  the  column  resting  on  a 
horizontal  plane ;  all  the  blocks  above  the  lowest  are  then  turned  in 
the  same  direction  about  an  edge  of  the  column,  first  the  highest,  then 
the  highest  two,  and  so  on,  in  each  case  as  far  as  is  consistent  with 
equilibrium.  Prove  that  the  sum  of  the  sines  of  the  inclinations 
of  a  diagonal  of  the  base  of  any  block  to  the  like  diagonals  of  the 
bases  of  all  the  blocks  above  it  is  equal  to  the  sum  of  the  cosines. 
(Walton,  ibid,) 


CHAPTER  XII. 

EQUILIBRIUM   OF   FLEXIBLE  8TRIKO& 

181.]  Perfectly  Flexible  String.  A  string  is  said  to  be 
peifectlif  flexible  when  at  every  point  in  its  length  it  can  be  bent 
round  all  lines  passing  through  the  point  perpendicularly  to 
the  tangent  line  without  the  expenditure  of  work. 

From  this  definition  it  follows  that  the  internal  force,  or 
mutual  action  between  the  particles  at  each  side  of  any  normal 
section  of  such  a  string,  has  no  component  in  the  plane  of  the 
section ;  this  force  must,  therefore^  be  entirely  normal  to  the 
section ;  or,  in  other  words,  the  internal  force  in  a  perfectly 
flexible  string  is  at  every  point  directed  along  tie  tangent  line  t-o 
the  string. 

This  internal  force  we  have  called  the  tension  of  the  string, 
and,  like  all  internal  forces  in  a  system^  it  is  a  mutual  action 
between  parts  of  the  system.  This  has  been  sufficiently  ex- 
plained already  (p.  31).  In  the  sequel  we  shall  use  the  term 
flexible  string  as  equivalent  to  perfectly  flexible  string. 

182.]  Imperfectly  Flexible  String.  No  effort  is  required 
to  bend  a  perfectly  flexible  string  at  any  point;  but  if  we 
attempt  to  bend  an  imperfectly  flexible  string,  or  a  wire,  we 
encounter  a  certain  amount  of  resistance  according  to  the  degree 
of  inflexibility  or  rigidity  of  the  string  or  wire.  If  we  consider 
the  nature  of  the  mutual  forces  existing  between  the  particles 
on  each  side  of  a  normal  section  of  such  a  body,  we  shall  find 
that  these  forces  are  not  necessarily  reducible  to  a  single  re- 
sultant at  all.  In  the  general  case  of  a  wire  bent  and  twisted 
by  the  action  of  any  external  forces,  these  internal  actions  on 
the  particles  at  one  side  of  a  section  may,  of  course,  be  reduced 
to  a  single  resultant  force  and  a  single  couple;  and  the  re- 
sultant force  may  be  applied  at  any  point  in  the  section,  the 
couple  varying  according  to  the  point  chosen.  All  this  will  be 
evident  from  the  general  reduction  of  a  system  of  forces  in 
Chapter  XIV. 
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188.]  Three  Methods  of  Investigatioxi.  There  are  three 
methods  by  which  the  eqoilibriam  of  a  string  or  wire  may  be 
treated — ^namely, 

l"".  We  may  isolate  an  infinitesimal  element  of  the  body, 
supplying  to  it  at  each  extremity  the  action  exercised  by  the 
neighbouring  portions  which  are  imagined  to  be  removed. 
This  is  the  principle  of  separate  equilibrium.  (Art.  34.) 

2"".  We  may  apply  the  general  condition  that  for  any  system 
of  imagined  small  displacements — involving,  of  course,  in  general, 
slight  extensions  of  the  elements  of  the  string — the  whole  work 
of  the  system  of  forces,  internal  as  well  as  external,  is  zero  (see 
p.  121). 

3**.  We  may  consider  the  equilibrium  of  any  fnif'€  portion  of 
the  body,  treating  it,  when  the  fgure  cf  equilibrium  hoa  been 
assumed  (see  p.  17),  as  a  rigid  body, 

(See  Thomson  and  Tait,  Nat.  Phil.) 

We  begin  by  considering  the  equilibrium  of  a  perfectly 
flexible  string  which  suffers  no  elongation  under  the  action  of 
the  forces  which  will  keep  it  in  equilibrium.  Such  a  body  is 
called  a  flexible  inextensible  string,  and  it  is  scarcely  necessar}*^ 
to  add  that  it  exists  only  in  the  abstractions  of  Rational  Statics. 


Suction  I. 

Flexible  Inextensible  Strings. 

184.]  The  Common  Catenary.  Before  deducing  the  general 
equations  of  equilibrium  of  a 
string  acted  upon  by  any  system 
of  coplanar  forces^  we  shall  dis- 
cuss the  case  of  a  string  hanging 
under  the  action  of  gravity. 
And  firstly,  let  us  suppose  the 
string  to  be  inextensible  and  of 
uniform  cross-section  and  density. 
Let  its  extremities  be  fixed  at 
two  points  £  and  C  (Kg.  231) 
which,  60  far  as  the  general 
properties  of  the  curve  formed  b}' 
the  string  are  concerned,  need  not  be  in  the  same  horizontal  line, 


Fig.  231. 
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nor  need  there  be  a  horizontal  tangent  to  the  enrve  at  some 
point  of  the  string  between  them,  although  the  figure  represents 
a  case  in  which  there  is  such  a  tangent  (at  A),  The  first  obvious 
property  of  the  curve  of  equilibrium  is  one  that  has  already 
appeared  in  the  case  of  a  funicular  polygon  (p.  41)  from  whose 
vertices  any  masses,  equal  or  unequal,  are  suspended — ^viz.,  tie 
horizontal  component  of  the  tension  in  constant  at  all  points  on  tie 
curve.  For,  let  P  be  any  point  on  the  curve,  A  the  lowest  point, 
the  tensions  at  these  points  being  T  and  r,  respectively,  and 
consider  the  separate  equilibrium  of  the  portion  AP  of  the 
string.  Since  gravity  produces  a  vertical  force  acting  through 
the  centre  of  gravity,  6r,  of  the  portion  AP,  if  we  resolve 
horizontally  we  have  simply 

Tco&e  =  T,  (1) 

where  0  is  the  angle  which  the  tangent  QP  at  P  makes  with 
the  horizon.  Moreover  the  string  must  take  such  a  shape  that 
the  vertical,  GQ^  through  the  centre  of  gravity  of  the  arc  AP 
passes  through  the  point,  Q,  of  intersection  of  the  tangents 
at  A  and  P.  Indeed,  it  is  obvious  that  the  tangents  at  any  two 
points,  P,  P',  of  the  curve  must  intersect  on  the  vertical  through 
the  centre  of  gravity  of  the  portion  PP^  of  the  string ;  for, 
suppose  P'  to  be  any  point  on  the  curve  between  A  and  P,  and 
consider  the  separate  equilibrium  of  the  portion  P^P,  Three 
forces  keep  it  in  equilibrium,  viz.,  the  tensions  along  the 
tangents  at  P^  and  P,  and  its  weight.  These  forces  must  meet 
in  a  point  (Art.  106),  therefore,  &c. 

Again,  for  the  equilibrium  of  the  portion  AP  resolve  vertically. 
If  «7  is  the  weight  of  the  string  per  unit  length,  and  if  the 
length  AP  is  s,  we  have 

Tsine=:w.s.  (2) 

Take  the  horizontal  and  vertical  lines  through  A  as  axes  of 
X  and  y^  respectively.     Then  if  {x,  y)  are  the  co-ordinates  of  P, 

we  have  cos  d  =  ^  ,  sin  d  =  ^ ;  also  (1)  and  (2)  give 

tan  (9  = ,  (3) 

i.e.,  the  tangent  of  the  inclination  of  the  curve  at  any  point,  P, 
is  proportional  to  the  length  of  the  arc,  AP^  measured  from  the 
lowest  point.     The  tension  r  may  be  regarded  as  equal  to  the 
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weight  of  a  certain  length,  c,  of  the  string.     Put,  then,  r  =  w  .  c, 

and  we  have  .       >*      *  /^\ 

tan  (9  =  -  •  (4) 

c 

This  shows  that  if  along  the  tangent  at  P  we  measure  a 
length  PT  equal  to  the  length,  *,  of  AP,  and  at  T  erect  the 
perpendicular  TM  to  meet  the  vertical  PM  through  P  in  i/,  the 
length  TM  is  constant  whatever  point,  P,  is  chosen  and  is  equal 
to  c.     Hence  PM  =  V^+?.  (6) 

The  equation  of  the  curve  is  easily  found  from  (4).     Thus, 

since  tan  0  =  -j~f  we  can  obtain  the  relation  between  y  and  i  : 

dy  =  ^dx,  (6) 


which  gives  by  integration 

j^=y^M^  +  C,  (7) 

where  C  is  some  constant.     For  the  point  A,  we  have,  with  the 
chosen  axes,  y  =  0,  *  =  0,  .•.  C  =  — c,  so  that  (7)  becomes 

=  PM.  (8) 

Now  instead  of  drawing  the  axis  of  x  at  A^  draw  it  at  a 
distance  c  below  A.  Let  JO  =  c,  and  let  0^  be  the  new  axis 
of  X.  This  point  0  we  shall  call  the  origin  of  the  curve,  and  the 
line  Ox  its  directrix.  Then  the  new  y  of  P  is  <?  +  the  previous  jr. 
Hence  the  point  M  which  we  previously  determined  as  the 
intersection  of  a  perpendicular  to  the  tangent  PT  at  T  (where 
PT  =  s)  lies  on  the  new  axis  of  x  whatever  be  the  position 
of  P  on  the  curve,  and  therefore 

!f  =  PM 

=  V^-^-sK  (9) 

We  can  find  the  relation  between  x  and  #  from  (6)  by  putting 

dy  =  Vdi^-dgi?.    This  gives 

,  cde 

which  gives  by  integration 
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where  C  is  some  constant,  and  e  denotes  the  Napierian  base 
of  logarithms.     Now  at  A  we  have  a?  =  0,  *  =  0,  /.  C  =  —  log^^, 

-  =  log. (»l) 


e' = >  (12) 


In  the  notation  of  hyperbolic  fiinctions 

i(^  +  (?-0  =  coshd;      i(^-^-^)  =  sinhd,  (14) 

so  that  for  the  curve  of  equilibriam  of  a  uniform  string  under 
the  action  of  gravity,  we  have 

*  =  csinh— •  (15) 

c  ^     ' 


Again,  since^  =  Vfi^  —  c^  =  ^ A  /  sinh^ 1,  we  have 


y  =,  c  cosh  — 
^  c 


X 

C  /  - 


=  2  ("'+*')'  ^'^) 

which  is  the  simplest  equation  of  the  curve  in  rectangular 
co-ordinates. 

The  curve  of  equilibrium  of  a  uniform  flexible  inextensible 
string  under  the  action  of  gravity,  and  suspended  from  two 
points,  is  called  the  Common  Catenary,  A  uniform  chain  with 
fine  links,  suspended  from  two  points,  may  also  be  considered 
as  forming  the  Common  Catenary. 

If  one  end  of  a  string  is  fixed  at  By  and  the  other  end  at  any 
point  such  as  P,  we  may  determine  the  curve  BPAC  of  which 
the  given  portion,  BP,  of  string  is  part,  and  we  may  imagine 
the  point  P  released  and  the  string  continued  through  P  to  any 
other  point  on  the  curve  and  there  fixed.  If  this  were  done,  the 
portion  BP  would  be  in  precisely  the  same  state  as  that  in 
which  it  is  actually  when  the  string  has  its  ends  fibced  at  B 
and  P.  It  is  well  to  set  down  briefly  a  few  of  the  more  pro- 
minent geometrical  properties  of  the  catenary. 
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Since  at  all  points  P  the  length  MT  is  equal  to  (?,  the  length 
of  the  perpendicular  on  the  tangent  let  fall  from  the  foot  of  the 
ordinate  i9  constant. 

Hence,  given  the  catenary,  to  constnict  its  origin  and  hori- 
zontal axis — 

On  the  tangent  at  any  pointy  P,  measure  off  a  lengthy  Pl\  equal 
to  the  arc  AP;  at  T  erect  a  perpendicular  TM  to  the  tangetU 
meeting  the  ordinate  of  P  in  M ;  then  the  horizotital  line  through 
M  is  the  directrix  of  the  curve. 

In  making  a  proper  figure  this  rule  will  be  found  of  great  use. 

The  involute  of  the  catenary  which  starts  from  the  lowest  point  is 
the  Tractory. 

To  get  a  point  on  this  involute  we  measure  on  the  tangent, 
Py,  at  any  point,  P,  a  length  equal  to  the  arc  AP.  Yiom  (5) 
we  see,  therefore,  that  7  is  a  point  on  the  involute ;  and  since 
PT  is  a  normal  to  the  involute,  its  tangent  at  T  must  be  TM, 
But  from  (6)  TM  is  constant ;  hence  the  involute  is  a  curve  such 
that  the  length  of  the  tangent  between  its  point  of  contact  and 
a  fixed  right  line.  Ox,  is  constant.  The  involute  is,  therefore, 
a  tractory  (see  p.  271). 

The  tension  at  any  point  of  the  catenary  is  equal  to  the  weight 
of  a  portion  of  the  string  whose  letigth  is  equal  to  the  ordinate  of 
the  point. 

For,  by  (2),  if  T  is  the  tension  at  P, 

T  =  «?  .*  cosec  ^  =  w .  Py  cosec  PJf/r 
=  w.PM-w,y,  (17) 

It  follows  from  this  that  if  a  uniform  inextensible  string 
hangs  freely  over  any  two  smooth  pegs,  the  vertical  portions 
which  hang  over  the  pegs  must  each  terminate  on  the  horizontal 
axis  of  the  catenary. 

In  the  catenary  the  length  of  the  radius  of  curvature  at  any 
point  is  equal  to  the  length  of  the  noitnal  between  that  point  and 
the  directrix. 

For,  differentiating  (4)  and  observing  that  j^^P*  where  p  is 

the  radius  of  curvature  at  P,  we  have  1-f—  =  -i  .-.   p  =  — » 

c^      c  c 

and  the  length  of  the  normal  between  P  and  the  axis  of  x  is 

y  sec  ^  or  -  . 

^  e 
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From  this  follows  the  result  that  if  the  catenary  revolver  round 
iU  directrix.  Ox,  it  will  generate  a  surface  at  each  point  of  which 
the  radii  of  curvature  of  the  two  principal  sections  are  equal  and 
opposite.  For,  at  the  point  P  on  the  sur&ce  the  two  principal 
sections  are  those  made  by  the  plane  of  the  figure  (i.e.,  the 
plane  of  the  revolving  curve)  and  by  a  plane  through  the 
normal  to  the  curve  at  P  perpendicular  to  the  plane  of  the 
figure,  and  the  radii  of  curvature  of  these  sections  are  the  radios 
of  curvature  of  the  revolving  curve,  and  the  length  of  the  normal 
between  P  and  the  axis  of  revolution. 

Again,  given  any  two  points,  J,  B,  and  any  line,  2/,  coplanar  toith 
A  and  JS,  the  curve  of  given  length  passing  through  A  and  B  whose 
centroid  is  at  a  maximum  distance  from  the  line  L  is  a  catenary. 
For,  imagine  the  curve  of  given  length  to  be  formed  by  a 
uniform  flexible  inextensible  string,  and  let  the  plane  of  Z,  A,  B 
be  placed  so  that  the  line  L  is  horizontal  and  above  both  A  and 
B  or  above  one  of  them.  The  extremities  of  the  string  being 
fixed  at  A  and  B,  if  the  string  is  displaced  in  any  manner,  we 
know  that  it  will  return  to  the  catenary  form.  But  (Art.  121) 
it  will  always  return  to  the  form  in  which  its  centre  of  mass 
is  in  the  lowest  position  that  it  can  occupy ;  therefore  the 
centre  of  mass  of  the  catenary  form  is  lower  than  that  of  any 
other  form  into  which  the  string  may  be  altered.  Another 
property  is  this — if  a  parabola  rolls  along  a  right  line^  wUhout 
sliding,  the  locus  of  its  focus  is  a  catenary.  If  a  rough  curve 
in  the  form  of  an  inverted  catenary  with  its  axis  AO  (Fig.  231) 
vertical  is  fixed  in  a  vertical  plane,  and  a  uniform  rectangular 
board  whose  height  is  2  c  is  placed  with  its  centre  of  gravity 
vertically  over  the  vertex  A  of  the  curve,  this  board  will  be 
in  equilibrium  in  all  positions  into  which  it  can  be  displaced 
by  rolling  along  the  curve.  For,  when  it  rolls  so  that  its  side 
becomes  the  tangent  TP,  its  centre  of  gravity  will  be  M,  since 
MT  =  <?,  and  M  is  vertically  over  the  point  P  of  contact  of  the 
board  with  the  curve,  and  if  the  angle  TMP  is  less  than  the 
angle  of  friction,  the  board  will  rest  in  this  position. 

It  will  be  readily  seen  that  the  difierential  equation  of  the 

d^u 
catenary  can  be  written  in  the  form  c^  j^  =  y,  and  that  the  area 

OAPM  =  twice  the  area  of  the  triangle  PTM. 
It  is  well  to  observe  that  if  any  mass  is  suspended  from  a 
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given  point  of  a  catenary,  the  continuity  of  the  carve  ceases  at 
that  point,  and  the  portions  of  the  string  at  opposite  sides  of  the 
point  must  be  treated  as  branches  of  two  distinct  catenaries. 

185.]  Any  String  under  the  action  of  Gravity.  Let  Fig.  231 
represent  a  string  whose  mass  per  unit  length  varies  according 
to  any  law,  with  any  two  points  in  it  fixed  and  hanging  in 
equilibrium  under  the  action  of  gravity.  Let  w  be  the  weight 
per  unit  length  at  any  point  of  the  string.  This  quantity  we 
may  imagine  as  measured  thus :  at  any  point  take  an  in- 
definitely small  length,  A«,  of  the  string,  and  let  A^  be  the 

weight  of  this  portion ;  then  — —  is,  when  A*  is  taken  infinitely 

small,  the  weight  of  the  string  at  the  point  per  unit  length. 

dW 
In  the  notation  of  the  Differential  Calculus,  w  =  — -— . 

d% 

Consider,  as  before,  the  separate  equilibrium  of  the  portion  AJP, 

The  weight  of  this  portion  is  /  wd%y  and  the  string  must  assume 

such  a  form  that  this  force  passes  through  Q,  the  point  of  inter- 
section of  the  tangents  at  the  ends  A  and  P.  Denoting  by  Q 
the  angle  made  by  PQ  with  the  horizon,  and  by  r  the  tension 
at  A — the  tangent  at  this  point  being  supposed  horizontal — 
we  have  rcos(9  =  T  (l) 

TwaQ-  Twdn,  (2) 

•/o 

If  the  end  A  is  such  that  the  tangent  at  it  is  not  horizontal, 

let  Tq  and  B^  be  the  values  of  T  and  ^  at  it ;  then  in  (1)  we  have 

merely  to  put  T^ox^B^  instead  of  r.     From  (l)  and  (2) 

rtan(9=    \  wdn.  (3) 

The  differential  equation  of  the  curve  is  obtained  by  differen- 
tiating (3)  with  respect  to  %  ;  thus, 

T^(tand)=ir.  (4) 

Taking  vertical  and  horizontal  lines  through  any  fixed  point 
as  axes  of  y  and  a?,  respectively,  and  denoting  the  co-ordinates  of 
P  by  (a?,  y\  the  last  equation  becomes 
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which  determines  the  law  of  vaiiation  of  the  mass  per  unit 
length  at  each  point  so  that  the  string  should  hang  in  the  form 
of  any  given  curve.  In  (5)  the  differentiations  may  be  expressed 
in  terms  of  x  alone  or  y  alone.     Thus 

r^=u>,  (6) 

dx 


or  dp 

=  w 


^-  -  -  (7) 


where  p  ^-t" 

Cor.  In  order  that  the  string  should  assume  the  form  of  a 
right  line,  tan  0  must  be  the  same  at  all  points,  .*.  «?  =  0, 
as  is  a  priori  evident. 

186.]  Catenary  of  Uniform  Strength.  Suppose  the  string  to  be 
composed  of  homogeneous  material  and  to  have  a  cross-section 
of  variable  area,  in  such  a  way  that  at  every  point  the  area  of 
this  section  is  proportional  to  the  magnitude  of  the  tension  at 
the  point ;  then  the  curve  is  called  a  Catenary  of  uniform  strength. 
To  find  the  form  of  the  string,  let  w  now  stand  for  the  weight  of 
the  material  per  unit  volume,  and  let  a-  be  the  area  of  the  cross- 
section  at  any  point  P.  Then  the  weight  of  a  length  A*  at  jP 
is  W€T^%^  and  the  weight  per  unit  length  is  m^o*.  Also  let 
T  =  pcr,   where  j»  is  a  constant  (evidently  a  force  per  unit 

area).     Then  the  weight  per  unit  lemjfth  is  —  >   or ; 

and  substituting  this  in  (4)  instead  of  ?r,  we  have 

^(tan^)=^sec(?,  (1) 

d  w 

.'.   ^(tan^)  =  -sec«d,  (2) 

and  putting  sec^^  =  1  +tan^^,  we  have  by  integration 

wx  t   \ 

e>  =  -+<?,  (3 

P 

where    O  is  a  constant.     If  the  axes  are  taken  through  the 
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lowest  point.  A,  of  the  curve,  ^  =  0  and  a?  =  0  at  -4,  /.  C*=  0, 

from  (3) ;  and  the  integral  of  this  again  is 

wy  .  wx      ^, 

-^=  -W  cos—  +C", 

where  C  is  a  constant,  which  is  zero  •/  a?  =  0,  ^  =  0  at  A, 

Hence  p  ,  wx  ,^. 

y^-hg^secj,  (5) 

which  is  the  equation  of  the  curve  referred  to  axes  through  its 
vertex. 

The  equation  of  the  curve  in  the  differential  form  (1)  leads  to 

a   veiy  remarkable   expression*.     Thus,   denoting   —    by  a,  a 

constant  linear  magnitude,  (l)  gives,  since  p  —  --=-- i 

cos  (9  =  - ,  (6) 

P 

which  by  differentiation  again  ^nth  I'espect  to  «,  and  substitution 

from  (6),  gives  ^__         ^ 

Integrate  this,  and  observe  that  (6)  gives  p  =  a  at  the  lowest 
point,  ^.    Then  p+ ^/^^Z^  '  ,  .  ^ 

or  p  =  |(tf»+r«)  (9) 

=  «cosh-)  (lO) 

a 

which  is  of  exactly  the  same  form  as  the  Cartesian  equation  of 
the  Common  Catenary,  p  and  9  taking  the  places  of  j^  and  x. 

Given  the  whole  weight,  W,  of  the  catenary,  and  the  span^  2  4, 
express  the  area  of  the  cross-section  at  each  point,  so  that  there 
shall  he  a  cofistant  f-ensiony  p,  per  unit  of  area  of  cross-section. 

Here    W  •=.  wfads^  where   w   is   still  the  weight  per  unit 

T 

volume  of  the  material.     But  <r  =  —  =  -  sec  ^, 

P        P 


*  First  noticed,  I  believe,  in  the  first  edition  of  this  work. 
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.-.   W  —  —  /sec  eds  =  —  f  sec^Odx 
PJ  P  Jo 


2tw 


j    qqq2 — dx,  by  (3) 
.'0  P 


=  2  rtan 


wb 


(11) 


which  determines  r,  and  since  <r  =  —  sec  0, 

P 

JT     .wb       - 
<r  =  —  cot  —  sec  5. 
2f         p 


(12) 


But  by  (6)  we  have  sec  ^  —  =  cosh  -  ,  by  (10) ;  hence 


<r  =  -—  cot  —  cosn  —  , 
2p         p  p 


(13) 


Fig.  232. 


which  determines  the  area  of  the  cross-section  at  each  point. 

187.]  The  Parabola  of  Suspension  Bridges.  Suppose  a 
string  to  be  attached  to  two  fixed  points,  and  let  each  element 
of  its  length  be  acted  on  by  a  force  in  a  constant  direction,  the 

magnitude  of  the  force 
being  proportional  to  the 
projection  of  the  element 
on  a  line  perpendicular  to 
the  direction  of  the  force. 
Then  it  can  be  shown 
geometrically  that  the 
figure  of  the  string  is 
that  of  a  parabola. 
Let  Otf  (Fig.  232)  be  the  direction  opposite  to  that  of  the  force 
on  each  element ;  Ox  a  tangent  to  the  curve,  perpendicular  to 
this  direction ;  P  and  Q  any  two  points  on  the  string,  the 
tangents  at  them  being  PT and  QT\  PM  and  QiV^  perpendiculars 
on  Ox,  Consider  the  separate  equilibrium  of  the  portion  PQ. 
The  forces  acting  on  it  are  the  tensions  in  the  directions  TP  and 
TQ,  and  the  resultant  of  the  parallel  forces  on  the  elements  of 
PQ.  This  resultant  must  pass  through  7,  and  it  also  passes 
through  the  middle  point  of  MN',  since  its  constituent  forces  are 
all  proportional  to  the  elements  of  the  MneMN,  Hence,  drawing 
TF  parallel  to  O^,  and  meeting  PQ  in  F,  the  point  F  must 
bisect  the  right  line  PQ. 
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The  carve  of  equilibrium  of  the  string  is  therefore  such  that 
a  rip  At  line  drawn  from  the  point  of  intersection  cf  any  two  tangents 
parallel  to  a  fixed  direction  bisects  the  chord  joining  their  points  of 
contact. 

This  well-known  property  identifies  the  curve  with  a  parabola. 

It  is  to  be  observed  that  the  acting  forces  in  this  case  are  not 
a  conservative  system.  Hence  the  function  V  (see  sequel) 
does  not  exist. 


Examples  of  Stbinos  ukdeb  action  of  GBAvrrr. 

1.  A  uniform  string  of  length  I  hangs  over  two  fixed  points,  which 
are  in  a  horizontal  line ;  from  its  middle  point  is  suspended  by  one 
end  another  string  of  equal  thickness  and  length  V,  Supposing  each 
of  the  two  tangents  of  the  former  string  at  its  middle  point  to  make 
an  angle  $  with  the  vertical,  to  find  the  distance  between  the  two 
fixed  points,  and  to  show  that  $  can  never  exceed  a  certain  value. 
(Walton's  Mechanical  Problems,  p.  123.) 

Let  the  fixed  points  be  P  and  ©  (Fig.  233),  RQCPM  the  string 
hanging  over  them,  CD  the  string  of  length  V  suspended  from  C,  the 
middle  point  of  the  first  string,  and  2d  the  distance  PQ, 

Then  (Art.  184)  the  arcs  PG  and  QC 
belong  to  two  distinct  catenaries.  Sup- 
pose the  semi-catenary  to  which  PC 
belongs  to  be  completed,  and  let  A  be  its 
lowest  point.  Then  if  the  portion  AC 
were  supplied  to  the  string  CPM,  and 
the  point  A  fixed,  the  string  CD  and  the 
portion  CQR  might  both  be  removed, 
and  we  should  have  the  string  APM 
hanging  in  equilibrium.  Hence  (Art. 
184)  PM  terminates  on  the  horizontal 
axis  of  this  catenary.  The  same  re- 
marks apply  to  the  portion  CQR,  and 
since  the  two  portions  CPM  and  CQR 
are  exactly  similar,  it  follows  RM  is  the  horizontal  axis  of  the 
catenary  AP. 

We  shall  next  prove  that  AC  =  iCD  =  -' 

Let  to  be  the  weight  per  unit  length  of  each  of  the  strings ;  let  T 
be  the  common  tension  of  the  portions  CP  and  CQ  at  C,  Then 
resolving  vertically  for  the  equilibrium  of  the  point  C, 

2Tcoad  =  wt. 

But  T  r:=w,  CN  (Art.  184),  N  being  the  point  in  which  CD  meets 
the  axis.  Hence  2  CN  cos  ^  =  T;  but  it  is  evident  from  Fig.  231  that 
CNco^  e  —  AC;  therefore  AC=\  V, 

VOL.  I.  A  a 


Fig.  333. 
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Again,  e  being  the  parameter  of  the  catenary,  we  have  c  =^  AC 
X tan  ^ ;  therefore  c  =  J/' tan d.  (1) 

Also,  denoting  ON  bj  x,  0  being  the  origin  of  the  catenary,  we 
have  X         X 

2        4 

2cot^  =  e''       — «    '' 

Squaring  both  sides  of  this  equation,  adding  4  to  each  side,  and 
taking  the  square  root,  we  have 

tx   ^-         2*    .^ 
2coBecd  =  0''        +«    '        ; 

which,  by  addition  to  the  last  result,  gives  easily 

7/  Q 

X  =  ;r  tan  6  log  cot  —  •  (2) 

2  « 

Again,  AP='-{e~^-e~  '  ), 

x+d  jr+d 

and  Pif  =|(e"^  +  r"«~); 

therefore  by  addition  we  have,  since  CP-^-PM  =•  |^/, 

— — -  =  c«  ^    . 
2 

Substituting  in  this  equation  the  values  of  c  and  x  given  by  (1)  and 
(2) ;  and  taking  logarithms,  we  have 

2d=rtanfllog(it!l.^),  (3) 

which  is  the  required  distance  between  P  and  Q, 

Since  d  cannot  be  negative,  the  expression  whose  logarithm  is 
taken  in  (3)  must  be  >  1.  Hence  (7+0  ^^°  ^d>^tan  ^  ;  and  substi- 
tuting for  tan  B  in  terms  of  tan  \  0,  we  find  the  limiting  value  of  $ 
given  by  the  equation  q       /— T 

2.  A  uniform  chain  hangs  over  two  smooth  pegs  in  the  same  hori- 
zontal line,  and  at  a  given  distance  apart ;  find  the  length  of  the  chain 
when  the  pressure  on  each  peg  is  a  minimum. 

Let  P  and  Q  be  the  pegs,  2  a  the  distance  between  them,  /  the 
length  of  the  chain,  0  the  angle  which  the  tangent  to  the  chain  at  F 
makes  with  the  vertical,  PM  the  portion  which  hangs  over  the  peg  Ft 
and  C  the  lowest  point  of  the  chain. 
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Then  CF-^FM  =  ce<^  (by  adding  the  values  of  CF  and  FM),  or 

I         ^ 

an  equation  which  determines  I  in  terms  of  e. 

Again,  CF  =  c  cot  0,  and  FM  =  c  cosec  0,  therefore  by  addition 

0        -^ 
tan- =  6   ^.  (2) 

Now,  the  pressure  on  the  peg  F  is  the  resultant  of  two  equal 
tensions,  one  along  FM  and  the  other  along  the  tangent  to  the  chain 
at  F.     Hence,  if  B  denote  the  pressure,  and  T  the  tension  at  F, 

Q 

B=  2TC0S'-' 
2 

-      --  0 

Substituting  for   T  the   value   iicc{e^-j'e   ^),  and  for  cos—  its 

value  obtained  from  (2),  we  have 

R=.wc{e^  +1)*  (3) 

dR 
Now,  c  must  be  determined  so  that  R  is  least ;  hence  -y  =  0,  and 

we  obtain  easily  !li        /• 

«<'= ,  (4) 

for  the  determination  of  c  in  terms  of  a;  l\%  then  known  from  (1). 

3.  Find  the  law  of  variation  of  the  mass  per  unit  length  at  each 
point  of  a  string  acted  upon  by  gravity  only  and  suspended  from  two 
fixed  points  in  order  that  it  may  hang  in  the  form  of  a  semicircle 
whose  diameter  is  horizontal. 

Let  ^i?(=  2a)  be  the  horizontal  diameter,  0  the  centre  of  the 
circle,  F  any  point  on  the  curve,  0  the  angle  between  OF  and  the 
vertical.     Then  by  (4),  Art.  185, 

M7  =  —  sec'd 
a 

ra 

=  7' 

where  y  is  the  distance  of  F  from  the  diameter  AB, 

4.  A  heavy  string  whose  mass  per  unit  length  is  variable,  sus- 
pended from  two  fixed  points,  hangs  under  the  action  of  gravity  in 
a  curve  whose  intrinsic  equation  is  «  =  /(^),  the  lowest  point  being 
the  origin ;  prove  that  the  mass  per  unit  length  at  any  point  varies 
inversely  as  cos*d  •/'(^)« 

5.  Prove  that  the  area  of  the  normal  section  at  any  point  of  the 
catenary  of  uniform  strength  is  proportional  to  Uie  radius  of 
curvature. 

Aa  2 
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6.  Find  ike  law  of  ynriation  of  mass  per  uuit  length  in  order  that 
a  string  may  hang  in  the  form  of  a  parahola. 

Ans,  The  mass  is  proportional  to  the  horizontal  projection  of  the 
curve  per  unit  length  of  arc  at  any  point.     (Compare  p.  352.) 

7.  If  a  string  hangs  in  the  form  of  an  ellipse  whose  axis  major  in 
horizontal,  prove  that  its  weight  per  unit  length  at  any  point  is 

y  being  the  depth  of  the  point  below  the  axis  major,  and  1/  the  length 
of  the  semi-conjugate  diameter  corresponding  to  the  point. 

8.  A  telegraph  line  is  constructed  of  No.  8  iron  wire  whose  mass 
is  7*3  lbs.  per  100  feet  of  length ;  the  distance  between  the  posts  is  150 
feet,  and  the  wire  sags  1  foot  in  the  middle  ;  show  that  it  is  screwed 
up  to  a  tension  of  about  205  lbs.  weight 

9.  One  extremity  of  a  uniform  string  is  attached  to  a  fixed  point, 
and  the  string  rests  partly  on  a  smooth  inclined  plane ;  prove  that 
the  directrix  of  the  catenary  determined  by  the  portion  which  is  not 
in  contact  with  the  plane  is  the  horizontal  line  drawn  through  the 
extremity  which  rests  on  the  plane. 

10.  If  in  the  last  example  i  is  the  inclination  of  the  plane,  a  the 
inclination  of  the  tangent  at  the  fixed  extremity,  and  I  the  whole 
length  of  the  string,  prove  that  the  length  of  the  portion  in  contact 
with  the  plane  is  i  ^og  a 

COS  %  COS  (a  —  t) 

11.  A  heavy  uniform  chain  passes  over  a  fixed  smooth  peg,  one  end 
hanging  freely  while  a  portion  of  the  chain  of  length  2k  rests  on  a 
smooth  inclined  plane  of  inclination  t.  If  the  length  of  the  free  part 
is  k,  show  that  the  whole  length  of  the  chain  is  4  A;  cos' t,  and  that  t 

cannot  be  >  -  • 
6 

12.  Given  two  smooth  pegs  in  a  horizontal  line,  find  the  least 
length  of  a  uniform  heavy  string  which  will  rest  over  them. 

Ans.  If  2  a  is  the  distance  between  the  pegs  and  6  the  Napierian 
base,  the  least  length  is  2ae,  or  about  2-7 1828 a. 

13.  A  uniform  heavy  inextensible  string  rests  partly  on  a  rough 
horizontal  table,  and  partly  over  a  smooth  peg,  J?,  fixed  at  a  given 
height,  h,  above  the  edge  of  the  table,  a  portion  BC  of  the  string 
hanging  vertically  over  the  peg  and  past  the  edge  of  the  table ;  find 
the  length  of  the  hanging  portion,  BCy  so  that  its  weight  may  just 
suffice  to  drag  the  string  ofif  the  table,  the  string  and  the  peg  lying  in 
the  same  vertical  plane. 

Ans,  HI  is  the  whole  length  of  the  string,  /Li  the  coefficient  of 
friction,  and  x  the  length  which  hangs  below  the  edge  of  the  table, 

[m(/-A)-(1+m)*?=  M*(A'+2A«). 
only  one  value  of  x  being  admissible. 
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188.]  Gravitation  and  Absolute  Measure  of  Force.  In  the 
discussion  of  the  forms  assumed  by  strings  under  the  action 
of  g^vity  we  have  determined  the  weight  per  unit  length 
of  a  string  at  each  point  in  order  that  it  should  hang  in 
a  particular  form.  When  we  are  not  dealing  exclusively  with 
gravity  as  the  force  acting,  it  may  be  desirable  to  measure 
forces  in  absolute  measure.  Suppose,  to  fix  ideas,  that  we  adopt 
the  C.  6.  S.  absolute  system.  In  this  forces  are  expressed 
in  dynes,  and  mass  in  grammes.  If  we  have  a  mass  of  m 
grammes,  the  number  expressing  the  weight  of  this  mass  in 
dynes  would  be  about  981  wi,  or,  more  accurately,  gxrn^  where  g 
stands  for  the  acceleration,  in  centimetres  per  second  per  second, 
of  a  particle  falling  freely  in  vacuo  near  the  Earth's  surface 
at  the  place  where  we  are.  The  number  expressing  the  weight 
of  the  body  in  gravitation  measure  would  be  simply  m — the 
same  as  that  which  expresses  its  mass — if  the  weight  of  1 
gramme  is  our  gravitation  unit  of  force.  In  the  British  absolute 
system  forces  are  measured  in  poundals,  and  masses  in  pounds ; 
and  if  we  have  a  body  of  m  pounds  mass,  its  weight  in  g^vi- 
tation  measure  is  simply  i»,  if  the  weight  of  1  pound  is  the 
unit  of  force ;  while  its  weight  expressed  in  poundals  is  about 
32  i»,  or,  more  accurately,  gxm^  where  g  is  about  32  feet  per 
second  per  second. 

In  the  previous  articles  we  may,  if  we  choose,  use  w  to  express 
the  mass  of  the  string  per  unit  length,  while  regarding  its 
weight  as  gxw  in  absolute  units.  The  letter  w,  however, 
obviously  suggests  weight,  (i.  e.  force),  so  that  mass  is  usually 
represented  by  the  letter  m.  In  many  of  the  following  Articles 
we  shall  denote  the  mass  of  a  string  per  unit  length  at  any 
point  by  m,  (grammes  or  pounds)  and  assume  forces  as  expressed 
in  absolute  measure  (dynes,  or  poundals). 

189.]  Tangential  and  Normal  Resolutions.  Let  AB  (Fig. 
234)  represent  a  flexible  inextensible  string  in  equilibrium  under 
the  action  of  any  system  of  coplanar  forces  applied  continuously 
throughout  the  string.  Then  the  force  acting  on  it  per  unit 
mass  at  any  point  of  the  string  will,  in  the  general  case,  be 
expressed  as  a  function  of  the  co-ordinates  of  this  point  and 
their  difierential  coefficients  with  respect  to  the  arc.  Thus, 
if  the-  co-ordinates  of  P  are  (^,y)>  the  plane  of  the  string  and 
forces  being  taken  as  that  of  scy^  the  external  force  exerted  per 
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unit  mass  at  P  will  be  of  the  form  <^  (^j^))  and  therefore  the 
force  exerted  on  dm  units  of  mass  at  P  will  be 

<l>{x,y)dm^     or    F.dm. 

Suppose  then  that  we  consider  the  equilibrium  of  the  element 
PQ  of  the  string  apart  from  the  rest  of  the  string : — Let  the 
mass  of  the  string  per  unit  length  At  P  he  m  and  let  d^  be  the 
length  of  PQ.  Then  the  mass  of  the  element  is  mds,  and  the 
external  force  acting  on  it  is 

and,  in  addition,  it  is  acted  upon  by  two  tensions,  T  and  T-^-dT^ 

along  the  tangents  at  its  extrem- 
ities P  and  Q.  These  three  forces 
must,  of  course,  meet  in  a  point. 

Let  Pt  and  Pn  be  the  tangent 
and  normal  at  P\  let  dB  be  the 
(very  small)  angle  between  the 
tangent  at  P  and  that  at  Q; 
and  let  ^  be  the  angle  between 
Fdm  and  Pt.  Then,  resolving 
Fig.  334.  forces  along  the  tangent  for  the 

equilibrium  of  PQ, 

(r+rfr)cosrfd  +  w^cos</>/^-r=  0; 

but  cos^d  =  1,  neglecting  {dsy ;  therefore  this  equation  gives 

dT 

-j-+mFoo&(l>  =  0,  (1) 

which  means  that  the  rate  of  variation  of  the  tension  per  unit 

length  at  any   point  is  numerically  equal   to  the  tangential 

component  of  the  external  force  per  unit  length. 

.^^n,  resolving  along  the  normal, 

{T+dT)emde'-mFBm4>ds  =:  0; 

ds 
or  since  p,  the  radius  of  curvature  at  P,  is  equal  to  ^ , 

T 

i»P8in<^  =  0,  (2) 

P 
which  means  that  the  curvature  of  the  string  at  any  point  is 
equal  to  the  normal  external  force  per  unit  length  divided  by 
the  tension  at  the  point. 

100.]  (General  Equations  of  Equilibrinm.     Let  the  external 
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foice,  Fy  per  nnit  mass  at  P  be  resolved  into  two  oomponentB,  A*^ 
and  Ty  parallel  to  any  pair  of  fixed  rectangular  axes.  Then  the 
components  of  force  acting  on  the  element  PQ  parallel  to  the 
axes  are  mXds  and  m  Yds.  Also  the  components  of  the  tension 
acting  at  the  end  P  are 

each  measured  in  the  positive  sense  of  the  corresponding  axis. 
The  components  of  tension  at  P  are  affected  with  negative  signs, 
since,  when  the  element  PQ  is  considered  apart  from  the  rest 
of  the  string,  the  tensions  at  P  and  Q  will  manifestly  give 
components  along  the  axis  of  a;  in  opposite  senses ;  and  similarly 
along  the  axis  of  y. 

These  components  of  tension  at  any  point  will  be  functions 
of  the  position  of  the  point  on  the  string,  i.e.  functions  of  the 
length  of  the  string  measured  up  to  the  point  ccmsidered  from 
any  origin-point,  A^  on  the  string.  If  the  length  of  the  string 
AP  =  «,  we  shall  therefore  have 

and  the  component  of  the  tension  at  Q  is  therefore  f{9  +  ds)^  or 

„dx       d  /„dwx     -       d^  rg„dx\    ds^ 

Hence  for  the  equilibrium  of  the  element  PQ,  resolving  forces 
parallel  to  the  axis  of  x^ 

ds       ds^     df  ^  a* 

or,  reje<;ting  the  two  terms  which  cancel,  dividing  out  by  ds,  and 
then  diminishing  ds  indefinitely, 

Similarly  ^(T^)  +  mr=0.  (2) 

These  are  the  genoal  equations  of  eqailibriom  of  the  string. 
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The  value  of  T  may  be  deduced  in  various  ways  from  these 
equations.     Thus,  performing  the  differentiations, 

„d^x      dT  dx        ^ 

^Oh      dT  dv         ^ 

dx         dy 
Multiply  (3)  and  (4)  by  ^  and  ^,  respectively,  and  add; 

then,  remembering  that,  since  (■^)  +(;£)   =l>we  have  by 

,.«.       ^  ^.  dx  d^x      dv  d^y 

differentiation  t-  -ria  +  :r-  t?  =  0> 

ds  dtr      ds  dr 

it  follows  that      ^  +  w  (Z  J  +  r^)  =  0  ;  (6) 

.-.     T  =  C^fm  {Xdx  +  7d»,  (6) 

which  is  precisely  the  same  as  (1)  of  last  Article. 

Another  expression  for  T  can  be  deduced  from  (l)  and  (2). 
They  give  by  integration 

T^:=^A^/mXd^,  (7) 

T%^B~-fmrds.  (8) 

Squaring  and  adding,  we  have 

'P  =  {A^fmXdsf-\-{B^/m  Yds)\  (9) 

A  and  B  being  the  constants  of  integration,  which  must  be  deter- 
mined by  a  knowledge  of  the  tension  at  some  particular  points. 

fix         cPy 
Again,  by  multiplying  (3)  and  (4)  ^Y  -J^^^^  A*  respect- 
ively, and  adding,  we  obtain 

which  is  the  same  as  (2)  of  Art.  189,  since  the       eddon-codiies 

of  the  radius  of  curvature  are  —  p  -j-r »  —  p  -r?  • 

"^  dr^        ^  dr 

The  curve  formed  by  the  string  is  found  by  eliminating  T  from 
(7)  and  (8) ;  hence  its  equation  is 
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If  the  external  force  at  every  point  of  the  string  is  normal  to 
its  direction,   the  tension  is  constant  throughout,  as  at  once 

appears  from  (6) ;  for  jg  +  ^ |  is  the  tangential  component 

of  the  external  force  per  unit  mass.  This  is  the  case  when, 
for  example,  the  string  is  stretched  over  any  smooth  curve,  and 
acted  on  by  no  force  except  the  reaction  of  the  curve  and  two 
terminal  tensions  (which  must  be  equal).  Thus  we  have  proved 
the  truth  of  our  assumption  in  Art.  33. 

191.]  Catenary  of  Uniform  Strength  in  General.  The  force 
per  unit  mass  at  any  point  of  a  string  having  any  components  X, 
Y,  if  the  area  of  the  normal  section,  <r,  at  this  point  is  propor- 
tional to  T,  the  tension  at  the  point,  the  catenary  will  be  of 
uniform  strength.  If  then  i  is  the  mass  of  the  substance 
of  the  string  per  unit  volume  at  any  point,  m  =^  k<r  in  the 
previous  equations,  and  if  we  put  a  =  fiT,  where  /a  is  a  constant 

/  area  \ 

(of  the  nature^ )  >  into  (3)  and  (4)  of  Art.  190,  we  have 

for  the  catenary  of  uniform  strength,  whose  equation  is  found 
by  eliminating  T  from  these  equations.  This  is  done  by  simple 
division,  and  we  have 

d^x  dy      d'^ydx  _,    r     dx         dy  x 
'd^T9'"d?di'''^y^di''^~diy 

Remembering  that,  if  i^  is  the  angle  made  by  the  tangent  with 
the  axis  of  jr,  we  have  * 

dx  dy        ,     ^  d9 

this  equation  is  =  ^f^i^, 

P 

where  N  is  the  normal  force  per  unit  mass  measured  along  the 
normal  in  the  sense  of  p ;  and  this  equation  could  have  been 
at  once  obtained  from  (2)  of  Art.  189. 

Consider  the  particular  case  in  which  the  applied  force  has 
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a  constant  direction  at  all  points  in  the  string ;  and  take  this 
direction  as  that  of  the  axis  of  jr.     Hence 

where  Y^  is  the  force  per  unit  mass  at  the  point  (a?,  y).  Com- 
paring these  with  the  equations  for  a  string  of  constant  section 
acted  on  by  parallel  forces  whose  intensity  is  F  at  the  point 
(^»  y)i  ^0  isee  that  the  two  curves  will  be  the  same  provided  that 

1  =-/-=-• 
fi     as 

Thus,  if  7' =^  J- ,    for  which  law  (see  Art.  187)  a  uniform 

catenary  would  hang  in  a  parabola,  the  catenaiy  of  uniform 
strength  is  the  common  catenary. 

192.]  String  acted  on  by  a  Central  Force.  When  the 
lines  of  action  of  the  forces  applied  to  the  various  elements  of  the 
string  pass  all  through  the  same  point,  the  force  acting  on  the 
string  is  said  to  be  central,  and  this  point  is  called  the  cenlre  of 
force.  It  is  easy  to  prove  that  in  this  case  the  string  must  lie  in 
a  plane  passing  through  the  centre  of  force.  For  (Art.  1 89)  the 
plane  of  the  tangents  at  P  and  Q  must  contain  the  centre  offeree ; 
and  since  two  consecutive  osculating  planes  have  a  tangent  line 
to  the  string  common,  these  two  planes,  having  in  addition  a 
point  (the  centre  of  force)  common,  must  be  identical.     Hence 

the  osculating  plane  is  the  same  at 

all  points  ;   or  the  string  must  lie 

wholly  in  one  plane. 

To  find  the  form  assumed  by  a 

string  acted  on  by  a  given  ceniral 

force. 

Let  0  (Fig.  235)  be  the  centre 

of  force  (supposed  repulsive),  PQ 
Fig.  235.  ^^  element  of  the   string  whose 

equilibrium  is  considered  apart,  r 
the  radius  vector  OP,  6  the  angle  POA  between  OP  and  a  fixed 
initial  line,  s  the  length  of  the  are  AP,  and  p  the  perpendicular 
from  0  on  the  tangent  at  P.  Then,  for  the  equilibrium  of  the 
element  PQ,  taking  moments  about  0,  we  have 

moment  of  tension  at  P  =  moment  of  tension  at  Q; 


«.Zrf.(-;^+e) 
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or  Tp=:Tp  +  d{Tp\ 

.-.    Tp^h,  (1) 

where  A  is  a  constant*. 

Denote  the  tensions  at  P  and  Q  by  7  and  T+dT  respectively. 

Resolve  the  forces  acting  on  PQ  along  the  tangent  at  P,  let 

m  =  mass  per  unit  length  at  P,  and  let  the  central  force  be  m  Fd9. 

Then  this   force   passes  through   the  point  of  intersection  of 

tangents  at  P  and  Q,  and  the  cosine  of  the  angle  between  its 

dr 
direction  and  the  tangent  at  P  is  ^  ^  +  e,  where  €  is  indefinitely 

small.     In  the  equation  of  resolution  the  component  o(mFd$  is 

dr 

ds 
so  that  €  may  be  neglected,  and  we  have 

dT=  ^mFdr.  (2) 

Equations  (1)  and  (2)  determine  the  form  of  the  curve. 

If  the  central  force  is  attractive^  the  sign  of  F  must  be 
changed  in  (2),  and  the  curve  of  equilibrium  will  be  convex 
towards  0. 

It  is  usual  in  the  discussion  of  central  forces  to  denote  —  bv  «. 

r    • 

Making  this  substitution^  and  eliminating  T  from  the  above 

equations,  we  have      mF^        ^^A.  ,^v 

—^du^hd(-)*  (3) 

w^  ^p^ 

But  (Williamson's  DifferetUial  CalculuSy  Chap.  XII), 

mF 
Hence,    denoting  -j-  by  ^(«),   and  /<f>{u)du   by   ^(«),   an 

arbitrary  constant  being  implied  in  <p^  («),  we  have  from  (3) 

It  is  often  more  convenient  to  retain  a  differential  equation  of 
the  second  order  for  uf.     Differentiating  (4)  we  have,  dividing 


*  Of  course  this  proof  holds  whether  the  portion  PQ  is  an  element  of  length 
or  a  portion  of  any  length,  however  great. 

+  This  method  of  treating  the  equilibrium  of  a  string  acted  on  by  a  central 
foroe  is  taken  from  a  paper  by  Professor  Townaend  in  the  Qwxrteriy  Jowmal  0/ 
Pure  and  JppHed  Mathematics,  1874. 
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du 
out  ty  ;j^  >  ft^d  remembering  that  ^i'(«)  =  <f)  («), 

Now,  since  the  integration  of  (4)  gives  u  in  terms  of  0,  and 
introdoces  an  arbitrary  constant  in  addition  to  that  already 
involved  in  ^i(tt),  we  see  that  the  solution  of  the  problem 
involves  only  two  arbitrary  constants.  But  (5)  will  require 
two  integrations  to  express  u,  and  each  integration  will  intro- 
duce an  arbitrary  constant.  Hence  it  appears  that  in  this  way 
we  get  tAree  arbitrary  constants,  instead  of  two.     These  three 

are,  however,  easily  connected,  since  the  values  of  u  and  (;7^) 

given  by  the  complete  integral  of  (5)  must  satisfy  (4)  for  all 
values  of  u. 

As  an  example,  let  it  be  required  to  discuss  the  form  of  a  string 
of  uniform  section  and  density  when  the  central  repulsive  force  varies 
inversely  as  the  square  of  the  distance.  In  this  case  tn  is  constant, 
and  /*=  /i^u',  f/  being  a  constant  which  obviously  denotes  the  magni- 
tude of  the  force  per  unit  mass  of  matter  at  the  unit  distance  from 
the  centre  of  force. 

Hence  we  have,  putting  mjui'  =  ft, 

T=  (7-hfiu, 
C  being  a  constant.     If  T^  denote  the  tension  at  a  point  A  of  the 

string  whose  distance  from  the  centre  is  -  >  we  have,  evidently, 

=  /i(t«-hc),  suppose. 

Hence,  <55)  +^  =  ^.(^  +  ^^  («) 

which  gives,  by  differentiation, 

_  +  (l__)„_^^,  =  0.  (7) 

First,   suppose  that  ^<  1>   and   denote   1  — tj  by   A*.      Then   this 
equation  becomes         d^u       ^,        1— A' 

the  integral  of  which  is 

t*  =  — ^-5— c+ilcoBA(^— a), 


u  =  - 


t 
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A  and  a  being  the  constants  of  integration.     Substituting  this  value 

yrz~A« 

of  u  in  (6),  we  have  A  =  — -^ —  c,  and  therefore 

c|l-f  ^_i_cosA(e?-Q)|'  .(8) 

The  value  of  a  is  found  by  putting   u  =  a  and  ^  =  the  angle 
belonging  to  the  point  A, 

When  0  =  a,  -T^  =  0,  and  there  is  an  apse.     If  the  initial  line  be 
du 

taken  through  the  apse,  and  T^  and  a  belong  to  this  point,  we  have 

T               h 
c  ^  -^—az=^{^ 1)0,  and  (8)  assumes  the  simple  form 

«  =  -2_(J+co8X0),  (9) 

which  differs  from  the  focal  polar  equation  of  a  conic  in  having  the 
angle  multiplied  by  a  number,  X,  less  than  unity. 

If  ~->l,  we  must   put  77— 1  =  X%   and  putting  juia  — 3r^  =  fic, 
equation  (6)  becomes      /<^^v*       f  —  ^'/    _  \t 

which  gives  u  =  i±^c  +  i4«^«+^-^,  (10) 

the  constants  A  and  B  being  connected  by  the  equation 

Equation  (10)  can  obviously  be  written 

or  u  =  ^-^c  ll  +  -_L=[^(«-.)  +  e-A(«-«)]l.  (11) 

^        (         2'/l  +  A»'-  ) 

When  ^  =  a,  there  is  an  apse,  and  if  the  initial  line  be  taken 
through  the  apse,  we  have,  in  the  same  manner  as  before, 


A 
figure  of  equilibrium  is  a  circle. 


If  ^=  1,  both  (9)  and  (12)  give  u  =  a,   a   constant;    and  the 
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out  ty  ^ ,  and  remembering  that  ^i'(«)  =  0  (u), 

^  +  w=^</;i(w).«(«).  (6) 

Now,  since  the  integration  of  (4)  gives  u  in  terms  of  0,  and 
introdoces  an  arbitrary  constant  in  addition  to  that  already 
involved  in  ^i(^),  we  see  that  the  solution  of  the  problem 
involves  only  two  arbitrary  constants.  But  (5)  will  require 
two  integrations  to  express  u^  and  each  integration  will  intro- 
duce an  arbitrary  constant.  Hence  it  appears  that  in  this  way 
we  get  tAree  arbitrary  constants,  instead  of  two.     These  three 

are,  however,  easily  connected,  since  the  values  of  n  and  (^) 

given  by  the  complete  integral  of  (5)  must  satisfy  (4)  for  all 
values  oi  u. 

As  an  example,  let  it  be  required  to  discass  the  form  of  a  string 
of  imiform  section  and  density  when  the  central  repulsive  force  varies 
inversely  as  the  square  of  the  distance.  In  this  case  m  is  constant, 
and  F  =  fiu*,  yf  being  a  constant  which  obviously  denotes  the  magni- 
tude of  the  force  per  unit  mass  of  matter  at  the  unit  distance  from 
the  centre  of  force. 

Hence  we  have,  putting  mf/  =  fi, 

T=  (7+ fit*, 
C  being  a  constant.     If  T^  denote  the  tension  at  a  point  A  of  the 

string  whose  distance  from  the  centre  is  -  >  we  have,  evidently, 

T=T^-yLa  +  tiu 
=  /i  (u  +  c),  suppose. 

Hence,  (5?)'+'*'  =  X«^«*+«')'-  (6) 

m 

which  gives,  by  differentiation, 

_  +  (l_^)«_^^e  =  0.  (7) 

First,   suppose  that  Ti<  1>   and   denote   1  — tj  by   A*.      Then   this 
equation  becomes         cPm     ,.,        1— A'  , 

the  integral  of  which  is 

t*  =  — Tjj— c  +  ilcoBA(^— a), 


u  = 


K 
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A  and  a  being  the  constants  of  integration.     Substituting  this  value 

of  u  in  (6),  we  have  A  = -^ —  c,  and  therefore 

A 

c|l  +  -^=L=co8\(<?-a)|-  .(8) 

The  value  of  a  is  found  by  putting   u  =  a  and  0  =  the  angle 
belonging  to  the  point  A. 

When  ^  =  a,  -r^  =  0,  and  there  is  an  apse.     If  the  initial  line  be 

dd 

taken  through  the  apse,  and  T^  and  a  belong  to  this  point,  we  have 
c  =z  -^—az=  ( 1)0,  and  (8)  assumes  the  simple  form 

u  =  -^(r  +  co8A^),  (9) 

which  differs  from  the  focal  polar  equation  of  a  conic  in  having  the 
angle  multiplied  by  a  number,  A,  less  than  unity. 

If  Yj>l,  we  must   put  77— 1  =  A',   and  putting  yia  —  T^^z  {ac, 
equation  (6)  becomes      /^x*       a  —  f^/    _  \« 

which  gives  u  =  ^^c-hAe^^  +  Be-^,  (10) 

the  constants  A  and  B  being  connected  by  the  equation 

^5  =  i^%' by  (4). 
Equation  (10)  can  obviously  be  written 


u  =  4^c-il  +        l_^[^(^-»  +  e-A(^-«)]}.  (11) 

When  6  =  a,  there  is  an  apse,  and  if  the  initial  line  be  taken 
through  the  apse,  we  have,  in  the  same  manner  as  before, 

"=;:— )a+— 2— }•  ^'^^ 

If  ^=  1,  both  (9)  and  (12)  give  u  =  a,   a   constant;    and  the 
h 

figure  of  equilibrium  is  a  circle. 
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Equation  (8)  can  be  written  in  the  form 

I 

-=  l+«co8A(d— a), 

T 
«"— 1 

where  \*  =  — =—  >  and  (11)  can  be  written 

-  s=  l'^ecoshk{0—a), 
where  X*  =  — r—  • 

For  the  remarkable  analogy  between  the  carve  of  equilibrium 
of  a  flexible  string  and  the  orbit  of  a  particle  under  a  given 
force,  see  Professor  Townsend's  Paper,  and  Thomson  and  Tait's 
Nal.  Phil. 

193.]  Apsidal  Angle.  To  find  the  angle  between  the  apsides 
in  a  string  which,  under  the  action  of  a  central  force,  assumes  a 
form  nearly  circular. 

Def.  An  apse  is  a  point  on  a  curve  at  which  the  radius  vector 
is  at  right  angles  to  the  tangent. 

Since  the  form  of  the  string  is  nearly  circular,  u  will  differ  from  a 
constant  value,  a,  by  a  small  variable  quantity,  x. 

Let,  then,  u  =  a-\-x.  In  this  case  ^j  («)  =  4>i(p^  +  ac<^(a). 
neglecting  higher  powers  of  a?;  and  <^ (w)  =  <;^ (a)  +  aj<^  (a).  For 
shortness,  denote  <f>i(a),  <^(a),  and  <;^'(a)  by  <^j,  0,  and  if/  respectively. 
Then  (5)  of  last  Art.  becomes 

^  +  a  +  a?=  i{<M>i  +  (<*»i0'  +  0*)a?}.  (1) 

But  if  the  string  were  exactly  circular,  x  and  -^—  would  always 

=  0  :  therefore  a  =  ^^  j  or 

A* 


d0^ 


1  « 

Hence  (1)  becomes 

The  constant  a  may  be  chosen  as  the  reciprocal  of  the  radius  of 
any  circle  which  nearly  coincides  with  the  figure  of  the  string ;  but 
simplicity  is  gained  by  taking  it  equal  to  the  reciprocal  of  the  radius 
of  that  circle  in  which  the  tension  at  each  point  is  equal  to  the  mean 
tension  in  the  string. 

Now  in  a  circle  of  radius  -  the  tension  (see  (2),  Art  189)  is  a^; 
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and  (2)  of  last  Art  gives  T  in  the  curve  equal  to  <f>^  {u\  and  there- 
fore the  mean  tension  =  <^| .     Hence 

a<f>  =  <l>^, 

and  (3)  finally  becomes       (Px      a<f/    ^ 

If  — ^  be  positive,  the  value  of  a;  in  terms  of  6  will  be  exponential, 
9 
and  the  nearly  circular  form  becomes  impossible,  since  the  value  of  te 
increases  indeBnitely  with  0, 

For  the  possibility  of  a  nearly  circular  form  -^  must  be  negative, 
and  we  have  9 

aj  =  ilcos(A  /  — ir^^""^)" 

Hence,  since  at  an  apse  tb  =  ^>  ^  Tn  =  ^>  ^^  ^^^  arrive  at  an  apse 
whenever  ^^  ^^ 


8in(^-^Va)  =  0, 


and  the  difference  between  two  successive  values  of  Q  which  satisfy 
this  equation  is 


V 


-a<^' 


which  is,  therefore,  the  angle  between  the  apsides*. 


194.]  Diagram  of  Tensiozis.  When  a  string  is  in  equilibrium 
mider  the  action  of  any  specified  distribution  of  force  on  its 
varions  elements  of  lengthy  we  may,  of  coarse,  construct  a  force- 
polygon,  such  as  that  in  Fig.  30,  p.  42,  whose  sides  are  propor- 
tional and  parallel  to  the  resaltant  forces  acting  on  the  successive 
infinitesimal  elements  of  arc  of  the  string.  Of  course  the  sides 
of  this  force-polygon  will  not  be  of  finite  length,  as  they  are  in 
Fig.  30  ;  they  wiU,  in  fact,  form  a  continuous  curve — let  us  say, 
the  force^curve.  And  again^  there  vrill  be  a  pole,  0  (Fig.  30), 
from  which  if  radii  vectores  are  drawn  to  the  force-curve,  these 
radii  vectores  will  be  parallel  and  proportional  to  the  tensions  of 
the  string  at  the  corresponding  points.  Hence  if  T  denotes  the 
tension  of  the  string  at  any  point  P,  and  \/f  is  the  angle  which 
the  tangent  at  P  makes  with  any  fixed  line  through   0,  the 


*  This  investigation  is  taken  from  the  paper  by  Professor  Townsend  pre- 
TioQsly  referred  to. 
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polar  co-ordinates  of  the  point,  IT,  on  the  force-curve  corre- 
sponding to  P  can  be  taken  as 

and  the  rectangular  co-ordinates  of  FT  are  {Tcos  ^,  T'sin  ^) ;  so 
that  if  we  denote  these  co-ordinates  by  f£,  17),  equations  (7)  and 
(8)  of  Art.  190  can  be  written 

i^A^fmXds,  (1) 

I,  =  B^fmYds,  (2) 

and  if  we  can  express  each  variable  at  the  right-hand  sides  of 
these  equations  as  a  function  of  9  alone,  the  equation  of  the 
force-curve,  and  therefore  the  diagram  of  tensions,  will  be 
obtained  by  eliminating  s  from  these  equations. 

For  any  string,  uniform  or  not,  under  the  action  of  gravity 
or  of  any  system  of  parallel  forces,  the  force-curve  is  a  right  line 
parallel  to  the  common  direction,  and  the  perpendicular  from  the 
pole  0  on  this  line  represents  r,  the  constant  component  which 
the  tension  at  every  point  has  perpendicular  to  the  direction  of 
the  parallel  system. 

In  the  case  of  a  string  acted  upon  by  a  central  force,  as  in 
Fig.  235,  the  equations  of  equilibrium  obtained  by  resolving  along 
the  tangent  and  normal  for  an  element  PQ  are 

dT+mFdr  =  0,  (3) 

Td\lf--mFrde  =  0,  (4) 

where  OP  =  r,  /.  POA  =  d,  \/f  =  the  angle  made  with  OA  by 
the  tangent  at  P,  measured  in  the  same  sense  as  6, 

We  have  obviously  cot  (^—  ^)  =  —7^ ; 

dT 
.-.     J^=  -cot(^-^),  (6) 

so  that  the  relation  between  T  and  ^,  i.  e.,  the  equation  of  the 
force-curve,  is  obtained  by  expressing  0  in  terms  of  ^r  (from  the 
equation  of  the  curve  of  the  string)  and  substituting  in  the 
right-hand  side  of  (5),  which  then  becomes  a  function  of  ^  alone. 
As  an  example,  take  the  case  of  a  uniform  string  acted  upon  by  a 

central  force  -j .      From  (3)  we  have 
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where  C  is  some  constant.  If  for  simplicity  we  consider  C  =  0 
— or,  in  other  words,  if  we  imagine  that  at  one  end,  A^  of  the 
string,  distant  c  from  the  centre  of  force>  the  tension  is  by  any 

«  

external  means  made  equal  to  --5  — we  have  f  =  — ^ »  and  the 

equation  7]o  =  A  (p.  363)  gives 

p  ^2h 

which  shows  the  curve  of  the  string  to  be  a  circle  passing  through 
the  centre  of  force.  If  the  string  followed  the  circle  all  round, 
the  tension  would  be  infinite  at  the  centre  of  force,  but  we  may 
suppose  the  string  to  have  two  fixed  ends,  A  and  By  at  any  points 
of  its  length. 

IT 

Hence  ^  =  2^—  ->  and  (5)  gives 

dT       ^      /w      ^ 


='«'(in*) 


2W^ 

k 


r  = 


1  —  sm  V^ 

where  ^  is  a  constant.     This  is  the  equation  of  the  force-curve, 
which  is,  therefore,  a  parabola  whose  focus  is  the  centre  of  force. 

195.]  String  on  Smooth  Plane  Carve.  Consider  the  case 
of  an  inextensible  string  resting  on  a  smooth  plane  curve  under 
the  action  of  any  forces  in  the  plane  of  the  curve,  and  let  Fig.  234 
represent  this  case.  Then  into  the  equations  of  Art.  189  we 
have  merely  to  introduce  the  normal  reaction,  Itds*^  acting  on 
the  element  PQ  in  the  direction  nP. 

Resolving  tangentially,  we  obtain 

dT 

-J-  A-mFcoB<ti  =  0.  (!) 

Resolving  normally, 

T 

mPsm<f>^S=0.  (2) 

*  The  student  will  observe  that  in  considering  the  equilibrium  of  an 
element  of  length  da  we  rapresent  the  reaction  of  a  curve  on  it  by  Rds^  and 
the  applied  force  hy  mFdSf  while  we  represent  the  tension  by  T,  and  not  by 
Tds.  The  reason  of  this  is  that  the  tension  depends  merely  on  the  cross 
section  of  the  element  and  not  on  its  length,  while  the  magnitude  of  the 
reaction  depends  evidently  on  the  length  of  the  element  in  contact  with  the 
curve. 
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These  are  the  most  nseful  resolotions  in  the  case  of  a  string 
resting  on  a  carve.  Equations  of  resolution  along  arbitrary 
axes  may,  of  course,  be  obtained  by  introducing  the  components 
of  U  into  the  general  equations  of  Art.  190. 

From  ( 1 )  we  obtain  T  =  C^/m  Fcos  <f}  ds,  C  being  a  constant ; 
and  if  we  denote  the  general  integral  /mFco^(t>ds  by  F",  its 
value  when  the  co-ordinates  of  A  are  substituted  in  F  being 
Fq,  while  Tq  is  the  tension  at  A^  we  have 

We  shall  refer  to  F  as  the  potential  of  the  external  forces  at  P. 

196.]  String  on  Boogh  Plane  Carre.  If  the  curve  in  the 
preceding  Article  is  rough,  and  the  string  in  limiting  equi- 
librium, slipping  being  about  to  take  place  in  the  direction  QP, 
we  have  merely  to  include  among  the  forces  acting  on  the 
element  PQ  a  tangential  force  ixRdfy  the  coefficient  of  friction 
being  /a  and  the  normal  reaction  Rds,  as  before. 

Equations  (l)  and  (2)  of  last  Article  now  become 

dT 

-hmFco8<f>  +  tiR=  0,  (1) 


ds 


wFsind)— J?=  0. 

P 


(2) 


It  will  be  observed  that  the  components  of  reaction,  Rds  and 
yiRds,  are  in  the  figure  represented  as  acting  at  P.     In  strictness, 

/Rd.  ^^  course,  they  do  not  act 

T'*^^       /  at  P;  but  in  the  limit  the 

same  equations  will  be  ob- 
tained, no  matter  at  what 
point  between  P  and  Q  we 
represent  them  as  acting. 

Consider  the  simple  case 
in  which  there  is  no  external 
force    continuously    applied 
throughout  the  string,  or  P=  0.    Then  these  equations  become 

dT + liRds  :=!  0^  (3) 

Tde-^Rds=:0.  (4) 

dT 
Hence  -=  +fide  =  0,     /.  T=  Ce"^, 


C  being  the  constant  of  integration,  and  0  the  angle  between  the 
tangent  at  the  point  P  and  the  tangent  at  some  origin  point,  A, 
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on  the  string.  If  T^  is  the  tension  at  A,  we  have  T  =  Tq  when 
^  =  0  ;  therefore  T  =  T  e"^^,  (b) 

Hence,  as  the  angle  through  which  the  string  tnms  increases  in 
arithmetical  progression,  the  tension  decreases  in  geomeirieal 
progression. 

Suppose  that  (the  weight  of  the  string  being  neglected)  two 
masses,  P  and  Q,  are  suspended  from  the  extremities  of  a  string 
which  passes  over  a  fixed  rough  cylinder  whose  axis  is  hori- 
zontal, the  string  lying  in  a  plane  perpendicular  to  this  axis ;  it 
is  required  to  find  the  relation  between  P  and  Q  when  the 
equilibrium  is  limiting. 

Let  A  (Rg.  2^6)  be  the  point  at  which  the  portion  of  the 
string  next  P  leaves  the  cylinder,  and  B  the  point  at  which  the 
portion  next  Q  leaves  it. 

Then  from  (5),  by  putting  T^  =  weight  of  P  and  ^  =  xr,  we 
have  q  ^  p^-^ir^  (6) 

when  P  is  about  to  overcome  Q.  If  P  is  on  the  point  of 
ascending,  the  sign  of  11  in  this  equation  is  to  be  changed. 

If  the  string  makes  a  complete  revolution  and  a  half  round 
the  cylinder,  the  value  of  B  corresponding  to  Q  is  3  ^,  and  we 
have  in  this  case  Q  =  P^ "*'*'.  The  factor  e~*^  diminishes  very 
rapidly  as  the  angle  increases,  and  thus  we  see  how  it  is  that 
a  small  force  applied  at  one  extremity  of  a  rope  coiled  several 
times  round  a  fixed  rough  cylinder  can  overcome  a  large  force 
applied  at  the  other  extremity — a  practical  example  of  which 
occurs  when  the  small  motion  of  a  ship  in  harbour  is  stopped  by 

a  small  force  applied  at  the  extremity  of  a  rope  coiled  round  a 

P 

fixed  poet.     For  example,  if  /x  =  i,  e**'  =  4  .  8,  and  Q  =  - — -  • 

4.0 


Examples. 

1.  A  uniform  inextensible  string,  acted  on  by  gravity  and  by  two 
terminal  tensions,  rests  in  contact  with  a  smooth  carve  in  a  vertical 
plane ;  find  the  form  of  this  curve  so  that  the  pressure  which  it  exerts 
on  the  string  may  at  every  point  be  inversely  proportional  to  the 
radius  of  curvature. 

Let  vertical  and  horizontal  lines  in  the  plane  of  the  curve  be  taken 
as  axes  of  y  and  sc,  respectively,  and  let  ihe  concavity  of  the  curve  be 
upwards. 

B  b  2 
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Then,  R  being  the  pressure  per  unit  of  length  at  any  point,  and  T 
the  tension  at  this  point,  we  have,  by  resolving  along  the  tangent, 

dT  =  mgdy, 

mg  being  the  weight  of  a  unit  of  length  of  the  string.     Hence 

T^T,^-mg{y^y,\  (1) 

1\  and  y^  belonging  to  one  end  of  the  string. 
Again,  resolving  normally, 

Tde—mgdx=iRd8, 
(dO  being  the  angle  between  two  consecutive  tangents),  or 

^-mg-^R.  (2) 

k 
Let  R  =  -9  k  being  a  constant.     Then  from  (1)  and  (2) 

T^^k+mgjy-y^i dx 

p  ds 

y—\      dx 

denoting  the  numerator  of  the  left-hand  side  of  the  previous  equation 
by  fngi^—k),  for  simplicity.     To  integrate  (3),  put 

dx            1                ,          (l+i>*)*     ,  dy 

-z-  =     ,  J  and  p  = 5-^  where  »  =  -^  • 

ds      vT+p  «^  ^ 

dy 

pdp  dy 

The  equation  then  becomes     f     „  =  — ^j 
^  1  +;>'      y-k 

/A  being  the  constant  introduced  by  integration. 
From  this  equation  we  have 


which  gives  by  integration 


y-^+^(y-A)-j^  =  ^'". 


where  h  is  an  arbitrary  constant.     This  equation  can  easily  be  put 
into  the  form 

^  2  2ifi* 

Now,  any  expression  of  the  form  Ae!^* ■\- Be~^'  can  be  put  into  the 
form  C  {«''<'+**>  + d-''<'+"^ } ; 
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for,  identifying  the  two  expressions,  we  have 

C  =  VAB,  and  6"^  =  ^  ~ 

Hence  we  have        y— A  =  ;r-  iiu«'*' 4.  __«"■'"( 

2/x(  '^  h\i         ) 

where  «''*'  =  6fi. 

This  is,  of  course,  the  equation  of  a  common  catenary  whose  para- 
meter is  ->  and  whose  origin  is  the  point  (A,  —a). 

2.  A  uniform  inextensible  string,  acted  on  by  two  terminal  ten- 
sions, and  any  system  of  conservative  forces  in  one  plane,  rests  in 
contact  with  a  smooth  curve  in  this  plane;  if  at  every  point  the 
pressure  against  the  curve  is  inversely  proportional  to  the  radius  of 
curvature,  then,  without  any  change  in  the  forces,  the  tension  at  one 
extremity  can  be  so  varied  that  the  constraining  curve  may  be  removed, 
and  the  string  will  rest  in  free  equilibrium. 

For,  if  V  denote  the  potential  of  the  applied  forces  at  any  point,  we 
have  (Art.  195)  T'  =  ^^-(K-  TJ.  (l) 

Again,  if  N  denote  the  normal  component  of  applied  forces  at 
any  point  measured  towards  the  convex  side  of  the  curve,  and  R  the 
pressure  per  unit  of  length  at  this  point, 

-=22-h3^.  (2) 

P 

k 
Suppoee  that  i?  =:  -•     Then,  from  (1)  and  (2)  we  have 

n-^-(>^-^^o)_^V=0.  (3) 

P 

Let  us  now  change  the  terminal  tension  T^  into  T^—k^  and  in- 
vestigate the  pressure  of  the  curve  at  the  point  considered  a1)ove. 
Denoting  the  new  pressure  by  Rf,  and  the  new  tension  by  ^,  there 
being  no  change  in  any  of  the  applied  forces,  we  have 

r^T,^k--{v^v,\ 

P 

from  which  K  =  "^^"^^^^^^^  ^N\ 

9 

but  the  right-hand  side  of  this  equation  is  zero  by  (3).     Hence  there 

is  no  pressure  at  any  point,  and  the  curve  is  one  of  free  equilibrium. 

It  is  obvious  that  the  last  example  is  a  particular  case  of  this. 

3.  A  string  is  kept  in  equilibrium  in  the  form  of  a  closed  curve  by 
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the  action  of  a  repulsive  force  tendiug  from  a  fixed  point,  and  the  area 
of  the  cross-section  at  each  point  is  proportional  to  the  tension ;  prove 
that  the  repulsive  force  ut  any  point  is  inversely  proportional  to  the 
chord  of  curvature  through  the  centre  of  force.  (Wolstenholme's  Booh 
of  Matli,  Pr6b)     The  equations  are  (Art.  192), 

Tp  =  A,  (1) 

dT^--mFdr.  (2) 

Now,  w  =  A:(r,  and  hy  hypothesis  croc  Ti  and  k  is  constant ;  there- 
fore we  have  m^  fiT,  fx  being  a  constant.     Hence  from  (2) 

dT 

-  =.  -fiFdr.  (3) 

But  from  (1),   dT= ^dp,   therefore  -^  = —^  and   we   have 

from  (3)  1    dp      2 

/x/y  =  -  .— -  =  -, 

p   dr       y 

where  y  is  the  chord  of  cui-vature  passing  through  the  pole  (see 
Williamsons  Diff,  Cat,,  p.  296,  sixth  ed.). 

As  a  particular  case,  we  may  notice  that  the  vertical  chord  of 
curvature  at  any  point  of  the  catenary  of  uniform  strength  (under 
gravity)  is  constant,  as  the  student  can  easily  prove  otherwise. 

4.  A  heavy  ineztensible  string  rests,  in  limiting  equilibrium,  on  a 
rough  curve  in  a  vertical  plane  ;  find  the  tension  at  any  point. 

Let  Fig.  236  represent  the  string  lying  on  the  curve  ;  let  a  hori- 
zontal line  above  the  curve  AB  he  the  axis  of  a?,  and  let  the  axis 
of  ^  be  drawn  vertically  downvrards. 

Then,  if  ^  be  the  angle  made  by  the  tangent  at  any  point,  P,  with 
Ihe  axis  of  a;,  mg  the  weight  of  a  unit  length  of  the  string  at  P,  and 
X,  y  the  co-ordinates  of  jP,  we  get  by  a  tangential  resolution  (slipping 
being  on  the  point  of  taking  place  from  P  to  Q), 

dT—\iRds-\-mgdy  =  0; 

and  by  a  normal  resolution 

Tde—Udn^-mgdx  =  0. 
Eliminating  jf?,  we  obtain 

dO     ^         ^^^dO     dO^ 

^mg(fico8O'-an0)p,  (1) 

where  p  is  the  radius  of  curvature  at  P. 

This  is  a  linear  differential  equation  of  the  first  order,  the  solution 
of  which  is  (Boole's  Differential  Eqtiationa,  p.  39), 

T  =z  e*"^  {C  +/mgp(jico8e-sme)e''''Ue},  (2) 

C  being  a  constant. 

When  the  curve  of  constraint  is  given,  p  is  known  in  terms  of  0, 
nnd  the  integration  may  then  be  performed. 
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For  example,  let  the  string  rest  on  a  circle  of  radius  a,  one  ex- 
tremity being  at  the  highest  point,  and  free  from  tension. 
It  will  be  easily  found  that 

-11$ 
/(/x  cos  d-fiiu  6)  e~^ dO  =  - — -  {2ft sin  d  +  (1  -fx^)  cos  6], 

therefore  T  =  Ce*^  +  p^,  {2fi8in  ^  +  (1  -fi«)cosd}. 

1— a' 
At  the  highest  point  ^  =  0  and  ^  =  0  ;  therefore  C  =  —mga- — ^. 

Hence        r=  p^j2ft8ind+(l -/ui»)cosd-(l-fx^)«'**}. 

If  the  length  of  the  string  is  that  of  a  quadrant,  we  have  T  =  0 
when  d  =  -  9  and  then  fi  is  determined  from  the  equation 

'i     2,1 


i-f^' 


5.  A,  By  0  are  three  unequally  rough  pegs  in  a  vertical  plane ;  P 
is  the  greatest  mass  that  can  be  supported  by  a  mass  W  when 
both  are  connected  by  a  string  (whose  weight  is  neglected)  passing 
over  Af  B,  and  C;  Qia  the  greatest  mass  that  W  can  support  when 
the  string  passes  over  A  and  B ;  and  E  is  the  greatest  that  W  can 
support  when  the  string  passes  over  B  and  C.  Find  the  coefficients 
of  fHction  for  the  pegs. 

Employ  a  gravitation  measure  of  force,  and  let  the  same  symbol 
express  the  weight  and  the  mass  of  a  body,  as  explained  in  Art.  188. 
Let  the  inclinations  of  AB  and  BC  to  the  vertical  (measured  in  the 
same  sense)  be  a  and  )3,  respectively;  /a,  fi^  M^^  ^^^  coefficients  of 
friction  of  A,  B,  C,  Then,  if  the  string  passes  over  all  the  pegs 
and  TThangs  from  A,  it  follows  from  equation  (5)  of  Art.  196,  that 

the  tension,  T,  in  the  portion  AB  is  We^  ;  and  by  the  same  equation, 

the  tension,  P,  in  BC  is  ^6**'^— ^;  and,  finally,  P=  Tf^'^'-^l    Hence 

and  the  equations  are  obviously 

Ma+fi'(^-a)  +  /x'V-^)  =  log^, 

fia+fi^ir-a)  =log^, 

/^+fl>-^)  =  l0g|:, 

1  Qlf 

from  which  fJ^  /x',  ft"  can  be  found.     The  value  of  fi'  is  —  log  -^jp* 

6.  A  heavy  uniform  chain  rests  in  limiting  equilibrium  on  a  rough 
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cycloidal  arc,  whose  axis  is  vertical  and  vertex  upwards,  one  extremity 
being  at  the  vertex  and  the  other  at  the  casp ;  prove  that 

1+M" 
(Wolstenhobne's  Book  ofMcUh,  Frob,) 

7.  A  uniform  inextensible  string  whose  length  is  {  hangs  in  limit- 
ing equilibrium  over  a  fixed  rough  cylinder  of  radius  a  whose  axis  is 
horizontal ;  find  the  lengths  of  the  portions  which  hang  vertically. 

I — Tj-^j         2uci 

Ans. h >  and  a  value  obtaiaed  by  chanffinfir  the 

1  +e-'*»      l+fi«  ^  ^    ^ 

sign  of  fjL  in  this  expression. 

8.  Two  equal  masses  are  attached  each  to  the  extremity  of  a 
string  which  hangs  over  a  rough  cylinder  whose  axis  is  horizontal ; 
find  how  much  either  mass  must  be  increased  in  order  that  it  may 
begin  to  descend,  the  weight  of  the  string  being  neglected. 

Ana.  The  increase  of  mass  =  F  («'**'—  1),  where  F  is  the  common 
value  of  the  suspended  masses. 

9.  A  string,  whose  weight  is  neglected,  passes  over  any  number  of 
equally  rough  fixed  circular  pulleys  in  a  vertical  plane ;  show  that  the 
ratio  of  two  masses,  suspended  from  the  extremities  of  the  string,  which 
just  sustain  each  other,  is  the  same  as  if  only  one  pulley  were  used. 

10.  A  heavy  uniform  bar  is  moveable  in  a  vertical  plane  round  a 
smooth  hinge  at  oDe  extremity,  and  has  the  other  extremity  attached 
to  a  cord  which  passes  over  a  small  rough  peg  placed  vertically  over 
the  hinge,  and  sustains  a  given  weight ;  find  the  position  of  limiting 
equilibrium,  and  the  tension  of  the  cord. 

Ans,  If  W  =  weight  of  bar,  F  =  weight  of  suspended  mass,  T 
the  tension,  2a  =  length  of  bar,  2c  =  distance  of  peg  from  hinge, 
0  =  inclination  of  beam  to  vertical,  and  <f>  =  inclination  of  cord  to 
vertical,  the  position  in  which  the  bar  is  about  to  descend  is  given 
by  the  equations  c  sin  <^  =  a  sin  {$  -  <^), 

T  =  Pc''^'-*', 
irasin^  =  2rc8in<^. 

11.  A  uniform  inextensible  string  assumes  the  form  of  a  circle 
under  the  influence  of  a  repulsive  force  emanating  from  a  point  on  its 
circumference ;  find  the  law  of  force. 

Ans.  It  varies  inversely  as  the  cube  of  the  distance. 

12.  A  uniform  inextensible  string  is  in  equDibrium  under  the 
action  of  a  central  repulsive  force ;  prove  that  at  each  point  of  the 

string  this  force  oc  — >  where  />  is  the  perpendicular  from  the  centre 

of  force  on  the  tangent,  and  y  the  chord  of  curvature  passing  thi-ougli 
the  centre  of  force. 
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13.  If  the  curve  of  equilibnum  is  an  ellipse  whose  focus  is  the 

centre  of  force,  the  force  at  any  point  oc  -77  >  where  V  is  the  semi- 

conjugate  diameter  con-esponding  to  the  point,  and  r  the  focal  distance 
of  the  point. 

14.  If  the  string  assume  the  form  of  an  ellipse  under  the  influenco 
of  a  repulsive  force  emanating  from  the  centre,  find  the  law  of  force. 

Ans,  The  force  is  directly  proportional   to  the   distance,   and 
inversely  proportional  to  the  conjugate  diameter. 

15.  If  an  inextensible  string  can  assume  the  same  plane  figure  of 
equilibrium  under  the  separate  action  of  any  number  of  forces,  it  can 
assume  this  figure  under  their  combined  action. 

(To  prove  this,  suppose  the  btring  under  the  combined  lustion  of  the 
forces  to  be  constrained  to  a  smooth  curve  of  the  given  figure,  and  it 
will  follow  tliat  the  pressure  at  every  point  of  this  curve  varies 
inversely  as  the  radius  of  curvature.  The  theorem  follows,  then,  from 
example  2.) 

1 6.  A  uniform  inextensible  string  rests  against  the  inner  side  of  a 
smooth  ellipse,  and  is   repelled   from  the  foci  and   the   centre   by 

the  following  forces :   -^  and  -~,  emanating  from  the  foci,  and  ^-^^— 

from  the  centre,  the  distances  of  a  point  on  the  string  from  the  foci 
being  r  and  t^,  respectively,  its  distance  from  the  centre  being  a^,  and 
the  semi-conjugate  diameter  corresponding  to  the  point  being  V.  Find 
the  pressure  on  the  curve  at  any  point. 

Aim.  If  T^  is  the  tension  of  the  string  at  the  extremity  of  the 

minor  axis,  E  =  pressure  per  unit  length  =  — - — - — - — 

(The  student  will  easily  see  from  Examples  2  and  15,  that  if  the 
curve  of  constraint  of  a  string  is  a  possible  curve  of  free  equilibrium 
under  the  action  of  the  given  forces,  the  pressure  will,  at  every  point,  be 

— ,  where  (7  is  a  constant.  The  result,  in  this  example,  might,  there- 
fore, be  at  once  obtained  by  this  principle. 

By  direct  calculation,  however,  the  result  is  obtained  with  little 
trouble.     The  equations  of  equilibrium  are 

T      ..      -|i      n'v  h       u."ah 
and  the  first  gives,  by  integration, 


The  student  will  do  well  to  apply  the  principle  explained  here  to 
the  kinetical  examples  in  Walton,  pp.  295  and  299,  second  edition. 
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cycloidal  arc,  whose  axis  is  vertical  and  vertex  upwards,  one  extremity 
being  at  the  vertex  and  the  other  at  the  cusp ;  prove  that 


1+ft" 
(Wolstenholme's  jSooik  of  Math,  Prdb.) 

7.  A  uniform  inextensible  string  whose  length  is  {  hangs  in  limit- 
ing equilibrium  over  a  fixed  rough  cylinder  of  radius  a  whose  axis  is 
horizontal ;  find  the  lengths  of  the  portions  which  hang  vertically. 

Ans. h ^>  and  a  value  obtaiaed  by  chancrinflr  the 

sign  of  /m  in  this  expression. 

8.  Two  equal  masses  are  attached  each  to  the  extremity  of  a 
string  which  hangs  over  a  rough  cylinder  whose  axis  is  horizontal ; 
find  how  much  either  mass  must  be  increased  in  order  that  it  may 
begin  to  descend,  the  weight  of  the  string  being  neglected. 

Ans.  The  increase  of  mass  =  P  («"■'—  1),  where  P  is  the  common 
value  of  the  suspended  masses. 

9.  A  string,  whose  weight  is  neglected,  passes  over  any  number  of 
equally  rough  fixed  circular  pulleys  in  a  vertical  plane ;  show  that  the 
ratio  of  two  maBses,  suspended  from  the  extremities  of  the  string,  which 
just  sustain  each  other,  is  the  same  as  if  only  one  pulley  were  used. 

10.  A  heavy  uniform  bar  is  moveable  in  a  vertical  plane  round  a 
smooth  hinge  at  one  extremity,  and  has  the  other  extremity  attached 
to  a  cord  which  passes  over  a  small  rough  peg  placed  vertically  over 
the  hinge,  and  sustains  a  given  weight ;  find  the  position  of  limiting 
equilibrium,  and  the  tension  of  the  cord. 

Ana,  If  IT  =  weight  of  bar,  P  =  weight  of  suspended  mass,  7' 
the  tension,  2a  =  length  of  bar,  2c  =  distance  of  peg  from  hinge, 
0  =  inclination  of  beam  to  vertical,  and  ^  =  inclination  of  cord  to 
vertical,  the  position  in  which  the  bar  is  about  to  descend  is  given 
by  the  equations  c sin <^  =  asin (^-<^), 

irasin^  =  27V;sin<^. 

11.  A  uniform  inextensible  string  assumes  the  form  of  a  circle 
under  the  influence  of  a  repulsive  force  emanating  from  a  point  on  its 
circumference ;  find  the  law  of  force. 

Aim,  It  varies  inversely  as  the  cube  of  the  distance. 

12.  A  uniform  inextensible  string  is  in  equilibrium  under  the 
action  of  a  central  repulsive  force ;  prove  that  at  each  point  of  the 

string  this  force  oc  — >  where  je>  is  the  perpendicular  from  the  centre 

of  force  on  the  tangent,  and  y  the  chord  of  curvature  passing  thi-ougli 
the  centre  of  force. 
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13.  If  the  curve  of  equilibrium  is  an  ellipse  whose  focus  is  the 
centre  of  force,  the  force  at  any  point  oc  -77  >  where  V  is  the  semi- 
conjugate  diameter  con-csponding  to  the  point,  and  r  the  focal  distance 
of  the  point. 

14.  If  the  string  assume  the  form  of  an  ellipse  under  the  influence 
of  a  repulsive  force  emanating  from  the  centre,  find  the  law  of  force. 

Ans,  The  force  is  directly  proportional  to  the   distance,   and 
inversely  proportional  to  the  conjugate  diameter. 

15.  If  an  inextensible  string  can  assume  the  same  plane  figure  of 
equilibrium  under  the  separate  action  of  any  number  of  forces,  it  can 
assume  this  figure  under  their  combined  action. 

(To  prove  this,  suppose  the  string  under  the  combined  (Action  of  the 
forces  to  be  constrained  to  a  smooth  curve  of  the  given  figure,  and  it 
will  follow  tliat  the  pressure  at  every  point  of  this  curve  varies 
inversely  as  the  radius  of  curvature.  The  theorem  follows,  then,  from 
example  2.) 

1 6.  A  uniform  inextensible  string  lests  against  the  inner  side  of  a 
smooth  ellipse,  and  is   repelled   from  the  foci  and   the   centre   by 

the  following  forces :   -~r  ai^d  -tt/  emanating  from  the  foci,  and  ^-77— 

ro  ro  0 

from  the  centre,  the  distances  of  a  point  on  the  string  from  the  foci 
being  r  and  t^,  resi>ectively,  its  distance  from  the  centre  being  a^,  and 
the  semi-conjugate  diameter  corresponding  to  the  point  being  b\  Find 
the  pressure  on  the  curve  at  any  point. 

Ana.  If  Tq  is  the  tension  of  the  string  at  the  extremity  of  the 

minor  axis,  E  =  pressure  per  unit  length  = 

(The  student  will  easily  see  from  Examples  2  and  15,  that  if  the 
curve  of  constraint  of  a  string  is  a  possible  curve  of  free  equilibrium 
under  the  action  of  the  given  forces,  the  pressure  will,  at  every  point,  be 

C 

— ,  where  (7  is  a  constant.  The  result,  in  this  example,  might,  there- 
fore, be  at  once  obtained  by  this  principle. 

By  direct  calculation,  however,  the  result  is  obtained  with  little 
trouble.     The  equations  of  equilibrium  are 

and  the  first  gives,  by  integration, 

1^      R    m' 


The  student  will  do  well  to  apply  the  principle  explained  here  to 
the  kinetical  examples  in  Walton,  pp.  295  and  299,  second  edition. 
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Section  II. 

Flexible  Extensible  Strings. 

197.]  Experimental  Law  of  Extension.  The  strings  which 
we  now  proceed  to  consider  are  extensible,  i.e.  such  as  have  their 
lengths  increased  when  they  are  in  a  state  of  tension.  For  such 
strings  we  shall  still  assume  the  property  of  complete  flexibility 
as  defined  in  Art.  181. 

The  law  of  extension  which  we  proceed  to  enunciate  applies 
not  only  to  flexible  strings  but  also  to  straight  bars  of  iron, 
steel,  &c. 

Let  Iq  denote  the  length  of  any  string  or  straight  bar  of 

uniform  section  when  it  is  not  subject  to  the  action  of  any 

external  force.     This  is  called  the  natural  length  of  the  string  or 

bar.     Let  o-  be  the  area  of  the  normal  section,  F  the  magnitude 

of  the  force  applied  at  one  extremity  in  the  direction 

AB^  of  the  string  or  bar.    Then,  supposing  the  extremity 

-4  to  be  fixed,  the  force  i'^  will  produce  an  extension,  BC, 

of  the  body.     Denote  this  extension  by  x.     Then  ex- 

X 

periment  proves  that/<?r  small  values  of  the  ratio  j  in  the 

case  of  solid  bars  there  is  for  the  same  bar  a  constant 

.      F 
ratio  between  this  fraction  and  the  quantity  — ;    and 

there  is  the  same  constancy  of  ratio  in  the  case  of  strings, 

but  for  some  of  these  latter  bodies  the  value  of  j  may 
Fig.  337.  '0 

be  very  much  greater  than  for  bars. 

We  have,  then, 

F         X 

a-  Cq 

E  being  a  constant  quantity  which  is  called  Young's  modulus  of 
elasticity  of  the  matter  of  which  the  string  or  bar  is  formed. 

Since  ^  is  a  number,  it  follows  that  E  i%  a  force  per  unit  of  sec- 


B 


F 
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fional  area,  and  it  is  evidently  a  measure  of  the  longitudinal 
rigidity  of  the  substance. 

If  the  law  expressed  by  equation  (l)  be  supposed  to  hold  for 
an  extension  x  equal  to  /g,  and  if  the  force  applied  to  the  body 

p 

to  produce  this  extension  be  called  P,  we  have  ^  =  — ;  and  if  <r 

a- 

is  a  section  of  unit  area,  K  =  P.     Young's  modulus  of  elasticity 

of  any  substance  might  then  be  defined  as  that  force  which,  if 

applied  at  the  extremity  of  a  bar  of  the  material  of  unit  section, 

would  double  its  length — ^this  force  being  fictitious  in  the  case  of 

bars  or  strings  for  which  (l)  holds  only  within  extremely  narrow 

limits. 

For  bars  of  iron  and  steel  this  equation  is  true  only  within 
narrow  limits — called  the  limits  of  elasticity — while  for  flexible 
strings  of  such  substances  as  India-nibber  its  range  is  much 
wider.  If  the  limiting  amount  of  extension  has  not  been 
surpassed,  the  body  will,  after  a  time  varying  with  the  sub- 
stance, return  to  its  original  stat«  when  the  stretching  force  /' 
is  removed.  The  law  expressed  by  equation  (l)  is  also  true 
within  narrow  limits  in  the  case  of  a  straight  bar  which  is 
compressed  without  bending. 

A  notion  of  the  magnitude  of  the  modulus  of  elasticity  of  a 
solid  body  may  be  formed  from  the  fact  that  in  the  ease  of  iron, 
the  unit  of  force  being  a  kilogramme  weight  and  the  unit  of 
area  a  square  centimetre,  E  is  about  2,000,000.  For  what  are 
commonly  called  elastic  strings,  E  is  of  course  very  much  smaller 
than  for  bars  of  iron  or  steel. 

In  the  case  of  an  elastic  string  it  is  usual  to  put  equation  ( 1 ) 
into  another  form.  If  /  is  the  length  which  the  string  assumes 
under  a  tension  T,  we  have  x  =  1—1^^  and 


-  =  /J 


cr  Iq 


or 

or,  as  it  is  usually  written. 


^='oO  +  #.) 


'='o(l  +  f)'  (2) 

the  quantity  X  being  called  the  modulus  of  elasticity  of  the 
string. 
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This  quantity  is  obviously  the  force  which  must  be  applied  to 
the  string  to  double  its  length. 

The  law  expressed  by  (1)  or  (2)  is  known  as  Hooke'%  Lato^  from 
the  name  of  its  discoverer,  and  is  sometimes  expressed  in  the 
form — the  tension  of  any  elastic  stri'ng  is  jproportional  to  its  exten- 
sion beyond  its  natural  length, 

198.]  Work  done  in  slowly  extending  a  String  or  Bar. 
If  at  each  instant  during  the  extension  of  a  string  or  bar  the 
stretching  force  applied  at  the  extremity  is  exactly  equal  to  that 
which  would  keep  the  body  in  its  state  of  deformation  at  this 
instant,  there  is  continuous  equilibrium  between  the  (gradually 
increasing)  applied  force  and  the  elastic  force  of  the  body,  and 
therefore  the  total  amount  of  work  done  by  the  applied  force  is 
equal  to  the  work  done  against  the  internal  force. 

If  the  bar  or  string  is  not  slofvly  extended,  its  tension  will 
not  at  each  instant  be  equal  to  the  applied  force ;  but  it  is  still 
true  that  its  tension  and  extension  are  connected  by  equation 
(2),  so  that  the  expression  for  work  done  which  we  are  about 
to  investigate  will  be  that  which,  with  a  negative  sign  prefixed, 
gives  the  work  done  by  the  varying  tension.  The  work  of  the 
external  force  will  be  numerically  greater,  the  excess  producing 
kinetic  energy. 

Now  if  07  is  the  extension  of  the  body  at  any  instant,  the 

corresponding  force  is  -r-  a?,  and  the  work  done  by  this  force  in 

'0 

a  further  extension  dx  is-z-  xdx.     Let  a  be  the  final  extension  ; 
then  the  total  work  done  is 


f 


f    -j-xdx,    or  — y-, 

the  extension  being,  of  course,  confined  within  the  limits  of 
elasticity.  The  applied  force  which  is  required  to  keep  the 
body  in  its  final  state  of  extension  is,  by  (l)  of  last  Article, 

X? 

—z —  •    Hence  if  the  force  applied  in  the  final  state  be  denoted 
'0 

by  P,  the  whole  amount  of  work  done  is 

or  half  the  work  which  would  be  done  by  the  Jinal  force  of 
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extension  in  moving  its  point  of  application  through  a  space 
equal  to  the  final  extension. 

199.]  Equations  of  Equilibrium  of  an  Extensible  String. 
Suppose  the  string  to  have  assumed  its  figure  of  equilibrium 
under  the  action  of  the  given  forces.  At  any  point  of  the  string 
let  ds  be  the  stretched  length  of  an  element  whose  natural 
length  was  ds^ ;  and  at  this  point  let  m  be  the  mass  per  unit 
length,  the  mass  per  unit  length  at  the  same  point  in  the 
natural  state  of  the  string  being  f»o. 

Then,  since  the  mass  of  the  element  ds  is  the  s&me  after  as 

before  stretching, 

mds  =  w^ds^,  (1) 

Also  by  Ilooke's  law 

^*  =  (l  +|')/feo-  (2) 

But,  the  string  having  assumed  its  form  of  equilibrium,  we  have, 
as  for  the  inextensible  string, 

i(4;)+»x=o,| 

i(rJ).»r=o.i 

Also  rf*=  s/dx^'\-dfi  (4) 

and  since  the  nature  of  the  string  in  its  original  state  is  supposed 
to  be  specified,  we  shall  have  m^  given  as  a  function  of  the 
IKwition  of  the  element  ds^  in  the  natural  state ;  or 

where  s^  is  the  length  of  the  arc  of  the  original  string  measured 
from  some  origin  point  on  it. 

Now  the  general  problem  of  extensible  strings  may  be  stated 
as  follows : — An  exletisible  slrin^jf,  the  law  of  variation  of  vho9e 
density  in  its  natural  state  is  given,  is,  under  given  circumstances, 
submitted  to  the  action  of  given  forces  ;  find  the  form  which  it  will 
assume. 

To  solve  this  problem,  it  is  necessary  to  find  an  equation 
between  x  and  y,  the  co-ordinates  of  any  point  in  the  stretched 
string;  and  as  the  equations  just  given  contain,  in  addition 
to  these  co-ordinates,  the  quantities  m,  m^,  s,  Sq,  and  T,  these 
must  be  eliminated.  But  from  the  six  equations  above,  these 
five  quantities  may  theoretically  be  eliminated,  by  differentiation 
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or  otherwise,  and  there  will  result  a  single  equation  between 
X  and  y,  which  is  that  of  the  curve  of  equilibrium. 

The  problem  in  its  general  form  is  one  which  it  would  often 
be  practically  impossible  to  solve.  We  shall  therefore  in  the 
sequel  consider  only  two  cases — viz.  that  in  which  m^  is  the 
same  throughout  the  string,  and  that  in  which  the  external 
forces  are  constant.     Consider  m^  constant. 

Multiplying  the  left-hand  sides  of  equations  (3)  by  -r-  and  ~-  ? 
and  adding,  ^y        .^dx     ^dt/s      ^ 

while  from  (1)  and  (2)  we  have 


m  = 


1      - 
Hence  (6)  becomes  A 


(l  +  ^)dT+w^{Xda!+  Ydy)  =  0.  (7) 

Integrating, 

A  y  2 

2  ( 1+  ;j^)  ^■in^f{Xdx^  Ydy)  =  const.  =  A. 

Denoting,  as  in  Art.  195,  the  general  integral  by  F, 

^(i  +  |/  =  ^_r.  (8) 

ds  /2 

«'  ^y  (2).       :jj^-  -  V  A  •  '^''"  ^®> 

from  which  the  relation  between  9  and  s^  is  found,  and  hence 
the  extension  of  the  string.  Equation  (8)  is  the  analogue  of 
that  of  Art.  195.  If  V  is  the  potential  of  the  external  forces  at 
a  point  at  which  the  tension  is  Ty  we  have 

(T-r){x  +  '^)  =  r-7.  (10) 

The  equation  of  the  curve  of  equilibrium  is  obtained  by  sub- 
stituting the  value  of  T  given  by  (8)  in  either  of  the  equations 
(3) — suppose  in  the  equation 
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Secondly,  suppose  that  the  applied  forces  Z,  Y  are  constant. 

dm 

Then  from  (3)  T-  =  A-Xfw^d»^,  (11) 

A  being  a  constant  of  integration.     Similarly 

r|  =  JS-7/«.,*o.  (12) 

Hence         T^  =  {A-Xfni^d%^^^-{B--  Yfm^cU^\  (13) 

which  gives  7  as  a  function  of  9^^  i.e.  the  tension  at  any  point 
in  the  stretched  string  in  terms  of  the  length  of  the  arc  of 
the  unstretched  string  measured  up  to  the  corresponding  point. 
In  other  words,  y  =  ^  (^^^  (14) 

Therefore  from  (2) 

which  gives  the  relation  between  the  stretched  and  unstretched 
lengths  of  any  portion.  The  equation  of  the  curve  of  equi- 
librium is  obtained  from  (11)  and  (12)  thus: 

Similarly  dy  =  (JS-  Yfm^ds^\:^  +  tt^xJ^^o  ' 

Integrating  these  equations  and  eliminating  s^  between  them, 
we  obtain  the  equation  of  the  curve. 

As  an  example,  let  it  be  proposed  to  investigate  the  form  of  au 
elastic  string  suspended  from  two  fixed  points  and  acted  on  by  gravity, 
the  string  being  uniform  in  its  natiu^  state.  Taking  axes  as  in 
Art.  184,  we  have, 

d/x  dy  x» 

Hence  T^-  =  t  =  m^ge,  suppose  ;   and   T  -f- =  B  +  m^gs^,     But 

as  ^      ^y  as 

if  8^  be  measured  from  the  lowest  point,  -  -  =  0  and  ^^  =  0  at  the 
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same  time.     Hence  ^  =  0,  and  we  have 


from  which  T  =  fn^g  V i?  •\- 8^  \  therefore 


^  -/<!»  +  ».' 


-■'0 


Hence,  patting  \  =  m^ga,  we  have 


^*0   .      1    ^^o+^^^'  +  V  /lev 

a;=  — ^  +  clog ■  J  (15) 

a  c 

y=^  +  V^:j^.  (16) 

In  the  hyperbolic  notation,  put  ^^  =  c  sinh  o>,  Art.  184 ;  then  we  have 

a;  =  CO)  -I sinh  oi,  (a) 

a 

y^c  cosh  ft)  +  jr—  sinh' CO 

2a 

=  e  cosh  0)  +  — -  coth^o)—  r—  i 
2a  2a 

and  by  taking  the  axis  of  a?  at  a  distance  ^  below  the  lowest  point  of 
the  curve,  this  last  equation  becomes  ^ 

y^zc  cosh  ft>  +  r—  cosh'to.  (/3) 

The  relation  between  x  and  y  is  obtained  by  eliminating  8^  or  o> 
from  these  equations. 

An  approximate  relation  between  them  may  be  obtained  when  the 
string  is  only  slightly  extensible,  i.e.,  when  \  (or  a)  is  very  great. 
In  this  case  (16)  gives 

(v  at 

to  the  second  order  of  the  small  quantity  -  • 

a 

Now,  writing  (15)  and  (16)  in  tlie  forms 
we  know  that  ly  =  -  (e«  +  «   «)  • 
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« »       c     '-    -^«      -'     '• 


Hence  y— -^=-(«'^.tf   «  +  «   «.««) 

by  expanding  e  ^  and  6    ^  as  far  as  -^  and  denoting  by  u  and  v  the 

quantities  c  cosh  —  and  c  sinh  —  • 

c  c 

Substituting  in  this  equation  the  value  of  8^  given  by  (17) — in 
which  it  is  evident  that  the  term  of  the  second  order  may  be  rejected 
if  we  desire  to  obtain  y  to  this  order  only  in  terms  of  x — we  obtain 
an  equation  of  the  form  p       q 

in  which  P  and  Q  arc  both  functions  of  x  and  y, 

\         IX  , 

Now  assume  y  =  w  +  —  -f  -^  >  where  A.  and  \i  are  functions  of  x 

a      a 

alone,  and  substitute  this  value  of  y  in  every  term  of  (18).     This  will 

give  us,  with  a  little  trouble, 

A.  =  —  —  v',  and  M  =  o"  ^^*' 
Hence,  finally,       y  =  m  —  —  +  ^ , 
to  the  second  order  of  the  small  quantity  —  • 

200.]  Extensible  String  on  Smooth  Carve.  It  is  clear 
that  the  equations  (1)  and  (2)  of  Art.  193  are  applicable  to  an 
extensible  string,  as  are  also  those  of  Article  196  for  a  rough 
curve.  The  result  arrived  at  by  integration,  which  expresses 
the  tension  in  terms  of  the  potential,  is  to  be  replaced  by  equa- 
tion (10)  of  Art.  199;  and  from  this  equation  it  follows  that 
if  an  extensible  string,  uniform  in  its  natural  state,  rest  on 
any  smooth  surface  under  the  action  of  gravity,  the  free  ex- 
tremities are  in  the  same  horizontal  plane. 


Examples. 

1.  An  elastic  string,  uniform  in  its  natural  state,  is  suspended  from 
one  extremity,  which  is  fixed,  and  has  a  given  mass  attached  to  the 
other ;  find  the  extension  of  the  string,  taking  its  own  weight  into 
account. 

Let  W  be  the  weight  of  the  string,  P  the  weight  of  the  suspended 

VOL.  L  CO 
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mass,  A  the  modulus  of  elasticity,  and  m^^  the  mass  of  a  unit  length  of 
the  uustretched  string.     Then  the  equation  of  equilibrium  is 

dT+m^gd8^  =  0. 

If  Zq  is  the  natural  length  of  the  stiing,  w^^^o  =  ^>  therefore  this 
equation  gives  by  integration 

T-\'  —8^  =  const. 

When  «o=  0,  ^  is  evidently  W+P;  therefore 

W 

T 
Again,  since  da  ={l  -^  -r-)  ds^,  we  have 

A 

^     ,,     w+p    w  ,_, 
rf«  =  (1  +  —^ ^»,)<fa„ 

,,  .  w+p     w    . 

no  constant  being  added  because  «  =  0  when  s^  =  0. 

If  8q^  Iq,  and  I  is  the  whole  length  of  the  stretched  string,  we  have 

^=^o^'  +  -2r-)' 

2.  A  heavy  uniform  elastic  ring  is  placed  round  a  smooth  vertical 
cone ;  find  how  far  it  will  descend. 

Let  W  be  the  weight  of  the  ring,  2'na  its  natural  length,  A  its 
modulus  of  elasticity,  y  the  distance  of  the  plane  of  tlie  ring  from  the 
vertex  of  the  cone  in  the  position  of  equilibrium,  and  I  the  stretched 
length  in  this  position.  Then  if  the  ring  be  moved  down  through  an 
indefinitely  snmll  vertical  distance,  by,  the  equation  of  work  is 

'-Tbli-Wby=0, 

T  being  the  tension  of  the  ring.     If  a  is  the  semi-vertical  angle  of 
the  cone,  I  =  2  Try  tan  a  ;  hence  hi  =  27r  tan  a  .  hy^  and 

2'7rrtana=  TF. 

But,  by  Hooke's  Law, 

T 
ytana  =  a(l  +  ~); 

ir 

.•.    y'=-a  cot  a  ( 1  -h  - — -  cot  a). 

3.  An  elastic  string,  uniform  in  its  original  state,  is  placed  on  any 
bmooth  curve  and  acted  on  by  given  forces ;  find  its  extension. 

The  tension  at  any  point  is  determined  by  the  equation 

(1  +  ^)dT->tm^{Xdx^-Ydy)  =  0, 

T 
or  A  (1+  -)*+  2m,,/(X(to  +  Ydy)  =  const.  (1) 
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Let  m^/{Xdx-\-  Ydy)  be  denoted  by  F.  Now  take  any  point, 
Oy  in  the  string  as  the  point  from  which  8  and  8^  are  measured, 
and  let  A  be  the  value  of  F  at  a  free  extremity  of  the  string.  If  one 
extremity  is  fixed,  it  will  be  well  to  measure  8  and  8^  from  it.    Putting 

r=0,  F=il,  and  also  1  +  ^  =  ^, 

(1)  gives  (^)«=i  +  ?p(4.r).  (2) 

Suppose  the  curve  of  constraint  to  be  given  by  the  two  equations 

Then  (2)  gives  ds 


V 


i  +  ?p>(^__r) 


=  ^o» 


or,  by  integration,         0  («,  il)  =  *^,  +  0  (0,  A),  (3) 

8  and  «o  being  both  measured  from  0,  Let  I  and  l^  be  the  stretched 
and  original  lengths  of  the  portion  between  0  and  the  free  extremity 
considered.     Then  we  have 

<f>{l,A)  =  l,  +  <l>{0,A).  (4) 

But  A  is  evidently  a  function  of  the  co-ordinates  of  the  extremity, 
and  these  co-ordinates  are,  by  supposition,  /j  (/),  /,(?);  hence  -4  is  a 
known  function  of  2,  and  by  substituting  its  value  in  (4)  we  deduce 
the  value  of  /. 

4.  One  extremity  of  an  elastic  string,  originally  uniform,  is  fixed  at 
the  highest  point  of  a  smooth  cycloid  in  a  vertical  plane,  the  string 
lying  along  the  convex  side  of  the  curve ;  find  the  extension  produced 
by  gravity. 

If  the  tangent  at  the  highest  point  is  taken  as  axis  of  a;,  and  if 

is  denoted  by  c,  we  find  easily,  for  any  curve  of  constraint, 

2mQg 

ds  ds^ 


Vc-k-h-^y       ^c 

h  being  the  ordinate  of  the  free  extremity. 

In  the  cycloid  «*  =  8ay.     Substituting   this  value  of  y  in  the 
equation,  and  integrating,  we  have 


8r 


«  =  2\/2a{c  +  A)8in( 7=)* 

If  2  be  the  length  from  the  fixed  to  the  free  extremity,  and  l^  the 
natural  length  of  the  string, 

/=  2-/2a(c+A)8in( — ;?=)• 

2v2ac 

Also  P  =  8aA. 

CC  2 
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These  equations  combined  give 

l=2-/27ctan( — ;?=)• 

5.  A  heayy  particle  is  attached  to  one  end  of  an  elastic  string 
whose  unstretched  length  is  indefinitely  small ;  the  particle  rests  on  a 
smooth  curve  in  a  vertical  plane,  and  the  fixed  end  of  the  string  is 
attached  to  a  point  in  this  curve ;  find  the  nature  of  the  curve  so  that 
the  particle  may  rest  in  all  positions.  Ans,  A  cycloid. 

6.  A  heavy  elastic  string  is  laid  upon  a  smooth  double  inclined 
plane  in  such  a  manner  as  to  remain  at  rest;  find  how  much  the 
string  is  stretched.     (Walton,  p.  140.) 

Ans,  If  TT  is  the  weight,  X  the  modulus  of  elasticity,  and  c  the 
natural  length  of  the  string,  and  a,  ql  the  inclinations  of  the  planes  to 
the  horizon,  the  extension  is 

W    sin  a  sin  a 
2 A.  sina  +  sina' 

[For  the  portion  on  the  plane  a  let  9  and  s^  be  measured  from  the 
free  extremity.     Then 

_,      IT  sin  a  .   .        ,,        ^v  ,         /.       TTsina    .  _ 

r= -^ — B^\  and(^«  =  (l+  ~)ig^=(l-f      ^^     B^dB^, 

Hence  if  I  is  the  length  of  the  portion  on  the  plane  a,  we  have 

-       -  ,,       IFsina  . . 

A  similar  equation  holds  for  the  portion  on  the  plane  a.  Now  the 
extension  =  l^V —\—V ^\  and  equating  the  tensions  at  the  common 
summit  of  the  planes,  we  have  l^  sin  a'=-X ^  sin  a\ 

,  csina'  ^   ^ 

/.      Iq  =  —, ; — : — 7  J  &C.J 

sm  a  +  sin  a  -* 

7.  If  the  cone  in  example  2  is  replaced  by  a  smooth  paraboloid  of 
revolution,  find  how  far  the  ring  will  descend.     [By  Virtual  Work.] 

AnB,  y  = j^j  where  4m  =  latus  rectum  of  generating 

parabola.  ^  ""  4^;^ 

8.  An  elastic  string,  uniform  in  its  original  state,  rests  on  a  rough 

inclined  plane  with  its  upper  extremity  fixed ;  prove  that  its  extension 

will  lie  between  the  limits 

P     8in(t  +  €) 
_- —  . , 

2c  COS€ 

where  i  =  inclination  of  plane,  €  =  angle  of  friction,  I  =  natural 
length  of  string,  and  c  =  length  of  a  portion  of  the  string  in  it» 
natural  state  whose  weight  is  the  modulus  of  elasticity.  (Wolsten- 
holme's  McUh,  Prob  ) 
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9.  A  mass  of  weight  P  just  supports  another  of  weight  Q  by  means 
of  a  fine  elastic  string  passing  over  a  rough  circular  cylinder  whose 
axis  is  horizontal ;  A.  is  the  modulus  of  elasticity,  and  a  the  radius  of 
the  cylinder ;  prove  that  the  extension  of  the  part  of  the  string  in 
contact  with  the  cylinder  is 

-  log  ^ — -•     (Wolstenholme,  ibid,) 

10.  Two  uniform  ladders,  connected  by  a  smooth  axis  at  a  common 
extremity,  rest  in  a  vertical  plane  with  ^eir  other  extremities,  which 
are  connected  by  an  elastic  rope,  on  a  roup^h  horizontal  plane ;  find 
the  greatest  angle  between  them  consistent  with  equilibrium. 

An8,  If  a  is  the  length  of  each  ladder,  2  a  sin  a  the  natural 
length  of  the  rope,  20  the  greatest  angle  between  the  ladders,  and  A 
the  modulus  of  elasticity  of  the  rope, 

A  (sin  d— sin  a)  =  Warn  a  (/ui+ J  tan  6), 

11.  A  heavy  uniform  elastic  ring  is  placed  horizontally  round  a  right 
cone  whose  axis  is  vertical  and  vertex  upwards,  the  stretched  ring 
being  also  uniform ;  find  its  extreme  positions  of  equilibrium. 

Ans,  y  =  a  cot  a  J 1  +  j: — r-  cot  (a+ €)> ,  with  notation  of  Ex.  2. 

(         27rA  9 

12.  A  heavy  elastic  string,  uniform  in  its  natural  state,  is  placed 
round  a  smooth  fixed  circular  cylinder  whose  axis  is  horizontal,  and 
is  just  out  of  contact  with  the  lowest  point  of  the  cylinder ;  deter- 
mine the  tension  at  any  point. 

Ans.  Let  r  =  radius  of  cylinder,  p  =  weight  per  unit  length  of 
string  in  its  natural  state,  A  =  modulus  of  elasticity,  and  $  =  inclina- 
tion of  any  radius  to  the  vertical ;  then  the  tension  at  the  end  of  this 
radius  is  given  by  the  equation 

/,   .    ^v«      2rp        .  ,  A-f6rp+-/A'+4Ary 

1 3.  A  naturally  uniform  heavy  elastic  string  is  hung  up  by  one  end. 
Prove  that  if  the  modulus  of  elasticity  is  equal  to  half  ibe  weight  of 
the  string,  the  string  will  stretch  to  double  its  natural  length. 

If  a  uniform  string  fixed  at  one  end  be  acted  on  by  a  force  in  the 
direction  of  its  length,  find  the  law  of  force  in  order  that  the  tension 
at  any  point  may  vary  as  the  square  of  the  distance  from  the  free 
end.     (College  Examinations,  Cambridge,  1887.) 

Ans.  At  a  distance  s  from  the  fixed  end  the  force  per  unit  mass  is 

where  I  is  the  stretched  length  of  the  string,  viz.. 


/\/^tan(«^g. 


a  being  the  natural  length,  and  the  tension  at  any  point  is  represented 
by  M  (?-«)». 
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STATICAL   PEOOP   OF   BBIANCHON  8   THBOEEM. 

Fob  the  following  statical  proof  of  this  theorem,  which  supplies  the 
deficiency  in  Art.  100,  I  am  indebted  to  Mr.  E.  M.  Langley  of  Bedford. 

Let  ABCDEF  be  any  hexagon  circumscribed  to  a  circle.     Now  ad 

and  he  being  any  two  chords  of  a  circle,  if  we  have  forces  represented 

k  k 

by  -^  and  r->  acting  along 
ad  he 

ad  and  6e,  respectively,  their 

resultant  acts  in  the  line  BE, 

which  is  obtained  by  joining 

the  point  of  intersection  of 

the  tangents  at  a,  6  to  the 

point  of  intersection  of  those 

at  h,  e.     This  follows  simply 

from  the  fact  (see  example  1 2, 

Art.  22)  that  the  resultant  of 

k  k 

—  and  r-  acts  along  a-B,  and 


ad         ha 

the  resultant  of 


k  ^  k 
-rr  and  =- 
ab  he 


acts  along  hB;  but  the  forces 

—I  >  =—  are  equivalent  to  the 
ad    he 

mG  wG  ^V  mG 

four  forces  —  i  -^>  r->  r-j  since  the  middle  pair  destroy  each  other; 

k  k 

hence  the  resultant  of  —z  and  j-  acts  through  B.     Similarly  it  acts, 

of  course,  through  E;  and  therefore  its  line  of  action  is  BE.     [It 
acts  also  through  p,  .*.  BpE  is  a  right  line.] 
Now  take  the  null  system  of  forces 

'ad'  hi'     7fd^'     '^'Jc 


392 


APPENDIX. 


The  resultant  of  the  first  pair  acts  along  BE^  that  of  the  second 
pair  acts  along  DA,  and  that  of  the  last  along  FG  i  and  since  the 
resultant  of  the  whole  set  vanishes,  the  lines 

BE,  CF,  and  DA 

are  concurrent.     This  is  Brianchon's  Theorem. 


R 


Fig.  a. 


EXAMPLES,   CHIEFLY  NUMBBICAL. 

1.  ABCD  is  a  rectangle,  of  which  the  side  ilZ)  =  8  inches  and 

AB=  15;  find  the  line  of  action 
of  the  resultant  of  the  following 
forces : 

22  fix)m  DtoAy  10  from  il  to  ^, 
51  from  D  to  B,  34  fix)m  A  to  C, 
40  from  C  to  ^,  and  35  from  (7  to  D. 

Besult.  If  AB  and  AD  are  taken 
as  axes  of  x  and  y,  the  equation  of 
the  resultant  is 

7a?+5y— 68  =  0. 

2.  If  all  the  forces  in  the  preceding  remain  unaltered  except  that 
35  in  CD  is  replaced  by  15  in  the  same  sense,  find  the  line  of  action 
of  the  resultant. 

Its  equation  is  a;+y— 12  =  0. 

3.  If  the  force  34  in  Q.  1,  instead  of  acting  in  AC,  acts  at  B 
parallel  to  AG,  find  the  line  of  action  of  the  resultant. 

Its  equation  referred  to  the  same  axes  is 

7a?+5y— 44  =  0. 

4.  If  in  Q.  1,  the  force  34  is  transferred  to  B  and  the  force  51  to  ul, 
each  with  unaltered  direction,  find  the  line  of  action  of  the  resultant. 

Its  equation  is  7a?+5y— 8  =  0. 

5.  ABCDEF  is  a  regular  hexagon;  find  the  resultant  of  the 
following  forces  (each  measured  in  pounds'  weight,  suppose) : 

20  from  A  to  B,  ^  from  C  to  5,  14  from  /)  to  C,  16  from  Ato  D, 
26  from  2>  to  ^,  30  from  Fto  E,  2  from  F\oA. 

Result,  R  =  Z\  pounds'  weight;   its  components  parallel  to  AB 

and  AE  are  23  and  12  \/3,  and  the  perpendicular  on  its  line  of 
action  from  the  middle  point  oi  AD  is  -^p,  where  p  =  the  perpen- 
dicular from  this  point  on  a  side  of  the  hexagon. 
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Fig.  /3. 


6.  ABC  is  a  triangle  in  which  ii5=  14  inches,  ilC  =  15,  ^C=  13, 
and  CP  is  perpendicular  Ui  AB] 
6ud  the  resaltant  of  the  following 
forces  (in  pounds'  weight,  suppose) : 

40  from  ii  to  ^,  26  from  i?  to  (7, 
30  from  C  to  ii,  35  from  P  to  C. 

BemU.  B  =  37,  and  its  line  of 
action  has  for  equation,  referred  to 
FB  and  PC  as  axes  of  x  and  y, 

35a?— 12y— 236  =  0. 

7.  If  in  fig.  0,  AB=  28  inches, 
BC  =  I7f  AC  =25,  find  the  resultant  of  the  following  forces  -. 

28  from  B  to  A,  35  from  ii  to  C,  51  from  ^  to  C,  34  from  C  to  P. 

BesuU.  B  =  40,  and  the  equation  of  its  line  of  action  referred  to 
the  same  axes  is  Sa — 6^— 15  =  0. 

8.  If  in  the  last  the  force  acting  from  ^  to  il  is  18,  while  in 
addition  to  the  other  given  forces  there  is  a  force  of  10  from  the 
middle  point  of  BC  to  the  middle  point  of  CA  find  the  line  of  action 
of  the  resultant. 

BemlL  32a?— 24y+ 15  =  0. 

9.  ABCD  is  a  trapezium  in  which  AB  =  40  inches,  BC  =  17, 
CD  =  12,  DA  =  25,  and  the 

perpendicular  distance  between 
AB  and  C2>  =  15 ;  find  the 
resultant  of  the  following 
forces : 

38  from  B  to  A,  50  from 
il  to  A  40  from  C  to  Z>,  68  ^8-  y- 

from  B  to  C,  70  from  D  to  B. 

EesuU,  E  =  50,  and  the  equation  of  its  line  of  action  referred  to 
BA  and  the  perpendicular  to  BA  at  ^  as  axes  of  x  and  y  is 

24a?-7y-300  =  0. 

10.  If  the  force  36  in  BA  is  transferred  from  this  line  to  that 
which  joins  the  middle  points  of  AD  and  BC,  find  the  line  of  action 
of  the  resultant. 

Referred  to  the  same  axes  its  equation  is 

24a;-7y— 166  =  0. 

11.  A,  B,  C  are  three  points  such  that  AB  =  14  inches,  BC  =  13, 
CA=i  15;  the  sum  of  the  moments  round  ii  of  a  system  of  forces  in 
the  plane  ABC  is  900  inch-pounds'  weight,  counterclockwise ;  about 
B  500,  clockwifie ;  about  C  2880,  counterclockwise ;  find  the  magnitude 
and  line  of  action  of  the  resultant  force. 

Magnitude  =  260  pounds'  weight;  line  of  action  cuts  ii^  at 
a  distance  6  from  B  and  makes  tan"^^'^]  with  AB. 
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12.  AB  is  a  bar  freely  moveable  in  a  vertical  plane  round  a 
horizontal  axis  fixed  through  the  end  A ;  to  the  end  B  is  attached 
a  cord  which,  passing  over  a  pulley  at  C,  fixed  vertically  above  A, 
sustains  a  mass  of  weight  F  from  its  free  extremity.  If  W  is  the 
weight  of  the  bar,  and  if  its  centre  of  gravity,  G,  divides  AB  bo  that 

AG  =  -  ABy  show  that  in  the  position  of  equilibrium  the  point  B  is 

71- 

determined  by  the  intersection  of  a  circle  of  radius  AB  about  A  as 
centre  with  a  circle  round  C  as  centre,  the  radius  of  this  latter  being 

P 

13.  AC  and  CB  are  two  uniform  bars  of  equal  lengths  but  of 
weights  P  and  Q,  respectively ;  they  are  in  the  same  vertical  plane 
and  are  freely  jointed  together  at  C,  while  the  first  is  moveable  round 
a  smooth  horizontal  axis  fixed  through  A,  and  the  end  B  slides  along 
a  rough  horizontal  plane  passing  through  A  ;  find  the  limiting  position 
of  equilibrium. 

ResuU,  If  d  is  the  limiting  inclination  oi  AC  Ui  the  horizon  and  /x 
the  coefficient  of  friction  between  B  and  the  ground, 

tan^=--5±«     . 

14.  Solve  the  preceding  problem  when  the  bars  have  different 
lengths  as  well  as  difierent  weights. 

RestUt.  If  0  and  <(>  are  the  values  of  the  angles  at  A  and  B,  AC  =^2  a, 

^(7=26,  we  have  a  sin  0  =  b  Bin  <t>, (1) 

Ctan^  +  (P  +  2(2)tan<^  =  :^±^. (2) 

15.  Show  how  to  determine  6  and  <[>  from  these  equations  by 
graphic  construction. 

Draw  a  right  line  LO  to  represent  Q  on  any  scale ;  produce  LO 
through  0  to  if  so  that  OM  represents  P+2©;   at  0  draw  OD 

P  +  Q 
perpendicular  to  LM  and  let  OD  represent  — ^-^ ;  take  on  OD  two 

points,  m,  n,  equidistant  from  D  on  opposite  sides;  then  the  lines 

Lin  and  Mn  intersect  in  a  point  P,  which  (by  varying  m  and  n) 

traces  out  a  curve  which  is  the  di-polar  locus  represent  iug  all  angles 

satisfying  the  equation  (2);   i.e.  P  being  any  point  on  this  cui-ve, 

PLM  and  PMN  will  be  values  of  0  and  0,  respectively. 

The  di-polar  locus  representing  (1)  is,  of  course,  a  circle:  for  if 
PUf      h  V   \  f 

-pj-  =  -J  the  prdblem  is:  given  the  base,  LM^  of  a  triangle  and  the 

ratio  of  its  sides,  find  the  locus  of  its  vertex,  P,     The  locus  is  a  circle 
whose  diameter  is  -TF,  where  X  is  the  point  between  L  and  M  such 


APPENDIX.  395 

T  TT 

that  ^rp.  =  J-  i  and  Y  is  the  point  dividing  LM  externally  in  the 

same  ratio. 

The  point  of  interaection  of  these  two  simply  constructed  loci  is 
the  point  which  determines  the  values  of  6  and  <[>  satisfying  both  (1) 
and  (2). 

16.  ABC  represents  a  solid  triangular  prism  resting  with  Us  base 
il^  on  a  rough  inclined  plane  whose  inclination  is  to  be  gradually 
increased,  A  being  tlie  lower  and  B  the  upper  end  of  the  base.  Given 
the  perpendicular  height  of  the  prism  (pei*pendicular  from  C  on  AB) 
and  the  base,  but  not  the  angles  A,  B,  find  the  greatest  value  of  the 
angle  A  so  that  the  prism  will  begin  to  slide  and  not  to  tumble. 

Result.  If  AB  =  c  and  h  is  the  height  of  the  prism,  while  jui  is  the 
coefficient  of  friction,  the  greatest  value  of  il  is  given  by  the  equation 

cot  A  =  JUL—  1  • 
A 

17.  The  frustum  of  a  solid  right  cone  rests  on  a  rough  inclined 
plane  whose  inclination  is  to  be  gradually  increased ;  the  diameter  of 
the  base  on  the  plane  is  8  feet,  and  the  diameter  of  the  upper  face  is 
4  feet ;  if  the  coefficient  of  friction  is  \,  what  is  the  greatest  height  of 
the  frustum  that  will  ensure  an  initial  motion  of  slipping ) 

Ans.  20y*y  feet. 

18.  AC  represents  tlie  floor  of  a  bridge  moveable  round  a  fixed 
horizontal  axis  at  ii  ;  to  the  extremity  C  is  attached  a  chain  of 
negligible  weight  which,  passing  over  a  pulley  J)  fixed  vertically  over 
A,  is  attached  to  a  mass  of  weight  F  at  its  second  extremity ;  this  mass 
F  is  constrained  to  move  along  a  fixed  curve  in  a  vertical  plane,  this 
curve  being  such  that  the  bridge  is  in  equilibrium  in  all  positions. 

Show  how  to  construct  this  curve.     [Theory  of  a  Bascule  Bridge.^ 

Solution,   Let  the  horizontal  position  of  AC  be  AB,  and  in  this 

position  let  P  be  at  ij  (which  may  coincide  with  D) ;  find  the  centre 

of  gravity  of  i^  and  the  floor  AB,  and  draw  through  this  point  a 

horizontal  line  LM,    Now,  frictional  resistances  being  neglected,  the 

centre  of  gravity  of  F  and  AC  must  move  along  this  line  LJU  in  all 

positions  of  the  system,  in  order  that  all  positions  should  be  positions 

of  equilibrium.     Let  G  be  the  centre  of  gravity  of  AC,  and  p  the 

perpendicular  from  G  on  LM\  then  if  W  is  the  weight  of  AC,  the 

W 
countei-poise,  F,  must  be  at  a  distance  -^  •  p  from  LM ;  but  F  lies 

also  on  a  circle  of  given  radius  with  D  as  centre  (the  radius  being  the 
difference  between  the  whole  length  of  the  chain  and  the  length  DC)', 
hence  the  position  of  F  is  found  for  every  position  of  AC, 

The  curve  locus  of  F  is  easily  found  to  be  one  of  the  fourth  degree. 

19.  The    vertical    rectangle   ABCD    represents   a   solid   uniform 
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rectangular  block  whose  base  AB  rests  on  the  ground;  LM  is  a  bar 
whose  extremity  L  is  fixed  on  the  ground  adjacent  to  A,  and  whose 
extremity  M  rests  against  the  face  AD  of  the  block.  A  gradually 
increasing  load  is  applied  at  the  middle  point  of  LM,  find  the  nature 
of  the  initial  motion  of  the  block,  being  given  all  necessary  particulars. 

EeauU,  K  A  is  the  height  AM,  26  =  AB,  fi  =  coefficient  of  friction 
between  the  block  and  the  ground,  1/  =  that  at  if,  the  block  will 
begin  to  turn  round  B  if  . 

h>(yr+i)b. 

20.  If  in  the  last  example  fx  =  i,  /  =  i>  AB^%  feet,  AM=i  12, 
LA  =  16,  Tr=  weight  of  block,  find  the  value  of  the  load  when 
equilibrium  ceases. 

RemU.  Load  =  J}  IT. 


EXAMPLES   OP   OATENAEIBS. 

21.  Show  that  all  common  catenaries  are  similar  curves. 

Let  there  be  two  common  catenaries  with  parameters  c,  c' ;  place 

them  so  that  their  directrices  coincide,  as  also  their  axes.     Then  any 

line,  OPP',  drawn  through  their  common  origin  0  will  meet  them  in 

OP       c 
points,  P,  P',  such  that  ^^p,  =  ->•     This  is,  of  course,  directly  obvious 

from  the  equation  of  any  catenary,  -  =  cosh  - ;  because  if,  retaining 

c  c 

the  same  origin,  we  alter  c  to  tic,  we  get  a  new  curve  in  which  x  and  y 
are  each  n  times  what  they  were  in  the  old  curve. 

Hence  all  catenaries  can  be  traced  by  simple  multiplication  or 
division  from  the  curve       v  =  I  («*+c""*). 

This  is  an  a  priori  necessity  for  every  curve  whose  equation  in- 
volves only  one  linear  constant,  e.  g.  parabolas,  catenaries  of  uniform 
strength,  &c. 

22.  A  uniform  chain  hangs  over  two  fixed  pegs.  A,  B,  m  ^ 
horizontal  line,  its  extremities  being  free;  find  the  catenary  when 
the  pressure  on  each  peg  is  a  given  force,  k. 

EestUt.  If  w=:  weight  of  chain  per  unit  length,  AB  =  2a,  c  = 
parameter  of  required  catenary, 

«^=  — -I 

is  the  equation  which  determines  c,  and  therefore  the  catenary. 

Li  particular,  if  w=  10  pounds  per  foot  length,  k  =  500  pounds' 
weight,  il^  =  20  feet,  we  find  c  =  28*87,  and  whole  length  of  chain  = 
81*64. 
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23.  If  in  the  last  the  pressures  on  the  pegs  are  not  given  but  to  be 
the  least  possible,  find  the  catenary. 

Result,  e  ^  = determines  c,  and  gives  apDroximately  -:=  1-1075, 

and  whole  length  of  chain  =  2-733  xAB, 

24.  A  given  length  of  uniform  chain  has  its  ends  fixed  to  two  pegs, 
A^  B,  in  a  horizontal  line;  find  the  dbtance  between  the  pegs  when 
the  pressure  on  each  is  given. 

Eemlt.  If  2  /  =  length  of  chain,  tc  =  weight  of  it  per  unit  length, 
wh  =  pressure  on  peg,  AB  =z2a, 

2a  =  ^/^Ilflog,^^. 

Thus,  if  to  =  2  pounds'  weight  per  foot,  pressure  =  \  ton  weight, 
length  of  chain  =100  feet,  we  find  AB  =  49-72  feet. 

25.  In  a  uniform  catenary  of  given  length  with  extremities  fixed  at 
two  points,  A,  Bj  in  a  horizontal  line,  determine  AB  so  that  each 
terminal  tension  shall  be  twice  the  tension  at  the  lowest  point. 

2/  ^ 

HesuU,  AB=--7-  log, (2+  V3)  =  -76 x I,   where  2/  =  length   of 

chain. 

26.  In  the  same  case  determine  AB  if  the  terminal  is  n  times  the 
horizontal  tension. 

BeauU,  AB=  ^--^— ^log,(n+  ^/^^). 

27.  K  a  uniform  chain  of  given  length,  L,  hangs  with  free  ex- 
tremities over  two  fixed  supports,  ii,  ^,  in  a  horizontal  line,  show  that 
there  will  be  two  figures  of  equilibrium  or  none  according  as 

Z  >  or  <  e.ABf 

where  e  =  Napierian  base  =  2-71828 

28.  Show  that  for  a  given  uniform  catenary,  AVB  (V  being  the 
lowest  point),  hanging  from  two  fixed  extremities,  il,  ^,  in  a  horizontal 
line,  the  value  of  the  parameter,  c,  may  be  thus  obtained :  at  a  distance 
from  B  equal  to  |-  il^  let  a  vertical  line  be  drawn  meeting  the  curve 
in  F;  then  c  is  the  third  proportional  to  the  semi-depth  and  the 
arc  VP. 

(The  dejjih  of  the  catenary  is  the  perpendicular  from  V  on  ABJ) 

29.  Show  that  if  the  arc  VB  of  a  catenary  (V  being  the  lowest 
point)  is  divided  into  any  number  of  equal  parts,  and  from  the  points 
of  division  ordinates  be  drawn  to  the  directrix,  the  areas  of  all  the 
strips  thus  formed  are  all  equal. 

30.  A  uniform  chain  of  length  27,  with  free  extremities,  hangs  over 
two  fixed  supports,  il,  ^,  in  a  horizontal  line;  show  that  if  e  is  the 
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parameter  of  either  of  the  two  catenaries  in  which  it  may  hang,  the 
depth  of  the  centre  of  gravity  of  the  chain  below  AB  is 

— u — • 

where  the  span  AB  =  2  a.    (Hence  the  catenary  with  the  larger  value 
of  c  is  the  stable,  and  the  other  the  unstable,  form.) 

31.  If  in  the  last  the  span  ii^  is  8  feet  and  the  whole  length  of  the 
chain  30  feet,  prove  that  approximate  values  of  the  parameters  of 
the  two  figures  of  equilibrium  are  2  and  10  feet. 

32.  In  the  same  case  U  AB  =  10,  and  the  whole  length  =  60,  show 
that  the  parameters  of  the  two  figures  are 

1*765  and  24-45, 
and  that  the  corresponding  depths  of  the  centre  of  gravity  of  the 
chain  below  J  5  are  7.393  ^nd  1041 8. 

33.  There  are  two  equally  rough  horizontal  tables  of  the  same 
height  separated  by  a  distance,  2a,  which  may  be  varied;  a  given 
uniform  chain  rests  partly  on  each  table,  with  equal  lengths,  /,  on 
them  and  a  given  length,  2  A.,  hanging  freely  in  the  space  between 
them;  determine  how  far  the  tables  can  be  drawn  apart  before  the 
chain  slips. 

Result.  If  JUL  =  coefficient  of  friction,  the  parameter,  c,  of  the 
catenary  when  slipping  is  about  to  take  place  is  given  by  the  equation 


c  =  ^y^f^ — X';  and  then  ce^  =.  A  +  fx/ determines  a. 

Thus,  if  M  =  i,  /=  34  feet,  A  =  15 ;  then  c  =  8.  and  a  =  1 1-09  feet. 

34.  A  uniform  chain  200  feet  long  and  having  a  mass  of  10  pounds 
per  foot  length  has  one  end.  A,  fixed  while  the  other  end,  B^  is 
attached  to  a  mass  of  5200  pounds  which  rests  on  a  rough  horizontal 
table  (fx  =  I)  close  to  its  edge,  the  top  of  the  table  being  at  the  same 
level  as  A  ;  find  the  greatest  value  of  the  distance  AB  consistent  with 
equilibrium. 

Result  AB  =  194.4  feet. 

35.  If  in  Q.  33  one  of  the  tables  is  higher  than  the  other,  find  the 
greatest  horizontal  distance  between  them. 

Result.  J£  his  the  difference  of  their  heights,  we  have 

16c»A«  =  (4A«-A«)  {(2ft/-A)^-4A«}, 

which  determines  the  parameter  of  the  catenary,  and  also 

,7=2jx/-A  +  2A 
2^/-A-2A' 

where  D  is  the  horizontal  distance  required. 

In  particular,  if  2A  =  30,  A  =  4,  /=  34,  M  =  J,  the  horizontal 
distance  D  is  zero. 
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36.  An  endless  chain  78  inches  long  hangs  in  two  festoons  over  two 
fixed  supports,  Ay  B,  in  Sk  horizontal  line  26  inches  apart;  find  the 
parameters  of  these  festoons. 

Result,  They  are  6-2  and  21-8,  approximately,  and  of  course  the 
two  festoons  have  the  same  directrix.  There  is,  of  course,  another 
figure  of  equilihrium  in  which  the  two  festoons  coincide,  making  a 
single  catenary. 

37.  If  P,  P'  are  any  two  points  on  a  uniform  catenary  the  arc- 
distances  of  which  from  the  lowest  point  are  «,  /,  show  that 


V{8 tsy-(y-yy  =  c{e  ic  ^e'  ^<=  ), 

and  hence  show  how  to  descrihe  a  catenary  of  given  length  through 
any  two  assigned  points.  (The  problem  is  the  same  as  that  of  the 
description  of  a  catenary  with  a  horizontal  span.) 

38.  A  uniform  chain  hangs  with  its  extremities.  A,  By  fixed  in 
a  horizontal  line;  if  a  mass  of  given  weight  is  suspended  from  the 
lowest  point  of  the  chain,  find  the  altered  figure. 

Remit,  If  the  weight  of  the  suspended  mass  =  weight  of  a  length 
2}}  of  the  chain,  2Z  =  length  of  chain,  AB  =  2a,  we  have 


«"  = 


which  determines  the  parameter  of  each  of  the  equal  catenaries  formed. 
Thus,  if  AB  =20,  2Z  =  50,  2p  =  40,  the  value  of  c  is  approxi- 
mately 13^. 

39.  If  the  loaded  chain  in  the  last  example,  instead  of  having  fixed 
ends,  passes  over  the  two  fixed  supports,  A^  B,  and  hangs  with  free 
ends,  find  the  figures  of  equilibrium. 

Result.  With  the  same  notation,  we  find 


to  solve  which  for  0,  construct  the  curves  whose  equations  are 

a 

the  first  of  which  is  drawn  from  a  table  of  logarithms,  and  the  second 
is  a  hyperbola  with  one  vertex  at  the  origin  and  the  other  on  Oy  at 
a  distance  p  from  0 ;  this  hyperbola  is  constructed  by  the  well-known 
rule  when  we  have  a  point  and  the  asymptotes. 

Tliere  are  two  points  of  intersection  or  none,  and  therefore  two 
solutions  or  none. 

Thus,  if  the  whole  length  of  the  chain  =  120,  -4-5  =  20,  2p  =  40, 
the  values  of  c  are  19*6  and  34*6,  nearly.     If  the  length  of  the  chain 
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were  100,  while  the  other  data  remain  the  same,  the  ctirveB  do  not 
intersect,  and  there  is  no  eqailibrinm  possible. 

40.  A  nniform  chain  ia  suspended  from  two  fixed  points,  A,  S,ia 
a  horizontal  line,  and  it  is  partially  immersed  in  a  liquid;  find  the 
figure  of  equilibrium. 

If  the  chain  enters  the  liqnid  at  P,  the  portion,  BP,  in  the  air  and 
that,  PFL,  in  the  liquid  be- 
!/     y  I  long  to  two  distinct  catenarira 

which  have,  however,  a  common 
tangent  at  P,  their  corvatures 
being  different. 

The  air  portion,  BP,  if  con- 
tinned  below  the  liqnid  would 
form  a  catenary  whose  lowest 
point,  V,  ie  higher  than  F, 
the  lowest  point  of  the  catenary 
PVL. 

Let  to  :=  weight  of  chain 
per  unit  length,  X  =  weight 
of  equal  volume  of  liqnid, 
h=-  height  of  5  above  LP,  2o  =  AB;  let  the  directrices  of  the  two 
catenari^  be  Olf,  (XN' ;  their  parameters  e,  e' ;  the  ordinate  PJf  =  y, 
PN'  =  ^;  arcFi'  =  «,  rP  =  /;  then 

-X)  c  =  wc', 

-X)  *  =  «.«', 
(w-X)  p  =  wp', 

where  p  and  p'  are  the  radii  of  curvature  of  the  two  curves  at  P. 
Also  if  X,  is'  are  the  distances  of  P  from  the  verticals  Vy,  V'y', 

{v}--\)x=W7f. 

Expressing  the  fact  that  VP+PB  =  I  =:  half  length  of  chain,  and 
putting  U  = A,  we  have 


Fig.  8. 


and  from  these  equations  the  two  unknowns  y  and  c  are  to  be  found. 

In  particular,  if -^5=  100,  A=  40,  X=  i«j,  21=  300  =  length 
of  chain,  we  find  that  e  =  1 8  approximately,  and  PN  =  y  ^  23,  from 
which  the  dimensions  of  both  catenaries  are  easily  found. 

[This  and  several  other  questions  relating  io  catenaries  have  been 
discussed  by  the  author  in  two  papers  in  JSngineeriit^,  vol.  Ui, 
pp.  173,  303.] 
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41.  A  catenary  of  uniform  strength  is  to  be  made  with  a  mass  of 
material  equal  to  400  pounds,  and  with  a  span  of  36  feet ;  the  density 
of  the  material  is  100  pounds  per  cubic  foot,  and  there  is  to  be  an 
intensity  of  stress  equal  to  20  pounds'  weight  per  square  inch  in  the 
catenary ;  find  the  curve. 

Result,  The  depth  of  the  curve  is  6*03  feet,  the  area  of  its  cross- 
section  at  the  lowest  point  is  about  13*9  square  inches,  and  at  the 
highest  17*1,  the  tangent  at  this  point  making  an  angle  of  64®  11' 
with  the  vertical. 

Note. — The  value  of  T'  in  example  12,  p.  252,  is  incorrect.  The 
correct  result  is 

p 
T  =:  —  (cosec  a— 2  cosec  3+  4  sin/3), 

m_       p  sin(a+2/3)-Bing 

or  ^=—  i'.  -— ; ;— - — , 

2  sm  a  sm  ^ 

so  that  T  may  be  positive  or  negative,  and  will  be  zero  when  the 
polygon  is  regular.    The  angles  a  and  ^  are  connected  by  the  relation 

4  cos  a  cos  0  =  1. 


VOL.  I.  D  d 


INDEX    TO    VOL.    I. 


(The  references  are  to  the  pages.) 


Action  and  reaction,  222. 
Anti-friction  curve,  271. 
Anti-£riction  pivot,  272. 
Apaides  of  nearly  ciroular  string,  under 

central  force,  366. 
Astatic  centre,  150. 
Astatic  equilibrium,  148. 
Axiomatic  law  of  friction,  258. 

Balance,  214. 

Balance,  Quintenz's,  219. 

Balance,  Boberval^s,  218. 

Bending  moment  of  horizontal  beam, 

145- 

C.G.S.  system  of  units,  5. 

Carriage,  equilibrium  of,  on  rough  in- 

dine,  278. 
Cartesian  Oval,  normal  to,  93. 
Catenary ,  common,  343. 
Catenary  of  uniform  strength,  350,  361. 
Centre  of  parallel  forces,  126. 

of  mean  position,  127. 

of  mass,  and  gravity,  130. 

of  mass,  uniqueness  of,  295. 

of  mass,  co-ordinates  of,  294. 

of  mass  of  curved  wire,  307. 

of  mass  ofsolid  of  revolution,  328. 

of  mass  of  any  solid,  33 1 . 

of  mass  of  any  solid  in  polar  co-ordi- 
nates, 335. 
Centroidof  system  of  points,  21. 

of  triangle  oollinear  with  orthocentre 
and  circumoentre,  134. 

of  plane  area,  310. 

of  plane  area  found  by  Integrometer, 

315- 
of  surface  of  revolution,  322. 

of  spherical  sur&ce,  323,  326. 


Centroid  of  any  curved  surfisce,  324. 
Circlen,  inscribed  and  circumscribed,  of 

a  triangle,  303. 
Circumscribed  circle,  feet   of  perpen- 
diculars coUinear,  133. 
Components  offerees,  14,  28. 
Cone  of  friction,  257. 

on  rough  incline,  283. 

frxLstum  of,  on  rough  incline,  290. 

centre  of  mass  of,  301. 
Cotangent  formula,  33. 
Counter-e£5lciency  of  a  machine,  204. 
Couple  and  force,  equivalent  to  a  force, 

III. 
Couples,  definition  of,  107. 
Couples,  transformation  of,  108,  &c. 

Density,  definition  of,  298. 
Differential  wheel  and  axle,  209. 
Displacement  of  a  rigid  body,  187. 
Dyne,  absolute  force  unit,  6. 

Efficiency  of  a  machine,  204. 
Effort,  definition  of,  203. 
Equilibrium,  of  a  particle,  equations  of, 

30. 
of  a  rigid  body,  analytical  conditions 

of,  119. 
of  a  rigid  body  and  a  deformable 

system  compared,  12a 
gpraphic  conditions  of,  138. 
of  three  forces,  153. 
comparative  safety  of,  264.  . 

Force,  measure  of,  3,  4,  10,  357. 
Force  Diagram,  definition  of,  43. 
in  case  of  flexible  string,  367. 
Forces  in  equilibrium  displaced  by  ro- 
tation, equivalent  to  couple,  152. 
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fVamework,  polygonal,  339. 
Framework,  triangular,  335. 
Friction,  laws  of,  &c.,  67. 

angle  of,  70. 

in  non-limiting  equilibrium,  75. 

criterion  of  existence  of,  256. 

cone  of,  357. 
Funicular  polygon,  41. 

general  definition  of,  135. 

suocesdye  deduction  of,  for  parallel 
forces,  50. 

given  one  to  find  all,  137. 

to  draw  one  through  three  points,  144. 

Greometrioo-statical  problems,  163. 
Geometry,  application  of  Statics  to,  145. 
Graphic  representation  of  resultant  by 
Leibnitz,  20. 
representation  of  resultant  by  force 

polygon,  33. 
Bolutiuu  of  equations,  54. 

Hinge,  action  of,  on  a  body,  158. 
Homogeneity,  attention  to,  38. 
Hooke's  Law  for  extension,  378. 

Inclined  Plane  Diagram,  75. 
Instantaneous  centre,  185. 
Instantaneous  centre,  use  of,  193,  195. 
Intemnl  forces  of  a  system,  I3i. 
Isogonal  conjugates,  124,  133. 

Joint,  rough,  159,  &c. 
Joint,  smooth,  action  of,  158. 

Laplace's    proof  of    parallelogram    of 

forces,  34. 
Lever,  equilibrium  of,  205. 
Limiting  equilibrium,  definition  of,  73. 

Magnetic  curve,  51. 

Magnetic  curve,  normal  to,  93. 

Mass  and  Weight,  11,  130. 

Masses,  equality  of,  6. 

Moment  of  a  force,  106. 

Moment  of  a  force,  geometrical  repre- 
sentation of,  112,  14a 

Moment,  resultant  for  coplamir  forces, 
140. 

Moments,  Varignon'b  theorem  of,  113. 


Moments  of  mass,  theorem  of,  131,  294. 
Momentum,  5. 

Morin*s  determination  of  ooe£5lcient  of 
firiction,  71. 

Normals  to  onryee,  91. 
Tschimhausen's  theorem  on,  94. 
another  theorem  on,  95. 

Pappus,  theorems  of,  337. 

Pappus,  theorems  of,  extension  of,  338. 

Parallel  forces,  composition  of,  103. 

construction  for  resultant  of,  106. 

centre  of,  1 36. 

equilibrium  of,  I33. 
Parallelogram  of  forces,  8. 
Pascal's  Theorem,  147. 
Passive  resiBtances,  75,  356. 
Peaucellier's  Cell,  198. 
Perspective  triangles,  property  of,  141, 

147. 
Pivot,  firiction  of,  370. 

Pole  of  a  funicular  polygon,  135. 

Pole  of  a  funicular  polygon,  locus  of  iu 

particular  case,  139,  237. 

Polygon  offerees,  33,  134. 

Polygon  indeformable,  equilibrium  of, 

155- 
Polygon  of  jointed  bars,  equilibrium  of, 

236. 
Potential  of  forces,  370. 

Prism,  equilibrium  of,  on  rough  incline, 

287. 

Projeciion,  orthogonal,  84. 

Prony*s  differential  screw,  213. 

Ptolemy's  Theorem,  19. 

Pulleys,  systems  of,  307. 

Pyramid,  centre  of  mass  of,  300. 

Pyramid,  firustum  of,  centre  of  mass  of, 

303. 

Quadrilateral  area,  centroid  of,  304, 306. 
complete,    mid-points    of   diagonals 
oollinear,  145. 

Reaction  of  a  smooth  suriace,  52. 
of  a  rough  sur&ce,  69. 
of  jointed  bars,  233. 
of  jointed  bars,  analytical  calculation 

of,  243,  345. 
centre  of  system  of  jointed  bars,  248. 
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Beaiatanoe,  total,  of  a  rongli  surface, 

69. 

line  of,  at  a  joint,  339. 
line  of,  between  two  blocks,  231. 
Resultant  of  coplanar   foroes,  deter- 
mination of,  114. 
equation  of,  123. 
constructed    by   funicular    polygon, 

137- 
of  translation  yanishing  in  particular 

case,  115. 

Rough   bodies    on    horisontal    plane, 

point  of  initial  rotation  o^  283, 

284,  393. 

Screw,  equilibrium  of,  a  10. 
Screw,  Prony's  differential,  313. 
Separate  equilibrium,  principle  o^  3a, 

333. 
Spherical  triangle,  oentroid  of,  336. 
Stable  and  unstable  equilibrium,  199. 
Stresses  in  bars  of  framework,  333,  &c. 

calculation  of  by  disjointing,  345. 
String,  flexible,  definition  of,  342. 

equations  of  equilibrium  of,  359. 

under  central  force,  363. 

diagram  of  tensions  of,  367. 
String,  flexible,  on  curves  rough  and 
smooth,  370. 

extensible,  equilibrium  of,  381. 
Suspension  Bridge,  45. 
Suspenrion  Bridge,  parabola  of,  353. 
Symmedian  pointy  134,  133,  148. 

Tension  of  a  string,  nature  of,  31. 
Toothed  wheels,  230. 
Tore,  definition  of,  340. 


Total  resistance  of  a  rou^  surfihce,  69. 
limitation  of,  71. 
virtual  work  of,  267. 
Traction,  best  direction  o^  up  rough 

incline,  79. 
Traotory,  or,  anti-firiotion  curve,  371. 
Traotory,  relation  of  to  catenary,  347. 
Transmissibility  of  fotoe,  16,  119. 
Trapdoor,  equilibrium  o(  166. 
Triangle  of  forces,  16. 
Triangular  lamina,  centre  of  mass  of, 

399. 
Truncated  cylinder  or  prism,  volume 

of,  339- 

Uniplanar  displacement  of  a  rigid  body, 
183. 

Varignon's  theorem  of  moments,  113. 
Velocities,  composition  of,  7. 
Virial,  151. 
Virtual  Work,  definition  of,  85. 

of  resultant  and  components,  86. 

equation  of,  for  a  particle,  87. 

vanishing  of,  89. 

of  tension  of  inelastic  string,  96. 

typical  expression  for,  97. 

equation  of,  for  system  of  particles, 
181. 

for  rigid  body,  189. 

Wedge,  313. 

Weighing,  methods  o^  317. 
Wheel  and  Axle,  309. 
Work  done  in  extension,  38a 

Young's  Modulus,  378. 
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